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ABSTRACT. In this paper, we consider a mixed equilibrium problem in real Hilbert space.
By using the auxiliary principle technique, some new iterative algorithms for solving mixed
equilibrium problems are suggested and analyzed. Further, we prove that the sequences
generated by iterative algorithms converge weakly to a solution of mixed equilibrium prob­
lem.
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1. INTRODUCTION

Equilibrium problem theory is an important and interesting branch of applica­
ble mathematics with a wide range of applications in pure and applied sciences.
This theory has become a rich source of inspiration and motivation for the study
of a large number of problems arising in economics, optimization, operation re­
search in a general and unified way. There is a substantial number of papers
on existence results for solving equilibrium problems based on different­relaxed
monotonicity notions and various compactness assumptions. In 2002, Moudafi [9]
considered a class of mixed equilibrium problems which includes variational in­
equalities as well as complementarity problems, convex optimization, saddle point
problems, problems of finding a zero of a maximal monotone operator, and Nash
equilibria problems as special cases. He studied sensitivity analysis and devel­
oped some iterative methods for mixed equilibrium problems. It is well­known that
there are many numerical methods including projection methods, resolvent op­
erator technique, Wiener­Hopf equations, extragradient and descent methods for
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solving various variational inequality problems but there are no such methods for
solving various equilibrium problems, since it is impossible to find the projection.
To overcome this drawback, one uses usually the auxiliary principle technique.
This technique deals with finding a suitable auxiliary problem and prove that the
solution of an auxiliary problem is the solution of original problem by using fixed­
point approach. Recently, Noor [11­13] and Ding [5] have used the auxiliary prin­
ciple technique to suggest some iterative algorithms for solving generalized mixed
variational inequality problems.

Inspired and motivated by the recent research work by [4,6,9,11,14­15], in this
paper we study a new class of mixed equilibrium problems and by using the auxil­
iary principle, we define a class of resolvent mappings. Further, by using fixed point
and resolvent methods, we give some iterative algorithms for solving mixed equi­
librium problems and prove that the sequences generated by iterative algorithms
converge weakly to the solution of mixed equilibrium problems. The auxiliary
principle techniques and iterative methods presented in this paper generalize and
improve the methods given in [11] for variational inequality problems and given in
[9] for mixed equilibrium problems.

2. PROBLEM FORMULATION AND BASIC DEFINITIONS

Let H be a real Hilbert space whose inner product and norm are denoted by ⟨., .⟩
and ∥.∥, respectively. Let K ⊂ H be nonempty, closed, convex set; T,A : K −→ K
be nonlinear mappings, and N : K × K −→ K be a nonlinear mapping. If F :
K ×K −→ R and ϕ : H ×H −→ R are nonlinear bi­mappings, then we consider
the following mixed equilibrium problem (for short, MEP): Find x ∈ K such that

F (x, y) + ⟨N(Tx,Ax), y − x⟩+ ϕ(x, y)− ϕ(x, x) ≥ 0, ∀y ∈ K. (2.1)

This problem include fixed point problems, optimization problems, variational in­
equality problems, Nash equilibrium problems and equilibrium problems as special
cases (see for example, [2]).

Some special cases:

(I) If N(Tx,Ax) = B(x), where B : K −→ K, then MEP (2.1) reduces to the
mixed equilibrium problem of finding x ∈ K such that

F (x, y) + ⟨Bx, y − x⟩+ ϕ(x, y)− ϕ(x, x) ≥ 0, ∀y ∈ K. (2.2)

which has been studied in [6].
(II) If N(Tx,Ax) = B(x), ϕ(x, y) = 0 ∀x, y ∈ K, where B : K −→ K, then

MEP (2.1) reduces to the mixed equilibrium problem of finding x ∈ K such
that

F (x, y) + ⟨Bx, y − x⟩ ≥ 0, ∀y ∈ K, (2.3)

which has been studied in [9].
(III) If N(Tx,Ax) = B(x), F (x, y) = 0 and ϕ(x, y) = ψ(y), ∀x, y ∈ K, where

