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ABSTRACT. The paper is concerned with the controllability of stochastic impulsive neutral
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1. INTRODUCTION

Controllability is one of the fundamental concept in mathematical control theory and
plays an important role in both deterministic and stochastic control systems. It is illustri-
ous that controllability of deterministic systems are widely used in many fields of science
and technology. The deterministic models often fluctuate due to noise, which is random or
atleast appears to be so. Therefore, we must move from deterministic problems to stochastic
problems. Many systems in physics and biology exhibit impulsive dynamical behavior due
to sudden jumps at certain instants during the dynamical process. Differential equations
involving impulsive effects occur in many applications: pharmacokinetics, the radiation
of electromagnetic waves, population dynamics [8], the abrupt increase of glycerol in fed-
batch culture, bio-technology, nanoelectronics, etc., and for basic theory refer [16, 26]. The
theory of impulsive integrodifferential equations with their applications in fields such as
mechanics, electrical engineering, medicine, ecology and so on have become an active areas
of investigation since the theory provides a natural framework for mathematical modeling
of many physical phenomena. Moreover, impulsive control which based on the theory of
impulsive integrodifferential equations has gained renewed interest recently for its promis-
ing applications towards controlling systems exhibiting chaotic behavior (see [29]). As the
generalization of classic impulsive integrodifferential equations, impulsive neutral stochastic
functional integrodifferential equations have attracted the researchers great interest.

Byszewski [9] introduced the nonlocal initial conditions into the initial value problems
and argued that the corresponding models more accurately describe the phenomena since
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more information was taken into account at the onset of the experiment, thereby reducing
the ill effects incurred by a single (possibly erroneous) initial measurement.

The controllability of nonlinear deterministic systems represented by evolution equa-
tions in abstract spaces have been studied by several authors [2, 3, 5]. Balachandran and
Anandhi [1] and Balachandran et al. [7] discussed the controllability of neutral functional
integrodifferential systems in abstract spaces. Li et al. [18] studied the controllability of
impulsive functional differential systems in Banach spaces. Chang [10] and Park et al. [22]
investigated the controllability of impulsive functional differential systems and impulsive
neutral integrodifferential systems with infinte delay in Banach spaces. The controllability
of nonlinear stochastic systems in finite and infinite-dimensional spaces have been studied
by many authors [15, ]. Balachandran and Karthikeyan [4] and Balachandran et al. [6]
derived the sufficient conditions for controllability of stochastic integrodifferential systems in
finite dimensional spaces. Park et al. [23] discussed the controllability of neutral stochastic
functional integrodifferential infinite delay systems in abstract space. Sakthivel et al. [25]
investigated the controllability of non-linear impulsive stochastic systems. Subalakshmi
and Balachandran [27, 28] studied the controllability of semilinear stochastic functional in-
tegrodiffferential systems and approximate controllability of nonlinear stochastic impulsive
integrodifferential systems in Hilbert spaces. Based on [21], Hu and Ren [14] proved the
existence results for impulsive neutral stochastic functional integrodifferential equations
with infinite delays in the phase space 3;. Motivated by these literatures, in this paper
we study the controllability of stochastic impulsive neutral integrodifferential system with
infinite delay in the phase space B} which is an untreated topic sofar.

Consider the following class of stochastic impulsive neutral integrodifferential equation
with infinite delay and nonlocal conditions

d[x(t) — g(t, T, /Ot c(t, s,ms)ds)]

[Az(t) + f(t, Zt, /Ot e(t, s,xs)ds) + Bu(t)]dt

t
+/ o(t,s,xs)dw(s), t € J:=[0,al], t # T,

Ax(Tk) x(T’j) - x(Tl;) = Ik(x(TI;))7 k= 1527 ce MMy,
$(5)+(h1($t17$t27$t37 . 7gct,,))(s) = ¢(s)€ L2(Q,By), fora.e. s € Jy:=(—00,0](1.1)

