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ABSTRACT. In this article we introduce and study the paranormed I-convergent sequence
spaces C'(A,p), C5(A,p), ME(A,p) and Méo (A, p) on the sequence of interval numbers
with the help of a bounded sequence p = (pi) of strictly positive real numbers. We study

some topological and algebraic properties and some inclusion relations on these spaces.
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1. INTRODUCTION AND PRELIMINARIES

It is an admitted fact that the real and complex numbers are playing a vital role
in the world of mathematics. Many mathematical structures have been constructed
with the help of these numbers. In recent years, since 1965 fuzzy numbers and
interval numbers also managed their place in the world of mathematics and cred-
ited into account some alike structures . Interval arithmetic was first suggested by
P.S.Dwyer [5] in 1951. Further development of interval arithmetic as a formal sys-

tem and evidence of its value as a computational device was provided by R.E.Moore

* Corresponding author.
Email address B vakhanmaths@gmail.com(Vakeel. A.Khan), shafigmaths7@gmail.com(Mohd Shafiq) and khalidebadul-
lah@gmail.com(Khalid Ebadullah).
Article history : Received ...... Accepted .....



104 VAKEEL.A.KHAN, MOHD SHAFIQ AND KHALID EBADULLAH/JNAO : VOL. 5, NO. 1, (2014), 103-114

[13] in 1959 and Moore and Yang [14] and others and have developed applications

to differential equations.

Recently, Chiao [4] introduced sequences of interval numbers and defined usual
convergence of sequences of interval numbers. Sengéniil and Eryilmaz [19] intro-
duced and studied bounded and convergent sequence spaces of interval numbers

and showed that these spaces are complete.
Here after, we give the notation and definitions that will be used in the paper.

A set consisting of a closed interval of real numbers = such that a < z < b is
called an interval number. A real interval can also be considered as a set. Thus,
we can investigate some properties of interval numbers for instance, arithmetic
properties or analysis properties. Let us denote the set of all real valued closed
intervals by /R. Any element of IR is called a closed interval and it is denoted by
A= [xl, mr]. An interval number is closed subset of real numbers [4]. The algebraic
operations for interval numbers can be found in [19].

The set of all interval numbers /R is a complete metric space defined by
d(Ay, Ay) = max{| w1, — x, |,| v1, — 22, |}, (see)[14,19) (1.1

where z; and z, be first and last points of A, respectively.

In a special case, A; = [a,a], As = [b,b], we obtain the usual metric of R with
d(Al,Ag) :| a—>b | .

Let us define transformation f from N to IR by k — f(k) = A, A = (A;). The
function f is called sequence of interval numbers, where A, is the k' term of the

sequence (Ay).

Let us denote the set of sequences of interval numbers with real terms by

w(A) = {A=(A;): A € IR}. (1.2)

The algebraic properties of w(.A) can be found in [4, 19].
The following definitions were given by Sengoéniil and Eryilmaz in [19].

A sequence A = (Ay) = ([1,, Tk, ]) of interval numbers is said to be convergent
to an interval number Ay = [zo,, ®o, ] if for each € > 0, there exists a positive integer
no such that d(Ay, Ag) < ¢, for all k > ng and we denote it as liin A, = A,.

Thus, liin A =A) & lilgn Tk, = %o, and lilgn Tk, = X, and it is said to be Cauchy

sequence of interval numbers if for each € > 0, there exists a positive integer kg
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such that d(Ay, A,,) < ¢, whenever k, m > k.

Let us denote the space of all convergent, null and bounded sequences of interval

numbers by C(A), Co(A) and . (A), respectively. The sets C(A), Co(A) and £ (A)

are complete metric spaces with the metric

~

d(Ay, By,) = Sl;p max{|zr — Ykl |Tr — yril}- (1.3)

If we take Bk = O in (3) then, the metric c/l\ reduces to (see,[19])

o~

(Ag,0) = sip max{|zg|, |z} (1.4

In this paper, we assume that a norm || A;|| of the sequence of interval numbers
(Ay) is the distance from (A}) to O and satisfies the following properties:
VA, By € M(A) and Ya € R

(N1). VA, € M(A) = {0}, || Ak|[xa) > 05

(N2). [[Akllxca) = 0 & Ay = O;

(N3)- || Ak + Billacay < [[Akllxca) + 1Brllra

(Ny). Hai‘IkH,\(A) = |a|||ffk||>\(j), where \(A) is a subset of w(A).