ψ : K −→ R, then MEP (2.1) reduces to the variational inequality problem
of finding x ∈ K such that

⟨Bx, y − x⟩+ ψ(y)− ψ(x) ≥ 0, ∀y ∈ K. (2.4)

This problem has been studied in [11].
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(IV) If N(Tx,Ax) = 0, ∀x ∈ K, then MEP (2.1) reduces to the equilibrium
problem of finding x ∈ K such that

F (x, y) + ϕ(x, y)− ϕ(x, x) ≥ 0, ∀y ∈ K. (2.5)

This problem has been studied in [13].
(V) If, in (IV), ϕ(x, y) = 0, ∀x, y ∈ K, then (2.5) reduces to the equilibrium

problem of finding x ∈ K such that

F (x, y) ≥ 0, ∀y ∈ K. (2.6)

This problem has been studied in [2].

The following definitions and theorem will be needed in the sequel.

Definition 2.1. Let N : K ×K −→ K be a nonlinear mapping. Then N is said to
be:

(a) mixed monotone w.r.t. T and A, if

⟨N(Tx,Ax)−N(Ty,Ay), x− y⟩ ≥ 0, ∀x, y ∈ K;

(b) mixed pseudomonotone w.r.t. T and A, if

⟨N(Tx,Ax), y − x⟩ ≥ 0 implies ⟨N(Ty,Ay), y − x⟩ ≥ 0, ∀x, y ∈ K;

(c) θ­ mixed pseudomonotone w.r.t. T and A, where θ is a real­valued multi­
variate function, if

⟨N(Tx,Ax), y−x⟩+θ(x, y) ≥ 0 implies ⟨N(Ty,Ay), y−x⟩+θ(x, y) ≥ 0, ∀x, y ∈ K;

(d) mixed strongly monotone w.r.t. T and A, if

⟨N(Tx,Ax)−N(Ty,Ay), x− y⟩ ≥ ∥x− y∥2, ∀x, y ∈ K;

(e) inverse mixed strongly monotone w.r.t. T and A, if there exists a constant
α > 0 such that

⟨N(Tx,Ax)−N(Ty,Ay), x− y⟩ ≥ α∥N(Tx,Ax)−N(Ty,Ay)∥2, ∀x, y ∈ K;

(f) firmly nonexpansive if it is inverse mixed strongly monotone with α = 1;
(g) δ­mixed pseudo contactive w.r.t. T and A, if

⟨N(Tx,Ax)−N(Ty,Ay), x− y⟩ ≥ δ∥x− y∥2;

(h) k­Lipschitz continuous w.r.t. T and A, if there exists a constant k > 0 such
that

∥N(Tx,Ax)−N(Ty,Ay)∥ ≤ k∥x− y∥, ∀x, y ∈ K;

(i) nonexpansive w.r.t. T and A, if it is Lipschitz continuos with k = 1.

Definition 2.2[1]. A bifunction ϕ : H ×H −→ R is said to be skew­symmetric if

ϕ(x, x)− ϕ(x, y)− ϕ(y, x) + ϕ(y, y) ≥ 0, ∀x, y ∈ H.

The skew­symmetric bifunctions have the properties which can be considered an
analog of monotonicity of gradient and nonnegativity of second derivative for the
convex function.

Definition 2.3. Let K be a nonempty subset of a Hilbert space H and let {xn} be
a sequence in H. Then {xn} is Fejer monotone with respect to K if

∥xn+1 − x∥ ≤ ∥xn − x∥, ∀x ∈ K.
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Definition 2.4. Let F : K ×K −→ R be a real­valued function. Then F is said to
be:

(a) monotone if F (x, y) + F (y, x) ≤ 0, for each x, y ∈ K;
(b) strictly monotone if F (x, y) + F (y, x) < 0, for each x, y ∈ K, with x ̸= y;
(c) upper­hemicontinuous, if for all x, y, z ∈ K, lim

t−→0+
supF (tz+ (1− t)x, y) ≤

F (x, y).

The following Theorem is a special case of Theorem 3.9.3 of Chang [3].