where 0 < t; < t2 < t3 < --- < tp, < a (p € N). Here, the state variable z(-) takes
values in a real separable Hilbert space H with innerproduct (-,-) and norm | - | and A is
the infinitesimal generator of a strongly continuous semigroup of a bounded linear operator
S(t), t > 01in H. The control function u(-) takes values in L?(J,U) of admissible control
functions for a separable Hilbert space U and B is a bounded linear operator from U into
H. Let K be another separable Hilbert space with innerproduct (-, ) x and the norm | - | k.
Suppose {w(t) : t > 0} is a given K-valued Wiener process with a finite trace nuclear
covariance operator @ > 0. We employ the same notation | - | for the norm L(K, H),
where L£(K, H) denotes the space of all bounded linear operators from K into H. Further,
c:DxB,—He:DxB, —H,g: JxBy,xH—H,f:JxB,xH— H,o:
DxBp, — Lo(K,H)and hy : B}, — Bj, are measurable mappings in H-norm, Lq (K, H)-
norm and Bj,-norm respectively. Here L (K, H) denotes the space of all Q-Hilbert-Schmidt
operators from K into H which will be defined in Section 2 and D = {(¢,s) € J x J : s < t}.
Here, I, € C(H,H) (k=1,2,--- ,m) are bounded functions. Furthermore, the fixed times
Tr satisfies 0 =70 < 1 < T2 < -+ < Tm < Tm41 = @, JZ(T:) and z(7, ) denote the right
and left limits of z(t) at t = 7,. And Ax(7) = z(r;7) — (7, ) represents the jump in the
state x at time 7%, where I, determines the size of the jump. The histories x; : 2 — By,
t > 0, which are defined by setting z; = {z(t + s), s € (—0o0, 0]}, belong to the phase space
B}, which will be defined in Section 2. The initial data ¢ = {¢(t) : —oo < t < 0} is an Fo-
measurable, Bj,-valued random variables independent of {w(¢) : ¢ > 0} with finite second
moment.
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2. PRELIMINARIES

Throughout the paper (H, |- |) and (K, | - | k) denote real separable Hilbert spaces.

Let (Q, F, P;F) {F = {F:}/>0} be a complete filtered probability space satisfying that Fg
contains all P-null sets of 7. An H-valued random variable is an J-measurable function
z(t): & — H and the collection of random variables S = {z(t,w) : @ — H\t € J}
is called a stochastic process. Generally, we just write x(t) instead of x(¢,w) and x(t) :
J — H in the space of S. Let {e;}{2; be a complete orthonormal basis of K. Suppose
that {w(t) : ¢ > 0} is a cylindrical K-valued wiener process with a finite trace nuclear

o=}
covariance operator ) > 0, denote T7(Q) = Y A; = A < oo, which satisfies that Qe; =
i=1

Aiei. So, actually, w(t) = > vV Aiwi(t)e;, where {w;(t)}§2; are mutually independent one-
i=1

dimensional standard Wiener processes. We assume that 7, =o{w(s) : 0 < s < t} is the
o-algebra generated by w and F, = F. Let ¥ € L(K, H) and define

W|g = Tr(vQU™) ZW e |?
=1

If |¥|g < oo, then W is called a Q-Hilbert-Schmidt operator. Let Lo (K, H) denote the space
of all Q-Hilbert-Schmidt operators ¥ : K — H. The completion E Q(K,H) of L(K,H)
with respect to the topology induced by the norm | - | where |¥|3, = (¥, V) is a Hilbert
space with the above norm topology. For more details refer to Da Prato [11].

Now, we present the abstract phase space B;,. Assume that h : (—oco,0] — (0, 00) is a
continuous function with | = [ Eoo h(t)dt < co. For any b > 0, define
Bn = {\IJ . (—00,0] — H : (E|¥(0)[*)"/? is a bounded and measurable function on [—b, 0]

and /0 h(s) sup (E|(0)2)/2ds < oo}.

oo 5<0<0

If B;, is endowed with the norm

0
[0ls, = [ 0l sup (BENWOP) s, ¥ v e B,
oo 5<0<0

then (B, | - ||8,,) is a Banach space [13].

Let A be the infinitesimal generator of an analytic semigroup S(t) in H. Then, (A — af)
is invertible and generates a bounded analytic semigroup for a > 0 large enough. Therefore,
we can assume that the semigroup S(¢) is bounded and the generator A is invertible. We
suppose that 0 € p(A), which is the resolvent set of A. It follows that (—A)%, 0 < a« < 1 can
be defined as a closed linear invertible operator with its domain D(—A)% being dense in H.
We denote by H, the Banach space D(—A)® endowed with the norm ||z|o« = ||(—=4)%z]|,
which is equivalent to the graph norm of (—A)“. Furthermore, we have Hg C Hqo, 0 < o <
[ and the embedding is continuous. For semigroup theory literature we refer [24].

