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ABSTRACT. In this paper we define and investigate a new class of harmonic functions
defined by using Salagean integral operator with varying arguments. We obtain coefficient
inequalities, extreme points and distortion bounds.
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1. INTRODUCTION

A continuous complex-valued function f = u + ¢v which is defined in a simply-
connected complex domain D is said to be harmonic in D if both u and v are real
harmonic in D. In any simply-connected domain we can write

f=h+y, (1.1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. A necessary and sufficient condition for f to be locally univalent and
sense-preserving in D is that |h' (z)| > |¢'(2)|, z € D (see [3]).

Denote by Sy the class of functions f of the form (1.1) that are harmonic univalent
and sense-preserving in the unit disc U = {z € C : |z| < 1} for which f(0) = h(0) =
f.(0) =1 = 0. Then for f = h+g € Sy we may express the analytic functions h
and g as

h(z) =z+ Zakzk , g(z) = Zbkzk ,|b1] < 1. (1.2)
k=2 k=1
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In 1984 Clunie and Shell-Small [3] investigated the class Sy as well as its geometric
subclasses and obtained some coefficient bounds. Since then, there have been
several related papers on Sy and its subclasses.

Salagean integral operator I” is defined as follows (see [6]):

W 1°f(z) = f(=);
() I'f(z) =I1f(z) = Off(t)t—ldt;

(i) I"f(z) = I(I"'f(2)) (n e N=1{1,2,3,...}).

In [4], Cotirla defined Salagean integral operator for harmonic univalent functions
f(z) such that h(z) and g(z) are given by (1.2) as follows:

I"f(z) =I"h(z) + (-1)"I"g(z), (1.3)
where -
z)=z+ Z k™ "apz® and I"g( Z kb2 .
k=2

With the help of the modified Salagean integral operator we let Ey(m,n;~,p) be
the family of harmonic functions f = h + g, which satisfy the condition

n
Re { (1 + pem) IImff((ZZ)) — pem} >y (1.4)
(aeR0<y<1,p>0meNneNy=NU{0},m>n, andz€U),

where I f is defined by (1.3), we note that:
Taking « =0, Ey (n+1,n;26 —1,1) = H (n, ) (0 < 8 < 1) (see Cotirla [4]).
Also we note that, by the special choices of «, 7, p, m and n, we obtain:

(i) Taking @« = 0, then Ex(m,n,258 —1,1) = H (m,n; 5) = {f €Sy

Re{;:LJ}((Z}>B(O<B<1m€N n € No;m >n;ze€U) }
If(z)

@) Ex(n+1,1;7,p) = Eu (n;7,p) = {fGSH:Re{(lJrPem) T f(2)
—pem}27(a€R;0§7<1;p20;n€N0;z€U)};
. _ _ | o FE)
(iii) Eg (1,057, p) =FEy (v,p)=4f €Sy : Re (1—|—pe )T(Z)— e >y
(aER;0§7<1;p20;z€U)}.

Also we define the subclass V47 (m,n;7,p) consists of harmonic functions f, =
h+73,, in Eg(m,n;~, p) such that h and g,, are the form:

—z—|—2akz , gn(z Zbkz (1.5)

and there exist a real number ¢ such that, mod 27,
arg(ag) + (k—1)¢p=m, k> 2and arg(by) + (k+1)¢p=(n—1)m, k>1. (1.6)

Also we note that, by the special choices of «, v, m and n, we obtain:
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1) = Vg (n,B);
= (mnﬁ)

()Taking o =0, V7 (n + 1, n; 25 1,
(ii) Taking o = 0, V 7(m,n,26 —1,1)
(i) Vz(n + 1, m; %P) Vg (n;%p),
) Vir 7(1,0;7,0) = Vg (v, p)-

2. MAIN RESULTS

Unless otherwise mentioned, we assume in the reminder of this paper that,
aceROL<y<1,p>20,meN, ne Ny, m>nandz € U. We begin with a
sufficient coefficient condition for functions in the class Eg(m,n;~, p).

Theorem 1. Let f = h + g be such that h and g are given by (1.2). Furthermore,

Z [(1+p)k’"i:£{v+p)k’m’ |ag| + (1+p)k’"*(*11_)7::’"(7+p)k’m bkl | < 2, 2.1)
k=1
where a; = 1. Then f is sense-preserving, harmonic univalent in U and f €
En(m,n;7, p).
Proof. If z; # z5, then by using (2.1), we have
‘f f(z2)
= h(z2)
3 by (2 — 25
g(21) — g(22) _ k=1 ( ! 2)
S eyEen ) S
z1) — h(z
! 2 (21 —22) + > ag (zf - z§)
k=2
= 2 (L+pk™" = (=) " (v +p) k™
> ko > — by
- e e 20
L= 3 klax] -y —F TS Ja
k=2 k=2 L—vy

which proves univalence. Also f is sense-preserving in U since

/ — _ ~ (L+pk™ = (y+p) k™™
Kl 1—Zk|ak||z|’“>1—kz_2< AR R g,

e vmen o k- '
> Z (+p)k~"—( 11_)7 Otk ™ 1 > Zk Ibil |27 > 19 (2)]-
Pt k=1

Now we show that f € Ey(m,n;~, p). We only need to show that if (2.1) holds then
the condition (1.4) is satisfied, then we want to prove that