Theorem 2.1. If the following conditions hold true for F : K ×K −→ R:

(i) F is monotone and upper­hemicontinuous;
(ii) F (x, .) is convex and lower semicontinuous for each x ∈ K;
(iii) there exists a compact subset B of H and there exists y0 ∈ B ∩ K such

that F (x, y0) < 0 for each x ∈ K\B,

then the set of solutions to the following equilibrium problem of finding x ∈ K such
that F (x, y) ≥ 0, ∀y ∈ K, is nonempty convex and compact.

Moreover, if F is strictly monotone then the solution of equilibrium problem is
unique.

Lemma 2.1. MEP (2.1) has a solution x if and only if x satisfies the equation

x = JF,ϕ
r (x− rN(Tx,Ax)), for r > 0. (2.7)

We now define the residue vector R(x) by the relation

R(x) = x− JF,ϕ
r [x− rN(Tx,Ax)]. (2.8)

Invoking Lemma 2.1, one can observe that x ∈ K is a solution of MEP (2.1) if
and only if x ∈ K is a zero of the equation

R(x) = 0. (2.9)

3. AUXILIARY PROBLEMS AND ITERATIVE ALGORITHMS

We consider the following auxiliary problem (in short, AP) for MEP(2.1): For
r > 0 and for each fixed x ∈ H, find z ∈ K such that

F (z, y) + ϕ(z, y)− ϕ(z, z) +
1

r
⟨y − z, z − x⟩ ≥ 0, ∀y ∈ K. (3.1)

We remarked that when z = x then the solution sets of problem (2.5) and AP(3.1)
are the same.

The following lemma which gives the existence and uniqueness of solution of
AP(3.1) is a special case of Lemma 3.1 due to Ding [5].

Lemma 3.1. Let K ⊂ H be a nonempty closed and convex subset of a real Hilbert
space H. Let F : K ×K −→ R and ϕ : H ×H −→ R be nonlinear bifunctions and
let r > 0. Suppose that the following conditions are satisfied:

(i) F satisfies conditions (i)­(ii) in Theorem 2.1;
(ii) ϕ is skew­symmetric, convex in second argument and continuous;
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(iii) For each fixed x ∈ H, there exists a compact subset Dx of H and y0 ∈
K ∩Dx such that

F (z, y0) + ϕ(z, y0)− ϕ(z, z) +
1

r
⟨y0 − z, z − x⟩ < 0,

for each z ∈ K\Dx. Then for each fixed x ∈ H, AP(3.1) has a unique
solution z ∈ K.

Lemma 3.2. It follows from Lemma 3.1 that for r > 0 and for each x ∈ H, we can
write the unique solution of AP(3.1) as z = JF,ϕ

r (x) ∈ K. Then for all y ∈ K, we
have

F (JF,ϕ
r (x), y)+ϕ(JF,ϕ

r (x), y)−ϕ(JF,ϕ
r (x), JF,ϕ

r (x))+
1

r
⟨JF,ϕ

r (x)−x, y−JF,ϕ
r (x)⟩ ≥ 0.

(3.2)
Hence x = JF,ϕ

r : H −→ K is well defined and single­valued mapping, which is
called the resolvent mapping for MEP (2.1). We observe that x = JF,ϕ

r (x) if and
only if x is a solution of problem (2.5). Further, Lemma 3.1 gives the strict proof of
the assumption taken in [13] for the existence of solution of AP(3.1).

Throughout the rest of paper unless otherwise stated, we assume that the bi­
functions F, ϕ satisfy all conditions of Lemma 3.1.

Lemma 3.3. The mapping JF,ϕ
r : H −→ K is firmly nonexpansive.

Proof. Let us denote u := JF,ϕ
r (x) and v := JF,ϕ

r (y) for each x, y ∈ H. By Lemma
3.1 and Lemma 3.2 we have for each x, y ∈ H,

F (u, v) + ϕ(u, v)− ϕ(u, u) +
1

r
⟨v − u, u− x⟩ ≥ 0,

F (v, u) + ϕ(v, u)− ϕ(v, v) +
1

r
⟨u− v, v − y⟩ ≥ 0.