Lemma 2.1. The following two properties hold:

@ If0 < B8 < a <1, then Hy C Hg and the embedding is compact whenever the
resolvent operator of A is compact.
(i) Forevery 0 < a < 1, there exists C,, such that

« O&
I=A)*SOIl < 3o ¢>0. 2.1)

Let J; = (—o0, a]. Now, we define the mild solution of (1.1) as in [14].

Definition 2.2. A stochastic process x : J1 x 8 — H is called a mild solution of (1.1) if

(@) z(t) is measurable and F;-adapted, for each t > 0;
b) Az(rg) = x(T,j) —x(ry ) = Ie(z(1y,)), k=1,2,--- ,m;
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(©) z(t) € H and for every 0 < s < ¢, the function AS(t — s)g(s, zs, [; c(s,n, xy)dn) is
integrable such that the following integral equation is satisfied

2(t) = SE[B0) = (h1(@y, Tea, Ty, - ’xtp))(())—g(o,330,0)]4-9(157 mt’/ot C(t7s7ms)ds)
+/: AS(t — s)g(s,xs, /Os c(s,m, xn)dn) ds + /Ot S(t — s)Bu(s)ds
-l-/OtS(t — s)f(s,91:57/086(5,777 m,,)dn)ds—&-/otS(t — s)(/S U(s,n,xn)dw(n))ds

—o0

+ Z St — m6) Ik (x(ry ), forae. t € J; 2.2)

o< <t
(d zo(-)+ (h1(xtl,xt2,xt3, e ,Jitp))(()) = ¢ € L2(9Q,B,) on Jy satisfies ||¢H?gh < 0.

Definition 2.3. The system (1.1) is said to be controllable on the interval [0, a], if for every
initial function ¢ € L2(Q, By,) and 21 € H, there exists a control v € L*(J,U) such that the
solution () of (1.1) satisfies z(a) = z1.

In order to establish our result we assume the following hypotheses:

(H1) A is the infinitesimal generator of an analytic semigroup S(t) in H, 0 € p(A) and
there exists a positive constant M such that

|S(t)||> < M for all t > 0.
(H2) The linear operator W : L?(J,U) — H defined by
Wu = / S(a — s)Bu(s)ds
0
is invertible with inverse operator W ™! taking values in L?(J,U) \ kerW and there
exist positive constants M, and My such that
IB|I> < My and ||W™H||* < Mw.
(H3) There exists a constant M. > 0 such that for all z,y € By, (¢,s) € D,

t 2
B| [ [ettos.) = clts. )] as] " < Mo —
0

(H4) There exist constants 0 < 3 < 1 and M, such that g is Hs -valued, (—A)"g is
continuous and for t € J, z1,z2 € Bh, y1,y2 € H such that
2
Bl(=4)°g(t,21,11) = (=4)°g(t, 22, 32)[* < My [|lor = 223, + Elys — yel*]-
(H5) The function ¢ : D x B, — Lg(K, H) is continuous and there exist positive
constants M, M, for all (t,s) € D and x,y € B}, such that
Elo(t,s,z) —o(t,s,y)[o < Moz —yll3,,
Elo(t, s, z)| < M,.
(H6) For each ¢ € By,
0
H(t) = blim o(t, s, ¢)dw(s)
— 00 —b
exists and is continuous. Further, there exists a positive constant My such that
2
[H(s)lq < M.

(H7) For each (t,s) € D, x,y € By, the function e : D x B, — H is continuous and
there exist constants M., M. such that

t 2
Bl [ et~ ett.s.w)]as] " < aefle = ul,
0

and M, = SUD(; 5)ep (| fot e(t, s,0)ds|?).
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(H8) The function f : J x B, x H — H is continuous and there exist positive constants
My, My fort € J, z1,x2 € Bn, y1,y2 € H such that

2
Bf(twr,y0) = f(tw2,90)|" < My [lar = 2o, + Elys — val?]

and Mf = sup,¢; | f(¢,0, 0)%
(H9) The function h; : BY — By, is continuous and there exist positive constants
My, My, for z,y € By, s € (—o0,0] such that

E”(hl(l‘tl7l‘t27$€t37”' 3‘rtp))(8) - (h’l(yt17yt27yt37"' 7ytp))(s)“2 S Mh”a:_yH%h?