Let A = (A) = ([z1,, 71,]) be the element of C(A), Co(A) or /o (A). Then, with

o0
respect to the above discussion the classes of sequences C(A), Co(A) and £ (A)

are normed interval spaces normed by
| A= Sl;pmaxﬂ g, |, | K, |} (see[19]). (1.5)

Throughout, O = [0,0] and I = [1, 1] represent zero and identity interval num-

bers according to addition and multiplication, respectively.

As a generalisation of usual convergence for the sequences of real or complex
numbers, the concept of statistical convergence was first introduced by Fast [6]
and also independently by Buck [3] and Schoenberg [18]. Later on, it was further
investigated from a sequence space point of view and linked with the Summability
Theory by Fridy [7], Salat [15], Tripathy [20] and many others. The notion of statis-

tical convergence has been extended to interval numbers by Esi as follows in [1, 2].

Let us suppose that A = (Ay) € (o (A). If, for every e > 0,

1 ~ -
li}gnEHTLEN:H A, — Ao ||z e, n<k} =0 (1.6)
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then the sequence A = (4}) is said to be statistically convergent to an interval

number Ag, where vertical lines denote the cardinality of the enclosed set.
That is, if 6(A(€)) = 0, where A(e) = {k € N:|| Ax — Ay ||> €}.

The notation of ideal convergence (I-convergence) was introduced and studied by

Kostyrko, Maéaj, Salat and Wilczynski [11, 12]. Later on, it was studied by Salat,
Tripathy and Ziman [16, |, Esi and Hazarika [1], Tripathy and Hazarika [21],
Khan et al [8, 9, 10] and many others.

Theorem 1.1. Let suppose that I be an ideal.

Then, a sequence A = (Ay) € (o (A) C w(A)
(i) is said to be I-convergent to an interval numberA if for every € > 0,
theset{k € N :|| A, — Ao ||> €} € I.

In this case, we write I — lim A;, = Ay. If Ay = O then the sequence A = (A}) €
lso(A) is said to be I-null. In this case, we write I — lim A}, = O.

(ii) is said to be I-cauchy if for every € > 0 there exists a number m = m(e) such
that {k € N :|| A, — A, [|> e} € 1.

(ii) is said to be I-bounded if there exists some M > 0 such that {k € N :|| 4}, |>
M} el

Let us denote the classes of I-convergent, I-null, bounded I-convergent and
bounded I-null sequences of interval numbers with C!(A), CI(A), ML(A) and
M( (A). respectively.

We know that for each ideal I, there is a filter £(I) corresponding to I, i.e £(I)
={K CN:K°el}, where K‘=N\ K.

Theorem 1.2. A sequence space A(A) of interval numbers

(iv) is said to be solid(normal) if (aAr) € A(A) whenever (A;) € A(A) and for
any sequence («y) of scalars with | ay, |< 1, forallk € N,

(v) is said to be symmetric if (A (1)) € A(A) whenever A;, € A(A), where 7 is a
permutation on N,

(vi) is said to be sequence algebra if (Ay) * (By) = (Ag.Bi) € A(A) whenever
(Ar), (Br) € M(A),

(vii) is said to be convergence free if (By) € A(A) whenever (A;) € M(A) and
Ay, = O implies By, = O, for all k.

Theorem 1.3. Let K = {k1 < ko < k3 < k4 < ks5...} C N. The K-step space of the

A(A) is a sequence space u;‘((j) = {(Ax,) € w(A) : (A) € M(A)}.
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Theorem 1.4. A canonical pre-image of a sequence (flkn) S ,u}\((A) is a sequence

(By) € w(A) defined by

L=

B { Akv l:f]{EEK,

O, otherwise.