Adding above inequalities, we have

F (u, v)+F (v, u)−[ϕ(u, u)−ϕ(u, v)−ϕ(v, u)+ϕ(v, v)]+1

r
⟨x−y, u−v⟩ ≥ 1

r
⟨u−v, u−v⟩.

Since F is monotone and ϕ is skew­symmetric, above inequality reduces to

⟨u− v, x− y⟩ ≥ ∥u− v∥2

because r > 0. This completes the proof.

Remark 3.1. Lemmas 3.1, 3.2 and Lemma 3.3 generalize Lemma 2.3 due to Peng
and Yao [14].

The fixed point formulation given in Lemma 2.1 for MEP (2.1) is very useful from
the numerical point of views. This fixed point formulation enables us to suggest
and analyze the following iterative algorithm.

Algorithm 3.1. For a given x0 ∈ K, compute the approximate solution xn+1, by
the iterative scheme

xn+1 = JF,ϕ
r [xn − rN(Txn, Axn)], n = 0, 1, 2, ...

Rewrite equation (2.7) in the form

x = JF,ϕ
r

[
x− rN(TJF,ϕ

r [x− rN(Tx,Ax)], AJF,ϕ
r [x− rN(Tx,Ax)])

]
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by replacing the solution. This fixed point formulation allows us to suggest the
following extragradient method.

Algorithm 3.2. For a given x0 ∈ K, compute xn+1, by the iterative scheme

xn+1 = JF,ϕ
r

[
xn − rN(TJF,ϕ

r [xn − rN(Txn, Axn)], AJ
F,ϕ
r [xn − rN(Txn, Axn)])

]
,

where n = 0, 1, 2...
If F (x, y) = δk(y) − δk(x), and ϕ(x, y) = 0 for all x, y ∈ K, then JF,ϕ

r = Pk, the
projection of H onto K and have Algorithm 3.2 reduces the extragradient method
of Korpelvich [7].

Now define the residue vector R(x) by the relation

R(x) = x− JF,ϕ
r

[
x− rN(TJF,ϕ

r [x− rN(Tx,Ax)], AJF,ϕ
r [x− rN(Tx,Ax)])

]
.

We can easily observe that x ∈ K is a solution of MEP (2.1) if and only if x ∈ K
is a zero of the equation

R(x) = 0.

For a constant γ ∈ (0, 2), equation (2.9) can be written as

x+ rN(Tx,Ax) = x+ rN(Tx,Ax)− γR(x).

This formulation is used to suggest a new implicit method for solving MEP (2.1).

Algorithm 3.3. For a given x0 ∈ K, compute xn+1 by the iterative scheme

xn+1 = xn + rN(Txn, Axn)− rN(Txn+1, Axn+1)− γR(xn), n = 0, 1, 2... (3.3)

If γ = 1, then Algorithm 3.3 reduces to:

Algorithm 3.4. For a given x0 ∈ K, compute xn+1 by the iterative scheme

xn+1 =
(
I + rN(T (.), A(.))

)−1[
JF,ϕ
r [I + rN(T (.), A(.))] + rN(T (.), A(.))

]
xn,

where n = 0, 1, 2... and [N(T (.), A(.))x] = N(Tx,Ax), ∀x ∈ K, which is a variant
of the Douglas­Rachford splitting algorithm studied by Lions and Mercier [8], and
appears to be new for MEP (2.1).

Theorem 3.1. Let F satisfies the conditions of Theorem 2.1, and let x̄ ∈ K be a
solution of MEP (2.1). If N is mixed monotone with respect to T and A, then

⟨x− x̄+ r[N(Tx,Ax)−N(T x̄, Ax̄)], R(x)⟩ ≥ ∥R(x)∥2, ∀x ∈ K,

where R(x) is defined by equation (2.8).