E‘|(hl(xt17xt27 Ltgy 7$tp)) (S)H2 < Mh~
(H10) I, € C(H, H) and there exist positive constants [y, Bk such that for all z,y € H,

E|l(z)? < Br k=1,2,---m.
(H11) There exists a constant v > 0 such that

(C1-pa®)?

y :1212{(1+6MMwaa2)[(M5+ 28 -1

)Mg(1 +2M,) + 2a* MM,

FMa*M;(1+ M) + mMZﬂk] T 6M2MbMWa2Mh} <1,

k=1
M = 7{(1 + OM My My a?) [QMM[? [M, 6|12, + co]+ 2Ma®[2M; M, + My
+2 (M§+W) [2Mycites] + 2Ma* My + Tr(Q) M)
+mM zm: Bk] + OM M, My a>(Jz1|* + ME|$(0)]> + MMh)}, where
k=1
My = [[(=4)P|,ca = sup |/t c(t,s,())ds|2 and ¢z = sup |(—A)?¢(¢,0,0)[*.
(t,s)eD  Jo teJ

We now consider the space
Ba = {x : Ji — H,xy € C(Jy, H) and there exist z(7;, ) and z(7;" ) with
:B(Tk) = ‘T(TI;)7 o + (hl(ajtlvajtzaxtm o 7xtp))(0):¢ € Bhak =0,1,2,--- 7m}7

where z, is the restriction of z to Ji = (7%, Tk+1] and C(Jx, H) denotes the space of all
continuous H-valued stochastic processes {{(t) : t € Ji},k=0,1,2,--- ,m. Set || - |lo be a
seminorm in B, defined by

(E\m(s)|2)1/2, z € Ba.

[zlla = llzolls, + sup
0<s<a

We give a useful lemma appeared in [17].

Lemma 2.4. Assume thatx € B,, then fort € J, x+ € By. Moreover,

UEle(t)]*)'? < a5, < lOs<ugt(EIJU(S)Iz)l/2 + llzolls,,

where | = f_ooo h(s)ds < 0.
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3. CONTROLLABILITY RESULT

Theorem 3.1. Ifthe conditions (H1)—(H11) are satisfied then the system (1.1) is controllable
on J provided that

le[jaﬁ)2

7{(1+ 9M M, My a®)[8( M5 + ( 5 ) My (1 +2Me)+8Ma* My (1 +2M,)] } < 1 3.1

Proof: Using the hypothesis (H2) for an arbitrary function z(-), define the control

u;(t) = W {Il - S(a) [¢(0) - (hl(xtlvxtzvxtsv o 7xtp))( ) (O Zo, )]

_g(a,xa,/ac(a S, Ts) ds / AS(a —s)gl s :US,/ c(s,n, xy d77 ds
0
/S a—s) f(s xs,/ (s,m, zy dn ds /S a—s [’)—((S)Jr/ (s,n,mn)dw(n)]ds
0
> Sla—m)lel(m)) b0, (3.2)

o< <a

Consider the mapping ® : B, — B, defined by
( B(t) — (h(2ey, Top, Tt -+, 21,)) (1), t € Jo,

S(t) [(]5(0) - (hl(mh y Loy Ltgy " * 7xtp))(0) - 9(07 o, 0)]

t t s
—|—g(t xt,/ c(t, s, xs) ds —|—/AS t—s)g(s :rs,/
0 0

c(s,m, xn)dn) ds
(Px)(t) = (3.3)

/ S(t — s)Bug(s ds—|—/8 (t—s) f(s xs,/e(s,n,xn)dn)ds
0

/s (=) [ + [ o(sma)dutm]dss 3 St = nllalr ),
\ ' forae. t € J.