A canonical preimage of a step space ,u?((A) is a set of canonical preimages of all

elements in u;‘((A), i.e. B is in the canonical preimage of ,u)[‘((A) iff B is the canonical
. = A(A)
preimage of some A € pp"".

Theorem 1.5. A sequence space \(A) is said to be monotone if it contains the

canonical preimages of its step space.
Now, we give some important Lemmas:
Lemma 1.6. Every solid space is monotone.

Lemma 1.7. Let K € £(I) and M C N. If M ¢ I, then M N K ¢ I, where
£(I) C 2N filter on N.

Lemma 1.8. If I C2Y and M C N. If M ¢ I, then M N N ¢ I.

2. MAIN RESULTS

Let us give an instrumental and important definition for this paper:

Theorem 2.1. Let X be a set of interval numbers. A function g: X — R is called
paranormon X , ifforall A, B € X,

(P1) g(A) =0if A=0,

(P2) g(—A) = g(A),

(P5) g(A+ B) < g(A) + g(B),

(Py) If (M\n) is a sequence of scalars with \,, — X (n — o0) and (A,),A0 € X
with A, — A (n — o0) in the sense that g(A, — Ag) — 0 (n — o0) , then
g(AnA, — AAg) — 0 (n — 00).

In this article, we introduce and study the following paranormed classes of se-

quences of interval numbers

Cl(Ap) = {A(Ak.) €loo(A): {keN: (| Ay — A )™ > ¢} eI,}, (2.1)
Co(A,p) = {A (Ap) € loo(A) : {k eN: (| A [|)™ > e} € I}, 2.2)

lo( A p) = {A = (A1) € o) (] A )7 < oo}, 2.3



108  VAKEEL.A.KHAN, MOHD SHAFIQ AND KHALID EBADULLAH/JNAO : VOL. 5, NO. 1, (2014), 103-114

where p = (pi) is a bounded sequence of strictly positive real numbers.
We also denote

ME(A,p) = loo (A, p) N CT(A, p) and M (A, p) = loo(A, p) NCJ(A, p).

Theorem 2.2. The classes of sequences ML(A, p) and Méo (A, p) are paranormed

spaces paranormed by

g(A) = sup || Ay H%, where M = max{1, sup py }.
k k

Proof. Let A= (Ay), B = (By) € ML(A,p).
(P)) It is Clear that g(A) =0 i
(P2) g(A) = g(—.A) is obvious.

(Ps) Since £ <1 and M > 1, using Minkowski’s inequality, we have

§>\
Il
Nl

9(A+ B) = g(Ay + By) = sup || Ay + By) |5

- Pk — P
sup | Ay || 5 +sup | By ||

IA

= g(Ax) + 9(Br) = g(A) + g(B)

Therefore, g(A + B) < g(A) + g(B).

(Py) Let (\x) be a sequence of scalars with (\y) — A (k — o0) and (4y), 4g €
MUE(A, p) such that A, — Ag (k — 00), in the sense that g(A;, — Ag) — 0 (k — 00).
Then, since the inequality

9(Ar) < g(A — Ao) + g(Ao)

holds by subadditivity of g, the sequence {g(Ay)} is bounded.
Therefore,
g[()\kz‘ik — AAo)] = g[()\kAk - )\Ak + )\Ak - AA@)]

=g[(Ak = M)Ak + A(Ag — Ag)]
< g[(A = N Ax] + g[A(Ax — Ao)]
<] Ak = A) |5 g(A)+ | A |5 g(Ax — Ag) — 0

s (k — 00). That is to say that scalar multiplication is continuous.

Hence M (A, p) is a paranormed space. For M{_(A,p). the proof is similar. [

Theorem 2.3. The set M. (A, p) is closed subspace of l. (A, p).
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Proof. Let (/_15:)) be a Cauchy sequence in ML (A, p) such that /_1,(6”) — A. We show
that A € ML(A,p). Since (Aén)) € ML(A, p) there exists A,, such that

{(keN:| A" — A, ">} eI

We need to show that

(1) (A,,) converges to Aj.
@UU={keN: ([ Ax— A | )" <e} thenU® € I.