Proof. Let x̄ ∈ K be a solution of MEP (2.1), then

F (x̄, y) + ⟨N(T x̄, Ax̄), y − x̄⟩+ ϕ(x̄, y)− ϕ(x̄, x̄) ≥ 0, ∀y ∈ K. (3.4)

Taking y = x−R(x) in (3.4), we have

rF (x̄, x−R(x))+⟨rN(T x̄, Ax̄), x−R(x)−x̄⟩+rϕ(x̄, x−R(x))−rϕ(x̄, x̄) ≥ 0. (3.5)

Setting: y := x̄, z = JF,ϕ
r (x) := JF,ϕ

r (x − rN(Tx,Ax)) = x − R(x) and x :=
x− rN(Tx,Ax) in (3.2), we have

rF (x−R(x), x̄) + rϕ(x−R(x), x̄)− rϕ(x−R(x), x−R(x))

+⟨x−R(x)− (x− rN(Tx,Ax)), x̄− (x−R(x))⟩ ≥ 0. (3.6)

Adding (3.5) and (3.6), we have

r[F (x−R(x), x̄)+F (x̄, (x−R(x))]+⟨rN(T x̄, Ax̄)−rN(Tx,Ax)+R(x), x−R(x)−x̄⟩
−r[ϕ(x̄, x̄)− ϕ(x̄, x−R(x))− ϕ(x−R(x), x̄) + ϕ(x−R(x), x−R(x))] ≥ 0. (3.7)
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Since F is monotone and ϕ is skew­symmetric, equation (3.7) implies that

⟨rN(T x̄, Ax̄)− rN(Tx,Ax)−R(x), (x−R(x))− x̄⟩ ≥ 0. (3.8)

Since N is mixed monotone with respect to T and A from equation (3.8), we have

⟨x− x̄− r[N(Tx,Ax)−N(T x̄, Ax̄)], R(x)⟩

= ⟨R(x), R(x)⟩+ ⟨R(x)− r[N(Tx,Ax)−N(T x̄, Ax̄), x− x̄−R(x)⟩
+r⟨N(Tx,Ax)−N(T x̄, Ax̄), x− x̄⟩ ≥ ∥R(x)∥2.

This completes the proof.

Theorem 3.2. Let x̄ ∈ K be the solution of MEP (2.1). If the mapping N is mixed
monotone w.r.t. T and A then the iterative sequence xn generated by Algorithm
3.3 is bounded.

Proof. Since x̄ is a solution of MEP (2.1) and xn+1 satisfies (3.3), then using Theo­
rem 3.1, we have

∥xn+1 − x̄+ r[N(Txn+1, Axn+1)−N(T x̄, Ax̄)]∥2

= ∥xn − x̄+ r[N(Txn, Axn)−N(T x̄, Ax̄)]− γR(xn)∥2

≤ ∥xn−x̄+r[N(Txn, Axn)−N(T x̄, Ax̄)]∥2−2γ∥R(xn)∥2+γ2∥R(xn)∥2

= ∥xn − x̄+ r[N(Txn, Axn)−N(T x̄, Ax̄)]∥2 − γ(2− γ)∥R(xn)∥2.
(3.9)

≤ ∥xn − x̄+ r[N(Txn, Axn)−N(T x̄, Ax̄)]∥2 (3.10)

because γ ∈ (0, 2). Inequality (3.10) which gives the Fejers monotonicity of the
sequence {(I + rN(T,A))xn} with respect to the solution set of MEP(2.1) and
hence {(I + rN(T,A))xn} is bounded. Further it also follows from (3.10) that the
sequence {∥(I+ rN(T,A))xn− (I+ rN(T,A))x̄∥2 is monotonically decreasing and
therefore convergent.
Again since N is mixed monotone w.r.t. T and A, for any x, y ∈ K, we have

⟨(I + rN(T,A))x− (I + rN(T,A))y, x− y⟩

= ∥x− y∥2 + r⟨N(Tx,Ax)−N(Ty,Ay), x− y⟩ ≥ ∥x− y∥2

which implies that the mapping (I + rN(., .)) is 1­strongly monotone. Hence, we
have

∥(I + rN(T,A))xn − (I + rN(T,A))x̄∥ ≥ ∥xn − x̄∥.
This implies that the sequence {xn} is bounded.