We shall show that the operator @ has a fixed point, which is then a solution of system (1.1).
Clearly, (®x)(a) = x1. For
2

t s 2 t s
AS(t — s)g(s7 Zs, /c(s,n,mn)dn)ds <FE /(fA)lfﬁS(t — s)(fA)Bg(s,xs, /c(s,n, xn)dn)ds
0 0 0 0

to2ct
= /le(f_m [Mg(l + QMC)H.TSH%,I +2Mgcr —|—cg] ds,
0

S
then from the Bochner theorem [20], it follows that AS(t—s)g (s, T, / c(s,n, zn)dn>
0

is integrable on J.
For ¢ € B}, define

(b(t)* (hl(xtuztzﬂxtsa"' 7xtp))(t)7 tEJ(),
S(t) [¢>(0) — (M (s, 1, Ty, -+ ,xtp))(())]7 teld,

then ¢(t) € B,. Set

o(t) = (3.4)

z(t) = 2(t) + o), t e Jy.

It is clear that z satisfies (2.2) if and only if z satisfies zp = 0 and
¢
Z(t) = 7S(t)g(03¢070) +g<t,2’t + ¢t7/ C(t,S,ZS + QSs)dS)
0

t s
—|—/ AS(t — s)g(s7 Zs + ¢S,/ c(s,m, 2y + ¢n)dn)ds
0 0
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t N S .
+/ S(t— s)f(s,zs + (JSS,/ e(s,n, zn + ¢n)dn>ds
0 0
t s
+ [t =9+ [ (s + G o) ds
0
/St—s S8ds+ Y St =)L) + 3, ted,

0<1 <t
where
ut 5(0) = WHar = S@)[0(0) ~ (e + Dy, (54 Dy, (24 ),)) (0)

—g(0,z0 + 80, O)] — g(a, Zq + QASa, /Oa cla, s, zs + QASS)ds)

_ /Oa AS(a — s)g(s,zs + qgs, /OS c(s,m, zy + qgn)dn)ds

_ /OGS(a - s)f(s,zs + :é\s,/os e(s,n, 2y + an)dn)ds

_/0 S(a —s) [H(s) + /0 a(s, n, 2y + (/#EU)dw(n)}ds
> Sla—m)I((r0) +6(r) o),

o<t <a

Let B = {y € B, : yo = 0 € By,}. For any y € BY, we have

5\ 1/2 2\ 1/2
lyle = lolls, + sup (Ely(s)”) "~ = sup (Ely(s)P)

0<s<a
and thus (BY, || - ||,) is a Banach space. Set
By ={yeBy: y(0)=0, |yl < g} for some ¢ >0,

then B, C Bg is a bounded closed convex set, and for z € B,, we have

e+ éells, < 2(lzllz, + ll3,)
< A(1% sup Elz(s)|* + [l2oll5, +1* sup Elé(t)|* + [0l )
0<s<t 0<s<t

A% (g + 2M (E|¢(0)]2 + My)) + 4] 6]13,
q. (3.5)

Let the operator ® : BY% — BY defined by

0,

—5(6)9(0,60,0) + 91,7+ G, Ji et 5,20 + G)ds )
+ fot AS(t — s)g (s, Zs + Bs, Jy c(s,m, 2 + q@,)dn)ds

(@2)(t) = + fo (t—s) (s7 zs + $S, f; e(s,n, zy + (En)dn ds
—|—f0 (t—s ( —&—fos (8 1, 2y +$n)dw(n) ds R
+ fo St - (s )d8+0<2<t3(t—7k)1k( 2(1,) + (7)), t € J.

Obviously, the operator ® has a fixed point which is equivalent to prove that >
has a fixed point. Since all the functions involved in the operator are continuous
therefore ® is continuous.

(3.6)
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From our assumptions we have
Blu? 5 < 9Mw{|a1? + MEIG(0)[* + MM, + 2M M [My||3]3, + s
(C1-pa”)”
28 —1
+2Ma?[M(1 +2M,)q + 2M M.+ M)+ 2Ma?[ My, + Tr(Q)M,]

2 (M3 + )| My (120 a1+ 2M ey

m

+mMZﬁk} := G and

a a |2 =l 2 (Cl—ﬂaﬁ)2 2
E"LLZ+$ — uw+$| S GMW{MMh + (MO +W)Mg(l + Mc) + Ma Mf(]. + Me)
+2a2M M, + mMZBk}Hzt —wyl3, .
k=1