(L+pel@) I"f(z) —pel®I™f(2) | A(z)
fe { 177 () }‘RBB@) =0

Using the fact that Re {w} > v if and only if |1 — vy + w| > |1 + v — w|, it suffices to
show that

(2.2)

[A(z) + (L =7)B(2)| = |A(2) = (1 +7)B(2)| =2 0, (2.3)

where A(z) = (1+ pe®) I" f(z) — pe'*I™ f(z) and B(z) = I™ f(z). Substituting
for A(z) and B(z) in the left side of (2.3) we obtain
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| (1+pe™) I f(2) = petI™ f(2) + (1=7) I"f(2)]
— | (Apei@) I f(2) = pei*I™ f(2) — (1 + )™ f(2)]

k m) +p€ (k—n_k—nL” akzk

z—i—Z

[+ (
- (D" i (=0 k= ()™ k) pe (k7= ()™ k)

k=1

oo

o S () k) i (6 —k) b (1)

k=2

] -

i {( 14+y) k= (—1)™ " k‘”) +peie (k—m—(—nm—" k—")}bﬁ

k=1

o

2=zl =Y [+ pk™ = (v +p = DE™™] Jag] |2[*
k=2

v

o0

=3 | kT (=)™ (4 p = DR o 21

oo

|2l =D [+ o)k = (v+ p+ 1) k] Jar] 2]
k=2

=Yoo = )T o D ] 2l

2(1— >|z|—22[<1+p> k" — (v + p) k7™ |ag| |2[*

S [+ o)k 4 (v 4 p) B~ bl [2F, if nem is odd;
k=1

2(1— )||—2Z[<1+p) k" — (v + p) k7™ |ag| |2]*

—2 3 (14 Pk — (7 + p) k=] bl 2] if n-m is even.
k=1

> 2{(1—

(AR = ()T ) ] |bk|] }
k=1

0, this by using (2.1).

i (A4 p)k™™ = (v +p) k] |ax]

k=2

v

The harmonic univalent functions

- 1
f(z) _Z+Z TR (TR k% +Z =)= Y2’y (2:4)

where Z |zk| + Z lyx| = 1, shows that the coefficient bound given by (2.1) is
sharp This completes the proof of Theorem 1.
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In the following theorem, it is shown that the condition (2.1) is also necessary for
function f,, = h + g, , where h and g,, are of the form (1.5).

Theorem 2. Let f, = h + g,, where h and g,, are given by (1.5). Then f, €
Vg (m,n;, p), if and only if the coefficient condition (2.1) holds.

Proof. Since Vi (m,n;v,p) C Ex(m,n;v,p), we only need to prove the \only if"
part of the theorem. For functions f,, = h + g,, where h and g,, are given by (1.5),
the inequality (1.4) with f = f,, is equivalent to

(14 pe')z 4+ 3 k™ mapz® + (=1)" 3 kb, 7]

k=2 k=1
Re = = —
24+ Y kmmapzk + (=)™ Y k—mbzk
k=2 k=1

. oS o] —
(1t e+ 35 kg b (—1)™ S k]
—Re k=2 =1 > 0.

[e.°]

k=1
The above condition holds for all values of « € R and z € U. Upon choosing ¢
according (1.6) and substituting o = 0 and z = re“b(O < r < 1), we must have

E
| Emad - (7 S e | e
k=2

k=1

>0, 2.5)

where

E = (1-7)- (Z (L p)k™" = (y+p) k7] Iakl> rt

k=2

— (Z |:(1 +,0)k‘_n _ (_1)m—n (7+p) k_m:| |bk|> Tk_l
k=1

If the inequality (2.1) does not hold, then E is negative for r sufficiently close to 1.
Thus there exists zg = 7 in (0, 1) for which the quotient in (2.5) is negative. But
this is a contradiction, then the proof of Theorem 2 is completed.