Theorem 3.3. Let H be a finite dimensional space. The approximate solution xn+1

obtained from Algorithm 3.3 converges to a solution x̄ of MEP (2.1).

Proof. Let x̄ ∈ K be the solution of MEP (2.1). From Theorem 3.2, it follows that
the sequence {xn} is bounded and

∞∑
n=0

γ(2− γ)∥R(xn)∥2 ≤ ∥x0 − x̄+ r[N(Tx0, Ax0)−N(T x̄, Ax̄)]∥2,

and consequently
lim

n−→∞
R(xn) = 0.

Let x̂ be a limit point of {xn}. A subsequence {xni} of {xn}, which converges to x̂.
Since R(x) is continuous, so

R(x̂) = lim
i−→∞

R(xni) = 0,
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and hence x̂ is the solution of MEP (2.1) and

∥xn+1 − x̂+ r[N(Txn+1, Axn+1)−N(T x̂, Ax̂)]∥2

≤ ∥xn − x̄+ r[N(Txn, Axn)−N(T x̂, Ax̂)]∥2.
It follows that the sequence {xn} has exactly one limit point and lim

n−→∞
xn = x̂ ∈ K,

satisfies the MEP (2.1).

4. RESOLVENT EQUATION TECHNIQUE

Now related to MEP (2.1), we consider the following resolvent equation (in short,
RE): Find z ∈ H such that for x ∈ K,

N(Tx,Ax) +AF,ϕ
r (z) = 0 (4.1)

and
x = JF,ϕ

r (z), for r > 0, (4.2)

where AF,ϕ
r is a regularized operator and is defined as AF,ϕ

r = 1
r (I − JF,ϕ

r ), I is the
identity operator on H.

Lemma 4.1. MEP (2.1) has a solution x if and only if RE (4.1)­(4.2) has a solution
z ∈ H where

x = JF,ϕ
r (z) (4.3)

and
z = x− rN(Tx,Ax), for r > 0. (4.4)

Lemma 4.1 shows that MEP (2.1) and RE (4.1)­(4.2) both have the same solution
set.
Using the fact that AF

r = 1
r (I − JF,ϕ

r ), RE (4.1)­(4.2) can be written as

z − JF,ϕ
r (z) + rN

(
TJF,ϕ

r (z), AJF,ϕ
r (z)

)
= 0.

For a step size γ, we can write above equation as

x = x− γ[z − JF,ϕ
r (z) + rN(TJF,ϕ

r (z), AJF,ϕ
r (z))] = 0.

This fixed point formulation allows us to suggest the following iterative algorithm
for MEP (2.1).

Algorithm 4.1. For a given x0 ∈ K, compute the approximate solution xn+1 by
the iterative schemes

zn = xn − rN(Txn, Axn)

wn = zn − JF,ϕ
r zn + rN(TJF,ϕ

r zn, AJ
F,ϕ
r zn))

xn+1 = xn − γwn

where n = 0, 1, 2, ..., r > 0 and γ > 0.

Theorem 4.1. Let x̄ ∈ K be the solution of MEP (2.1) and let N is θ­mixed
pseudomonotone w.r.t. T and A, where θ(x, y) = F (x, y)+ϕ(x, y)−ϕ(x, x), ∀x, y ∈
K and δ­ mixed pseudo contractive. Then

⟨x− x̄, R(x)− r[N(Tx,Ax)−N(Tz,Az)]⟩ ≥ (1− rδ)∥R(x)∥2; ∀x ∈ K,

where z := x− rN(Tx,Ax) and R(x) is defined by (2.8)
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Proof. Since N is θ­mixed pseudomonotone w.r.t. T and A, where θ(x, y) =
F (x, y) + ϕ(x, y)− ϕ(x, x), ∀x, y ∈ K, then for all z, x̄ ∈ K,

⟨N(T x̄, Ax̄), z − x̄⟩+ θ(x, y) ≥ 0

implies
⟨N(Tz,Az), z − x̄⟩+ θ(x, y) ≥ 0

i.e., F (x̄, z) + ⟨N(Tz,Az), z − x̄⟩+ ϕ(x̄, z)− ϕ(x̄, x̄) ≥ 0, ∀z ∈ K.

