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ABSTRACT. Nonlinear dynamics from fractional variational approach characterized by non-
standard Lagrangians holding singular Weinstein and higher-order extended Euler-Poisson
derivative operators are presented in this work. Many results that can enrich the theory of
analytical mechanics are obtained and discussed.
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1. INTRODUCTION

Fractional calculus of variations (FCV) is a new branch of applied mathematics which has
many successful applications in physics and engineering [1] - [22]. Different formulations
of FCV were introduced in literature depending on the nature of the problem under study.
In fact, the FCV starts with the work of Riewe in 1996 where he formulated the problem of
the calculus of variations by replacing the standard derivatives operators by a fractional one
and derived the respective fractional Euler-Lagrange equations [23, 24]. The main result of
Riewe’s fractional approach is that non-conservative forces can be computed directly from
potentials represented by fractional derivatives. It is noteworthy that the method developed
by Riewe was applied to several systems by Dreisigmeyer and Young [25, 26] and by Rabei,
Alhalholy and Taani [27] who also showed the limitations of the method caused by the
complexity of fractional calculus. More importantly these authors also demonstrated that
the resulting equations are casual and that the procedure to convert these equations into
casual ones is not well-defined. In other words, past and future become linked through the
fractional Euler-Lagrange equation which results on a broken causality, i.e. violation of the
causality principle. Some advances in this approach are done in [28], nevertheless much
work is required to settle the problem. Despite the fact that fractional causal dynamical
equations may be derived from the least action principle, some of the resulting fractional
functions are unclear, their physical meaning is still obscure and their physical validity is
not obvious [29]. In all cases, the fractional approach derived by Riewe may represent a
powerful tool to understand many hidden properties of complex dynamical systems, like
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Hamiltonian chaos for example [30, 31]. The literature dealing with the FCV is immense;
nevertheless much remains to be done. For a good introduction of the topic, we refer the
reader to [32, 33].

One more successful form is known by the Fractional ActionLike Variational Approach
(FALVA) introduced by the author in 2005 [8, 9]. Although in general, FCV and FALVA
are under strong research studies, much remains to be done at both classical and quantum
levels. The main purpose of this work is to extend FALVA for the case of non-standard
Lagrangians (NSL) with singular derivatives operators (SDO) introduced by Weinstein, Euler
and Poisson [34]. In fact, some basic equations of mathematical physics are obtained from
NSL with SDO for dissipative dynamical systems and besides, it was observed that they
can be applied successfully to a broad range of classical and quantum problems [35]-[39].
These NLS may increase the number of the initial data required to fix the classical trajectory
and generate dynamical equations that go beyond the standard CityplaceNewton’s law. In
a more recent work [40], we derived a large numbers of NSL which were disregarded in the
literature and which result on a number of familiar dynamical equations of motion. One
chief observation is that the same equation of motion of a certain dynamical equation may
be derived from dissimilar Lagrangians functionals. In reality, the significance of NSL was
recognized in dissipative dynamical systems [36, 37]. Some nice examples are the Lienard
type nonlinear oscillator [41, ] and the 2% order Riccati equation [43]. Some related
interesting results are found in [44]-[47].

The paper is organized as follows: the basic formalism is constructed in Sec. 2 and examples
are illustrated in Sec. 3; conclusions and perspectives are given in Sec. 4.

2. BASIC FORMALISM

We start by introducing the new extended FALVA formalism with NSL and SDO:
Definition 2.1: Consider a smooth manifold M and let L be an admissible smooth Lagrangian
function L : R x TM — R onR x R? x C?%, d > 1 defined on the tangent bundle TM. The
extended FALVA with NSL and SDO on the set of paths ¢(7),0 < 7 < t between two given
points A = Q(a) and B = Q(b), is defined as for any piecewise smooth differentiable path
Q:[a, b)) — M,

b
5101 = 7 [ £ (m QM) Qatr) ). Qatr)dr)ir)) (=17 ar, 2

with Q(g(r)) = q(7) + B [ %dTand
B

T—1

Q(a(7), (7)) = d(7) + q(7), 2.2)

B

T—1

Q(q(T)v Q(T)a q(T)) = q(T) + Q(T) - (7_ — ¢
being respectively the Weinstein and the extended Euler-Poisson [34] singular derivative oper-
ator'. Here (1) = dq(7)/dr.§(1) = d’q(7)/dr?. ais a real or a complex number and 3 € R;
Tis the intrinsic time, t is the observer time with t # 7.