Step 1: @(Bq) C B, for some g > 0.
We claim that there exists a positive integer ¢ such that ®(B,) C B,. If it is
not true, then for each positive number ¢, there exists a function z9(-) € B, but

</I5(zq) ¢ By, ie. |(</I;zq)(t)|2 > ¢ for some ¢t € J. However, on the other hand from

(H1) — (H11) we have

¢ < E|@)(t)

(C1-pa”)”
28 -1

+MMya?G + 2Ma*[M (1 + 2M.)q + 2M M, + My] + 2Ma?[ My, + Tr(Q) M,

< 7{2MM§ [Mgnau?Bh + c2]+ 2(M§+ )[Mg(1+2Mc)q/+2Mgcl—|—CQ]

+mM f: Bk}

k=1

IN

- O saP)?
7{(1+ 9MM, Myya?) [2MMZ [My |13, + )+ 2(M3+(;Bia1))wq<1+wc>q/

+2Mycrtes] + 2Ma?[My(1 + 2M,)q' + 2M M, + My] + 2Ma®[My + Tr(Q) M,

M 3" | + 9M My My o (foi[2 + ME|G(0)® + M1, ) }
k=1

(Cr_pa”)”
26— 1
+2Ma?[M; (1 +2M,)q]] }.

M+ 7{(1 + 9M M, My a?) [(Mg +

<
IA

) [0, (1 + 20)4/]

where M is independent of ¢q. Dividing both sides by ¢ and noting that
¢ =42 (q+ 2M (B|6(0)* + M) +49l[3, — coas g — oo
and thus we have

(Cy_pa”)?

712{ (1-+9M M), Myya?) [8 (M§+257_1

)Mg(1+2MC)+8Ma2Mf(1+2Me)}} > 1.
This contradicts (3.1). Hence EI;(BQ) C By, for some positive number q.

Step 2: > B? — B is a contraction mapping.
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Let z,w € BY then we have
~ ~ 2 ~ t ~ - t - 2
E|32(t) - @w(t)‘ < E’g(t,zt+¢t,/;(t,s,zs +gbs)ds)fg(t,thrqSt,/:(t,s,ws +¢>S)ds)‘
0 0
t 2
—I—E‘ /0 S(t— s)B(u;a(s) - uiﬂg(s))ds‘
t R s R
8| [ aste- o afonm B [ 3
0 0
~ 3 - 2
—g(s,ws +¢sa/ C(S,Uywn+¢n)d77>)d3’
0
t R s R
+B| [ (= 5)(#(s2+ B [ els,n.2y+ 5y)dn)
0 0
~ (" - 2
7f<53ws+¢s;/ 6(57777wn+¢17)d77))d5’
0
t s N s . 2
—I—E‘/S(t ) (/0(3,77, Zn + gzﬁ,,)dw(n)—/a(s,n, wy + (bn)dw(n))ds‘
0 0 0
o PR E:
+E| S 8= ) (L) + 6(r)) = Te(w(r) + ()|

0<1 <t

2 2 (Cl—ﬂaﬁ)Z 2
< 6{(1 4 6MM,Mya )[(MO n W)Mg(l +2M,) + 262 MM,
+Ma2M;(1+ M) +mM Z@k] + 6M2MbMWa2Mh}||zt — w3,
k=1
8\2
< 12{(1+ 6M M My a®)| (M3 + %)Mg(l +2M,) + 28> MM,
+Ma®My(1+ M) +mMy Bk} + 6M2MbMWa2Mh}
k=1
x[12 sup Bl2(s) = w(s)? + 120 — woll3, |
0<s<t

IN

v sup Elz(s) — w(s)P,
0<s<a

since v < 1 by (H11) and we have used the fact that zp = 0, wy = 0. Taking the
supremum over ¢, we get

1@z — @wlf} < vz —wl?,

and so ® is a contraction. Hence by Banach fixed point theorem there exists a
unique fixed point x € B, such that (®z)(¢) = x(¢). This fixed point is then the
solution of the system (1.1) and clearly, z(a) = (®x)(a) = x; which implies that
the system (1.1) is controllable on .J. O

4. EXAMPLE

Consider the following partial neutral integrodifferential equation of the form

dww+/rﬁwﬂWMWMAfm@&wmwﬁ

— 00
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(2ot [ ratovs = OF lsts s [ [ ats - o )deas