We now obtain the distortion bounds for functions in Vﬁ(m, n; 7y, p).
Theorem 3. Let f, = h + ¢g,, where h and g, are given by (1.5) and f, €
Vi(m,n;v, p). Then for |z| = r < 1, we have

1— I+p)— (=)™ " (v+ 2
|fn(z)| S (]- + ‘bl‘) r+ |:(1+p)2—n_(’y,y+p)2—m - ((1+pp))2£n_)(,y+p()’;—ﬁ) b1|:| T (26)
and
1— 1+ ™" (y+ 2
12 = At )~ | =t — (e Gamr s | . @)

Proof. We prove the first inequality.
Let f, € Viz(m,n;~, p), we have

fa(2)] < A ba)r+> 0 (an] + b)) 7" < 1+ [br]) r+ > (lak| + [be]) 72
k=2 k=2

1 Q_n
(U [oa]) r+ ==t Z( 002 SO0 (fag| + [bil) 7

1—r
(1+ ‘bl‘)r—’— A+p)2-—"— (’Y+P)2 o

IA

IA
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> {(1+p>k*”—(~y+p)k*'" lag| + QHOA" O )k |}

1—~ 1—~
k=2
— 1 —(=1)ym—"n
< A+ b7+ g |1 - (1+p) <1_>7 (v+p) |b1|} 2
1 (14p)— (=)™ " (+p)
S L = e R e el

The proof of the second inequality is similar, thus it is left.

The bounds given in Theorem 3 for functions f,, = h + g,, such that h and g,, are

given by (1.6) also hold for functions f = h + g such that h and g are given by (1.2)

if the coefficient condition (2.1) is satisfied.

Using the same technique used earlier by Aghalary [1] we introduce the extreme

points of the class Vi (m,n;7, p).

Theorem 4. The closed convex hull of the class Vz(m, n; 7, p) (denoted by clcoVg(m, n; 7, p))
is

{f(z) :Z+Zak2k+zbkzk EEH(m,TL;’Y,p):

k=2 k=1

3 {(Hp)k*"l—(wp)k*m lap| + QR "= (D" " (o) ™ |bk|} < 2},

- 1—
k=1
_ _ 1—y _ 1—y
where a;=1. Set \,= DI EE eI and ,uk—(H_p)kw_(_1)7,1,"(74_’))](,," . For b;
| < R 11)1 ST the extreme points of the class Vi (m,n; v, p) are
{2+ Apaz* +EZ}U{z+ukxzk+blz}, 2.8)

where k > 2 and |z| =1 — (1+P)*(*11_):'7"(“/+p).

Proof. Any function f € Vi(m,n;~, p) may be expressed as

> oo
FR) =2+ Y lanl €2 + 01z + 3 [by] et 2k,
k=2 k=2
where the coefficients satisfy the inequality (2.1). Set

hi(2)=2, g1(2)=b12, hy(2)=2+MeP 2% gp(2)=b1 2+ pre®*2* k=2, 3, .

Writinng:%,Yk “”“l L k=2,3,. anXmzl—ZXk,lel—ZYk,we
k=2 k=2

i (thk + Ykgk(z)) -

k=1

have

In particular, setting o

fi(z) =z+ b1z,
and o

fe(2) = 2 + M2 4 b1z + pry2*,
I+p)— (=)™ " (v+
<k>2,|x|+y|=1—( A= GEy, ),
-7

we see that extreme points of the class V7 (m, n; 7, p) are contained in {f;(z)}. To
see that f1(z) is not an extreme point, note that f;(z) may be written as

ne) = g {fa(z) £ (1 _ L ah™? - (D Pt k77 b1> }

1—nv
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+l {fl(z) . (1 )Lt G Vi O ) L b1> }

1—7

a convex linear combination of functions in the class Vﬁ(m, n;v,p). Next we will
show if both |z| # 0 and |y| # 0, then fj is not an extreme point. Without loss

of generality, assume |x\ > |y|. Choose € > 0 small enough so that € < % Set

A=14+eand B=1-— , we then see that both

t1(z) =z + Mz AZ* + by z + ppyBzk

and

ta(2) =24+ Mz (2— A) 2" + b1z + sy (2 — B) 2k

are in the class Vﬁ(m7 n;7, p) and note that

() = 5 (1) + ta(2)).

The extremal coefficient bounds shows that functions of the form (2.8) are the
extreme points for the classV(m, n; v, p), then the proof of Theorem 4 is completed.

Now we will examine the closure properties of the class Vi (m,n;7, p) under the
generalized Bernardi-Libera-Livingston integral operator (see [2, 5]) L.(f) which is
defined by

Lo(f(2) = <2 / U (B dt (e > 1), 2.9)

z¢
0

Theorem 5. Let f,, = h + g, € Vz(m,n;v,p), where h and g,, are given by (1.5).
Then L.(f,(z)) belongs to the class Vi (m,n;, p).
Proof. From the representation of L.(f,(z)), it follows that

L(fu(z) = <1 / £ (B () + 3 (1)) dt

2C
0

= c“/tc 1{t+zaktk+zbktk}

= z+ E ApZ® + E B2k,
k=2 k=1
where A; = Cj:k ay, By = Zi}v b.. Therefore, we have,

oo
S [k CHL ] 4 Qb e CE L
c+k 1=y c+k

k=1

Z [(H—/})k "—(’H-/))k m |ag| + A+p)k™"=( 112: "(ytp)kT™ bk ﬂ <2,
k=1

and the proof of Theorem 5 is completed.
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