)2q(’7'), 2.3)

Theorem 2.1: If ¢(-) are solutions of equation (2.1), then Q(-)satisfies the following Euler-
Lagrange equation:

{1 +1n(77t)ﬁ} % - { (t,i)a—l + ?::} % (%) +{a(t7—1;)“5 " ((?—:))22 } f%

! The Euler-Poisson singular derivative operator is in reality of the form

Q(4(7), 4(7)) = 4(7) + (B/(7 — 1)4(7)
and it is known as the Bessel’s operator nevertheless it appeared in the work of Euler and Poisson [34].
In our work, we called equation (3) the extended Euler-Poisson operator.
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{2 () - ) s (3) o

Proof: This problem is the same as extremizing the fractional action with Lagrangian
L(7,Q,Y) subject to the constraints Y = Q. The action of the theory is now given by:

S[Q] = ﬁ /b {L (T, Q,Q,y) A (Y - Q)} (t —7)* tdr, 2.5)

a

where A is the Lagrange multiplier. It is easy to prove after elementary calculations that the
following relation hold:

oL a—1 d oL 6Q a—11\ _
0 (t—1) ——((aq)(t—’r) —I—)\aq( — ) )—0, (2.6)

and Y = Q Making use of the chain rules:

OL _0L0Q | 9L9Q , 9LOG 27

9¢ 0Q0q 0Q9q 0Q 9q’
OL 0L OQ = 9L 9Q
a4 8Q i aQ 0’
we obtain after simple algebraic manipulation:
(209, 2L0Q OLOGY (oo
0Q dq  9Q 0q ~ 9Q 9q

(2.8)

- ((aL 0q , oL aQ) (-t & (BL 9, T)‘H) 2 (th)CH) 0.

oQ 94 0Q 94 0Q 94 9q
(2.9)
Using equations (2.2) and (2 3) and the fact that
?9(3 +ﬁ ( d _1+ﬂ/ (r —t)”, (2.10)

we find effortlessly:
s OL 1 a—-1) d (oL a-1-8 (a—1)*) oL
{10 }@_{(t—T)“‘l+t—T}E<@>+{ G )

i 52 (2 e e ()

Remark 2.1: When 8 = Oand o = 1, equation (2.4) is reduced to:

L d (0L d®> (oL
% i (55) * i (35) =0 212

For 8 # 0 and a = 1, equation (2.4) is reduced to:

8 OL I5] oL d oL d OL d OL B
om0} 55+ 25 - & (o)} - {(5) & (55) =0
(2.13)

Ilustrations and exemplifications are done in the subsequent section.

2 Equation (6) is the fractional Euler-Lagrange equation obtained in FALVA approach
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3. ILLUSTRATIONS AND APPLICATIONS

Before illustrating our approach, it is noteworthy we do not claim at this stage the su-
periority of the FALVA method over the standard FCV method originally developed by Riewe
[23, 24]. Both approaches are different nevertheless in our opinion, FALVA approach is
simpler. In Riewe’s approach, fractional derivatives are used to study nonconservative dy-
namical systems (NDS) and in that context, the generalization of Lagrangians taken into ac-
count the dissipative effects was performed. Whereas in FALVA approach we used fractional
integrals to study NDS and not fractional derivatives. In general, dealing with fractional
derivatives is much complicated than dealing with fractional derivatives, e.g. the fractional
integration by parts require some hard mathematical restrictions on the functions involved.
The form of the fractional equation of motion may be comparable with the classical one
but the physical meaning of the classical derivatives is loosing the meaning in the fractional
case [48]. The replacement of the classical derivative in equation (2.1) by fractional derivative
renders the mathematical manipulation of the theory very hard and consequently, numer-
ical techniques are required in order to compare FALVA approach to Riewe’s approach.
From another direction, by replacing the standard Lagrangians in Riewe’s approach by NSL
augmented by fractional SDO renders the mathematical manipulations much hard. To ap-
preciate FALVA and the importance of NSL, let us start by discussing the following simplest
example:

Example 1-We consider at the beginning the NSL L = — {1 + In(7 — t)P171Q% + %QQ +Q
for o = 1 where equation (2.13) holds accordingly. Equation (2.13) results into the following
dynamical equation:

B

T—1

Q- Q+Q=0. (3.1)

The solution is given by:

B+1 B+1

Qr)=ca(r—1t) 2 Jgu(T—t)+ca(r—t) 2 Y (r—1), (8.2)
2 2

where c¢1,c2 are integration constants and J,(z) and Y,,(z) are respectively the Bessel func-
tions of 1% and 2"? kind. For 3 = —1, we plot in graphs 1 and 2 sample individual solutions
and sample family solution of equation (3.1) respectively (I' = 7 — t):

e[INAAAAAA] @ Q=1
ILAAAAAS Q') =0

T Q

Qlﬂﬂﬂnnnn q Q(l)=0
UVUUVUUb Q1) =1

T Q

Graph 1: sample individual solutions of equation (3.2)
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r (sampling Q(1) and Q’(1))

=]
o
< aq( Ipprre

-04
Graph 2: sample family solution of equation (3.2)

These graphs show decaying oscillations due to the presence of a positive friction term. From
equation (2.2) we find:

R e e Y (e e a)

Jr{(T—t)ﬁHCOS(@)F(lﬂl)lﬁ2 <B+1 5+3,6+2— )

,2B+1F(ﬁ'2"1>1ﬁ'2 (B;I;1;ﬁ;ﬂ;3;7(72t)2)}0227$( ft)sec(—ﬁ)+c3,
(3.3

where c3 is another integration constant and pﬁ'q (a1, ..., ap;b1, ..., bq; 2) is the generalized
regularized hypergeometric function. If for instance f = —1, then Q(7) = c1Jo(7 — t) +
c2Yo(T — t)and

1 13 —1)? 1 -t 1 1,-1
q(t) = —cli(r—t)gng (7 2; —u) —Cz*(T—t)G?i (T 7‘ _ i ) :
2

227 4 2 2 2| -3,3,-1,0
(8.4)
pFy (a1, ..., ap; b1, ..., by; 2) is the hypergeometric function and G;';" <z| %)117, '.'.'.'7’ l: P ) is the
Meijer G-function [48]:
-9, T1—-aj+s
G;’f&" <z| (21,...., ) / )Hz{_l ( j ) oids.  (3.5)
Lseees 2mi H] na1L(@s = 8) [Ty T = b +5)

Assuming the initial conditions Q(2.1) = land Q (2.1) = 0, then the solution of equation
(8.1) which is illustrated in graph 1 is:

Ji()Yo(T) — Yi(1)Jo(T)

Q(r) = Ji(1)Yo(1) — Yi(1)Jo(1)’

and accordinglyq(7), is equal to:
T— 1 T— 07 2
(T —t)Y1(1)GT3 ((%)2’ 0.0,0 ) 2J1(1)G34 (Ttv% 13 )
2 I (YD) — 2he(OVa(D)  2(1)Ye(l) — 2Jo()¥i (1)

We plot in graphs 3 and 4 sample individual solutions and sample family solution of equation
(3.7) respectively:

AV

—

(3.6)

+cs(T—t). (3.7)

T q

Graph 3: sample individual solutions of equation (3.7)
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(sampling q(1))

! 1 2 s T
5 10 15 20

Graph 4: sample family solution of equation (3.7)

It is very hard to describe analytically the dynamical problem by replacing the ordinary
derivative operator by a fractional and numerical techniques are required afterward. It
is noteworthy that that the dynamical equation (3.1) may be derived in general from the
standard time-dependent Lagrangian L(7, Q, Q) = L(r—t) (Q*—Q?) and using the standard
Euler-Lagrange equation

oL d (0L
@ = <%> =0. (3.8)

Whereas in our approach, equation (2.11) gives for L(T, Q, Q) = %T(Q2 - Q%

{W+1fa}(§+{a(a_l)+ @—p }Q+{1+ln(77t)5}(77t)Q=0-

t—1 O (t—7) T

(3.9

Mainly for a = 1, we get:
(Tft)QJr(,Bfl)Qf{1+1n(77t)ﬁ}(Tft)Q:O. (3.10)
Obviously, for § = —1 the dynamics which result from equation (3.10) is totally different

from the one obtained from equation (3.1) as shown in graphs 5 and 6:

= N
Q qd Q=1
Q'(1)=0
p—
T Q
Ty
Q q Q=0
Q(H=1
T Q

Graph 5: sample individual solutions of equation (3.10)
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10

, (sampling Q(1) and Q’(1))

-10

Graph 6: sample family solution of equation (3.10)

Comparing graphs 1 and 5, we observe that for some critical values of the parameter /3, the
dynamics are totally dissimilar.