(1) Since (/1,(6")) is Cauchy sequence in M/ (A, p) = for a given € > 0, there exists
ko € N such that sgp( I A,gn) — A,(cq) )

Pg
M < g, forall n, ¢ > ko. Fore > 0, we
have

€

5y,

— — €
By={keN: (| 4~ A4, | )™ < ()"}

Bpg={keN: (|| A" — A9 )" <

B, = {k: eEN: (| AN -4, )™ < (g)M}.
Then, By, B; and By € I. Let B® = B, U By U By,
where B={k e N: (|| A, — 4, || )pk < €}. Then B¢ € I.
If we choose a integer ky € B¢ then for each n, ¢ > ko, we have
{keN: (|| A — A, )™ <€}
_ _ X €. 1,
2 [{keN: (114, = 47 )™ < ()"}

€

N{keN: (| 42 - A7 )™ < ()"
A{keN: (| AP — A4, )™ < (5HM} (2.4)

3

Then (/[n) is a Cauchy sequence of interval numbers, so there exists some
interval number A, such that 4,, — Ay as n — 0.

(2) Let 0 < § < 1 be given. Then, we show that if
U={keN: (| A -4 )™ <},

then U¢ € I. Since (A,(Cn)) — A then, there exists ¢p € N such that

_ _ . 5
P={keN: (|| A% - 4| )™ < (35"} 2.5)

implies P¢ € I. The number gy can be chosen that together with (11), we have

- - 5
Q={keN: ([ Ag—All)™ < (35"}
3D
such that Q° € I. Since {k € N : (|| fl,(cqo) —Ag |l )pk > ¢} € I we have a subset
S of N such that S¢ € I, where
]

S={keN:(||A" -4, )" < (@)M}.
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Let U¢ = P¢U Q° U S¢, where U = {k cN: ( || Ak — ILIO H )pk < 5} Therefore, for

each k € U¢, we have

{(keN: (|| Ay — Ao | )™ <6}

_ do 5
D [{keN: ([ A= A7 )™ < ()"}
@) L8
Nk eN: (A0 = A, )™ < (™)
_ _ )
N{keN: (| A, —A )™ < (g)M}] (2.6)
Then, the result follows from (12). O

Since the inclusions M%(A,p) C loo (A, p) and ./\/léo (A, p) C £oo(A,p) are strict

so in view of Theorem (2.3) we have the following result.

Theorem 2.4. The spaces M} (A,p) and M{_(A, p) are nowhere dense subsets of
loo (A, p).

Theorem 2.5. The spaces C{ (A, p) and ./\/léo (A, p) are both solid and monotone.

Proof. We shall prove the result for C{(A, p). For M{_(A,p), the result follows

similarly.

For, let A = (A;) € C{(A,p) and (ay) be a sequence of scalars with | oy, |< 1,
forall k € N.

Since | aj |P*< max{1,| a; |} < 1, for all k € N, where G = sup py,
k

we have
(Il ardp | )7 < (|| A || )", forallk € N.
which further implies that
(keN: (| A4 )" >} 2{keN: (|| axdy||)™ > e}
But
(eN: ([ A" zeper

Therefore,
{]{?ENI(HQJCA]C ||>pk ZG}EI.

Thus, a(Ar) € CL(A, p).
Therefore, the space Cé (fl, p) is solid and hence by Lemma (1.6), it is monotone. [J

Here, we will give a definition that will be used in the following theorem.