Since F is monotone then above inequality implies that

−F (z, x̄) + ⟨N(Tz,Az), z − x̄⟩+ ϕ(x̄, z)− ϕ(x̄, x̄) ≥ 0, ∀z ∈ K.

In particular for z = x−R(x), we have

−F (x−R(x), x̄) + ⟨N(T (x−R(x)), A(x−R(x))), (x−R(x))− x̄⟩
+ϕ(x̄, x−R(x))− ϕ(x̄, x̄) ≥ 0 (4.5)

Adding (3.6) and (4.5), we have

⟨R(x)− rN(Tx,Ax) + rN(T (x−R(x)), A(x−R(x)), (x−R(x))− x̄⟩ ≥ 0,

where we have used skew­symmetricity of ϕ. Since N is mixed pseudo contractive
w.r.t. T and A, above inequality implies

⟨R(x)− rN(Tx,Ax) + rN(T (x−R(x)), A(x−R(x)), x− x̄⟩
≥ ⟨R(x)− rN(Tx,Ax) + rN(T (x−R(x)), A(x−R(x)), R(x)⟩
≥ ∥R(x)∥2− r⟨N(Tx,Ax)−N(T (x−R(x)), A(x−R(x)), x− (x−R(x))⟩
≥ (1− rδ)∥R(x)∥2.

This completes the proof.

Theorem 4.2. Let x̄ ∈ K be the solution of MEP (2.1) and let N is θ­mixed
pseudomonotone w.r.t. T and A, where θ(x, y) = F (x, y)+ϕ(x, y)−ϕ(x, x), ∀x, y ∈
K and δ­Lipschitz continuous w.r.t. T and A. If rδ < 1 and γ ∈ (0, 2), then the
iterative sequence {xn} generated by Algorithm (4.1) converges weakly to x̄.

Proof. Let x̄ ∈ K be the solution of MEP (2.1), using Algorthm (4.1), we have

∥xn+1 − x̄∥2 = ∥xn − x̄− γ[xn − rN(Txn, Axn)− JF,ϕ
r [xn − rN(Txn, Axn]

+rN(TJF,ϕ
r )[xn − rN(Txn, Axn), AJ

F,ϕ
r [xn − rN(Txn, Axn]]∥2

= ∥xn − x̄− γ[R(xn) + rN(Txn −R(xn))− rN(Txn, Axn)]∥2

= ∥xn−x̄∥2−2γ⟨R(xn)+rN(T (xn−R(xn), A(xn−R(xn))−rN(Txn, Axn), xn−x̄]⟩
+γ2∥R(xn)|+ rN(T (xn −R(xn), A(xn −R(xn))− rN(Txn, Axn)∥2

≤ ∥xn−x̄∥2−2γ⟨R(xn)+rN(T (xn−R(xn), A(xn−R(xn))−rN(Txn, Axn), xn−x̄]⟩
+γ2{∥R(xn)∥2 + ∥N(T (xn −R(xn), A(xn −R(xn))−N(Txn, Axn)∥2}

≤ ∥xn − x̄∥2 − {2γ(1− rδ)− γ2(1 + r2δ2)}∥R(xn)∥2

≤ ∥xn − x̄∥2, (4.6)

where we have used the Lipschitz continuity of N and rδ < 1 and γ ∈ (0, 2).

Inequality (4.6) gives the Fejers monotonicity of the sequence xn with respect to
the solution set of MEP(2.1) and hence xn is bounded. Further, we observe that
the sequence ∥xn− x̄∥2 is monotonically decreasing and therefore convergent. This
completes the proof.
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We remark that the iterative methods presented in this paper improve and extend
the iterative methods given in [11] for variational inequality problem (2.4) in finite
dimensional space and given in [9] for problem (2.3).
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