Example2-We consider now the NSL L = —%%QQ +Q+ Qwitha—1 = Band

m € R. Hence we get:

(¢ —1)(2a — 3) (a—1)?
Q(r) = TR TRy (8.11)
and accordingly:
. a—1 —3—-m
q+ﬁq: 24+m)(a—1)2a—-3)(t—171)
+(a+m+D)(a—1)>t—7)" "2, (3.12)
One particular class of solution is obtained for m = —2 where the solution is given by:
q(r) = (1 —a)’(r =)' *In|r — t| + ca. (3.13)

c4 is one more integration constant. It is noteworthy that the dynamics of Qis complexified
for 0 < a < land T = 7 —t > 0 whereas the dynamics of ¢(7) is real. We plot in Graph
7 the variations of equations (3.13) and in Graphs 8 and 9 the variations of equation (3.11)
(the z-axis corresponds for ¢(7)):

Graph 7: Plot of equation (3.13)
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Graph 8: Plot of equation (3.13): real part

Graph 9: Plot of equation (3.13): imaginary part

We may conclude that equations (2.4) and (2.13) are motivating if we want to describe
Lagrangian systems holding a NSL and starting from FALVA.

Example 3-We could at present consider the following NSL L = (Q + f(r, t)Q)flconsidered
in [36] to model dissipations. Here f(7,t)is an arbitrary function of time. Equation (2.11)

- {(t : +a::}((Q+f(Tat)Q)_l (Q+%Q”Q))

77_)(1—1 t

2
a—1-f  (a—1) }:0. (3.14)

- {1+1“<T‘t)ﬁ}f(“”+{ t—1" " (=7

For simplicity, we choose f(7,t) = 1, then equation (3.14) is simplified to:

{(t = i)“*l + Z‘__Tl} (Q+ Q)+({a(t—_17—)f 4 ((‘;‘__Tl))j} ~ {1 +In( — t)ﬁ}) (((34;3) =0.

To illustrate, we choose 5 << land a = 2; then equation (3.15) is simplified to

2 2 2 : 2
- - — —1 — —1 =0. 3.16
T—tQ+{ T—t+(7'—t)2 }Q+{(T—t)2 }Q (3-16)
and the solution is given by:

D 1. 2 —t—2 _ (e
Q(7) = cse a(r=)(r—t+4)) (ﬁe‘l(T O+ orf <T7> —e t) +ege T t), (8.17)

2

where erf(x) is error function. We plot the resulting solutions in Graphs 10 and 11
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f
Q q Q=1
Q=0
T Q
Q q Q=0
'‘M=1
T Q
Graph 10: sample individual solutions of equation (3.17)
Q
04
0.2
) ) ) (sampling Q(1) and Q" (1))
20 30 40 T
-0.2
-04

Graph 11: sample family solution of equation (3.17)

For very large time, we plot in Graphs 12 and 13 the solutions which correspond for ¢(7) as
deduced from equation (2.2):

\

q(l)y=1

Graph 12: sample individual solutions for ¢(7)

-
(sampling q(1))

Graph 13: sample family solution of for ¢(7)
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In [36], the resulting equation of motion which results from the NSL L = (Q+ f(r,H)Q) ~lwith
f(r,t) = lis: Q + 1.5Q + Q = Oand the solutions are plotted in Graphs 14 and 15:

Q q Q(0)=1
Q=0
T Q
Q q Q0)=0
Q'0)=1
“\.“__; 4/

T Q
Graph 14: sample individual solutions of equation Q + 1.5Q +Q=0

1.5

1.0
(sampling Q(0) and Q’(0))