Theorem 2.6. A non-trivial ideal I C 2V is called admissible if {{r} :x € N} C I.
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Theorem 2.7. Let G = suppr < oo and I be an admissible ideal. Then, the

Jollowing are equivalent: *

(1) (Ax) € C'(A,p):

(2) there exists (By,) € C(A, p) such that Ay, = By, for a.a.k.r.I

(3) there exists (By,) € C(A,p) and Cy € C{(A,p) such that Ay, = By, + C}, for all
keNand{keN: (|| B,—A| )" >etel

(4) there exists a subset K = {k; < ko < k3 < kq...} of N such that K € £(I) and
tin (1l A, — A1) =0.

n— oo

Proof. (1) implies (2).
Let A = (A},) € CI(A, p). Then, there exists interval number A such that the set

{keN: (| A —A|)™ >t el
Let (m;) be an increasing sequence with m, € N such that

{h<m: (| Ax— A=t el

Define a sequence (By) as
By, = /_hw forallk < mj.

For m; < k <myyq, t €N

g At (A=A <o,
A, otherwise.

Then By, € C(A,p) and from the inclusion
{k<my: Ay #Bi} C{k<my: f(|| A — A )pk >e} el
we get Ay, = By, for a.a.k.r.].
(2) implies (3). For A = (A;) € CI(A,p), then, there exists (By) € C(A,p) such
that Aj, = By, for a.akr.l. Let K = {k € N: Aj, # By}, then K € I. Define C}, as

follows:
~ | Ax— By,ifk € K,
b { 0, ifk ¢ K.
Then Cj, € CL(A,p) and By, € C(A,p).
(3) implies (4). Suppose (3) holds. Let € > 0 be given. Let
Pr={keN:(|Cp|)» >e} el

and
K =Pl ={ki <ko <ks<ky.}e£().
Then we have

Jim (] A, —A)" =0.
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(4) implies (1). Let K = {k1 < ko < k3 < kq...} € £(I) and
Jim ([ Ay, — AP =0,
Then for any € > 0, and Lemma (1.7), we have
{keN: (| A —A|)" > CKUf{ke K: (|| Ay —A|)™ >e}
Thus, (A) € C1(A,p) O

Theorem 2.8. Let (py) and (qi) be two sequences of positive real numbers. Then

ME (A,p) 2 ML (A q) if and only if}linr[l( infz—f > 0, where K C N such that
o ) e e

K e £(I).

Proof. Let lllrrll( inf 22 > 0 and (Ar) € ML (A, q). Then, there exists 8 > 0 such
e o

that py > (qi for sufficiently large k € K.

Since (Ay) € M( (A, q). For a given € > 0, we have

Bo={keN: (|4 )" >e el
Let Gg = K€U By. Then G € I. Then for all sufficiently large k € Gy,
(keN: (A ) > C{heN: (| A4 )™ > el
Therefore, (A) € M{_(A, p). The converse part of the result follows obviously. []

Theorem 2.9. Let (p) and (qi) be two sequences of positive real numbers. Then

ML (Aq) 2 ML (A, p) if and only lf]liﬂ[l{ inf% > 0, where K C N such that
o o e ¢

K e £(I).

Proof. The proof follows similarly as that of the proof Theorem (2.8). 0

Theorem 2.10. Let (py) and (qx) be two sequences of positive real numbers. Then
I /7 . I /7 ., i i e DR C e

M (A, q) = Mg, (A, p) if and only Lf]llEH;( inf 28 > 0 and %151( inf 2& > 0, where

K C N such that K € £(I).

Proof. On combining Theorem (2.8) and (2.9), we get the desired result. O
Theorem 2.11. The spaces M{(A,p) and M}, (A, p) are not seperable.

Proof. By a counter example we prove the result for the space M é (./L D)

For M{_(A, p). the result follows similarly.
Counter Example.

Let M be an infinite subset of increasing natural numbers such that M € [.

Let
1,ifk € M,
Pk =

2, otherwise.
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Let Py = {(Ay) : Ay = [0,0] or [1,1],for k € M and A, = [0,0], otherwise}.

Since M is infinite, so P is uncountable. Consider the class of open balls B, =
{B(Z,%):Z € Py}. Let C; be an open cover of M (A, p) containing B;. Since B; is
uncountable, so C; cannot be reduced to a countable subcover for M é(fL p). Thus

MUL(A,p) is not seperable. Hence the result. O
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