— 00

—|—c(y)u(t)] dt —|—/ us(s — t)v(s,y)dp(s),y € [0,7],t € J =1[0,a],t # 7%,

v(t,0) = v(t,ﬂ)—O t>07OO
v(ty) + Y i ity ,mdn = ¢(t,y), t € (—o0,0],y € [0,7],
1=0
Ao(r)(y) = / 4i(7i — 5)o(s,y)ds, y € [0, 7], @.1)

where 0 < 71 < 73 < -+ < 7, < a are prefixed numbers, ¢ € By, p € N and 0 <
to <ty <ty <---<t,<a. Wetake H=K = U = L?([0, n]) with the norm | - |f2.
Define the operator A : H — H by Aw = w” with domain

D(A) = {w() € H : w,w’ are absolutely continuous and w” € H, w(0) = w(w) = 0}.
Then
Aw = Z n?(w, wy)wn, w € D(A),

n=1
where wy,(s) = \/g sinms, n = 1,2,--- is the orthogonal set of eigenvectors of A.
It is well known that the A is the infinitesimal generator of an analytic semigroup
S(t), t > 0in H and is given by
o0
Stw =" e (w,wn)wn, w € H.

n=1

By [12], (—A)~%/4w = Zlﬁ(mwn)wn, for every w € H and [|(—A)~%/4| is
bounded. Let [|(—A)~3/4|| = \. The operator (—A)*/4w is given by
oo
(=AY =Y (V)P (wwn)wn
n=1

o0
on the space D((—A)%/*) = {w € H: Y (v/n)*(w,w,)w, € H}. Since the semi-
n=1

group S(t) is analytic there exists a constant M > 0 such that IS®#)||*> < M and
satisfies (H1).
We assume the following conditions hold:

(@) B: L?([0,7]) — H is a bounded linear operator defined by
Bu(y) = c(y)u, 0 <y <, uec L*(J,U).
(b) The linear operator W : L?(J,U) — H is defined by

Wu = /Oa S(a — s)e(y)u(s)ds

has an inverse operator W~! defined on L?(J,U) \ kerW and satisfies
condition (H2).

(¢) B(t) denotes an one-dimensional standard Brownian motion.

(d) The function k; : [0,7] x [0,7] — R are C?-functions, for each i =
1,2, .,p
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(6) ¢; : R — R are continuous functions and §; = ffoo h(s)g?(s)ds < oo for
i=1,2,---,m

Let h(s) = e**,5 < 0, then | = f_Ooo h(s)ds = 1/4 and define

0
lells, = / h(s) sup |p(6)]z2ds.
—00 0€(s,0]

Hence for (¢, ¢) € [0, a] x By, where ¢(0)(y) = ¢(6,y), (0,y) € (—o0,0] x [0, 7]. Set
0

v(t)(y) = v(t,y), gt ¢, Nip)(y) =/_ r1(ty, 0)G1(p(0)(y))do + Nip(y),
0
f(t, ¢, Nag)(y) =/_ r2(t, v, 0) F1(p(0)(y))do + Nag(y)
0
and o(t,.0)(w) = [ () (0)(w)db

where

t 0 t 0
Nygly) = / / 11 (5—0)Ca(0(6) (4))dbds, Nogp(y) = / / iz (5—0) > (1(6) (y) ) d0ds.

Then the above equation can be written in the abstract form as the system (1.1).
Moreover

9([0,a] x By, x L*) € D((—A)*/*)

and

(A g(t, o1, w)(y) = (A g(t g2, u2) (W)* < My [llr — @2l, + lur — uzf?]

for some constant M, > 0 depending on 71, 1 and G, G and |u3 —uz|* = [Ny —
Nipa? < Mc|lg1 — @2/, for M. > 0. Further, other assumptions (H5) — (H11)
are satisfied such that Z{(1 + 9MM,Mwa®)[(A\* + 26’12/4(\/5)3)Mg(1 +2M,.) +

Ma?M¢(1+ 2M,.)]} < 1 and it is possible to choose ¢;, k; in such a way that the
constant v < 1. Hence by Theorem (3.1) the system (4.1) is controllable on J. [
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