0.5f

T

-

10 20 30 40 50
Graph 15: sample family solution of equation Q + 1.5Q +Q=0

Graphs 10 and 14 are similar however in [36], we have 8 = Owhereas in our approach, for
the particular case 3 << 1, e.g. 8 = 103, the following graphical solutions (Graphs 16 and

17) hold for ¢(7):

ql)=1

T q

Graph 16: sample individual solutions of ¢(7)
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” (sampling q(1))

14

1.2

: . . . T
10 15 20

Graph 17: sample family solution of ¢(7)
Remark 3.1: If the Lagrangian is independent of Q, then equation (2.13) is reduced to:

B oL d (0L d oL d (0L .
it o))t Ge) - ()0 e

It is easy to check after straightforward algebra that:

oL d (oL\ _ 8
(5) - (55) ~xe - o9

where K is an integration constant. This equation is similar to the Euler-Lagrange equation
with a time-dependent dissipative term S in particular when Q — Qand S = K(7 — t)B .
Here Qis a new generalized coordinate.

To illustrate we discuss the following examples:

Example 4-We consider the Lagrangian L = %Q?‘ - %QQand we choose 5 = —1 Equation
(3.18) gives:

Q(7) = cssin(r — t) + cs cos(T — t) + ¢7

+ Ci(r — t)(—cos(r — t)) — Si(r — t)(sin(T — 1)) + log(T — ¢), (3.20)

where Ci(7 — t) and Si(7 — t)are respectively the cosine and the sine integrals [49]. We plot
in Graph 18 sample individual solutions and in Graph 19 a sample family solution:
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Q
=
Q(1)=0
Q q Q(1)=1
v Q"(1)=0
T Q
Q1) =0
Q q Q'(1)=0
Q"(1) =1
T

(sampling Q(1), Q“(1) and Q"' (1))

Graph 19: sample family solution of equation (3.20)

Example 5-We consider now the Lagrangian L = %mQ2 — U(Q)where U(Q) is a function
of Qand mis the mass of the particle. Then the equation of motion is:

d (oU
- — (=) =KFr-v7° 3.21
- (5g) K- .21)
where p = ins the momentum. In the absence of the function U (Q) we get p =

K (7 — t)’and hence the momentum is time-dependent. It increases with time for 3 > Oand
decreases for 3 < 0. We plot in Graph 20 the variation of equation p = K (7 — t)ﬁ (z axis
corresponds for p):
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Graph 20: Plot of equation p = K (7 — t)?for K = land -3 < 8 < 3

4. CONCLUSIONS AND PERSPECTIVES

In conclusion, we have explored nonlinear dynamics from both fractional and non-fractional
FALVA holding non-standard Lagrangians. The new formalism is characterized by non-
standard Lagrangians holding singular Weinstein and higher-order extended Euler-Poisson
derivative operators. The examples discussed in this paper are simple, however they prove
that non-standard Lagrangians are important and deserves attention. The results obtained
here are very relevant to those presented by Riewe. It is notable that in 1931, Bauer proved
that for a given dissipative dynamical systems with constant coefficients, the resulting dy-
namical equations of motion are not derived from a variational principle [50]. In Bauer’
approach all the derivatives are of integer order. This is one of the main reasons why Riewe
use fractional derivatives operators to model dissipative dynamical systems. Here we proved
that FALVA augmented by NSL and Weinstein differential operator could be used to model
nonconservative and dissipative systems without implementing fractional derivatives. In
other words, the Lagrangian formulation is constructed for different kinds of dissipative
systems without using the notion of fractional derivative operator. Further investigations
should be carried to elucidate and understand this approach.

In literature there exist many approaches to deal with dynamical systems [51, 52, 53];
nevertheless the equations of motion are derived from the standard action principle. How-
ever, the presented approach is in fact widespread and permits obtaining miscellaneous
forms of non-standard Lagrangians and equations of motion. We argue that this new for-
malism has important implications in many physical systems. The main advantage of the
new action explored in this work is that it offers a new view of the dynamical system under
study. We expect that the new arguments proposed in this work can be applied successfully
to a broad range of physical problems ranging from dissipative mechanics to field theories
[54]-[58]. It will be as well interesting to apply our approach to Hamiltonian and chaotic
dynamics where time takes on a fractal structure [30]. Work in these directions is under
progress.
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