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1. Introduction

Fractional differential equations are the generalization of ordinary differential
equations to non-integer order. This generalization has interesting applications
in various fields of chemistry, physics, mechanics, economics, electrodynamics etc.
[4, 10]. Boundary value problems [BVP] of fractional differential equations have
widespread attention and some attractive results obtained [1, 7, 9, 19] recently.
Monotone iterative technique plays an important role to obtain existence of solutions
of nonlinear fractional differential equations [5]. This technique is used to obtain
the solutions of nonlinear initial value problems [6], boundary value problems [2,
14, 19, 21]. Existence and uniqueness of solutions of Riemann-Liouville fractional
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differential equations with integral boundary conditions is obtained by Nanware et.
al. [8]. Sun and Zhao [12] studied the fractional differential equations with integral
boundary conditions using monotone iterative method.

In the recent years, the theory of singular boundary value problems has become
an important area of investigation [3, 13, 17, 18]. The existence of solutions by using
various methods such as lower and upper solution method and fixed point theorem
is proved. In [20] X. Zhang et al. obtained the existence and uniqueness of positive
solutions when g has singularities at r = 0 and (or) 1 by using monotone iterative
method. In 2020 [11] S. Song et al. investigated the existence of extremal solutions
by using monotone iterative technique coupled with lower and upper solutions for
the problem −Dν

0+z(r) = g(r, z(r)), r ∈ [0, 1],

z(0) = 0, z(1) =

∫ 1

0

z(s) dη(s),

where 1 < ν < 2, Dν
0+ is the Riemann-Liouville fractional derivative and η(r) is a

positive measure function. Y. Wang et al. [15] studied the positive properties of
the green function for the Dirichlet-type problem{

−Dν
0+z(r) + az(r) = g(r, z(r)), 0 < r < 1,

z(0) = 0, z(1) = 0,

where 1 < ν < 2, a > 0, Dν
0+ is the Riemann-Liouville fractional derivative. Y.

Wang et al.[16] established the existence of positive solutions for resonant problem.
Inspired by the aforementioned works, in this paper we give some sufficient con-

ditions, under which following problems have extremal solutionsD
ν
0+z(r) + g(r, z(r)) = 0, 0 < r < 1, l − 1 < ν ≤ l,

z(k)(0) = 0, 0 ≤ k ≤ l − 2, z(1) =

∫ 1

0

z(s) dη(s),
(1.1)

where, Dν
0+ is the Riemann-Liouville fractional derivative of order l ≥ 2, l ∈ N,

g has singularities at r = 0 and (or) 1, η is a function of bounded variation and∫ 1

0

z(s)dη(s) denotes the Riemann-Stieltjes integral of z with respect to η, dη can be
signed measure . The layout of this paper is as follows: In section 2, we present some
basic definitions and lemmas that will be used to prove our main results. Section 3
is devoted to uniqueness of solution to BVP (1.1) by using Banach contraction prin-
ciple. In Section 4, we developed the monotone iterative method and applied it to
obtain existence and uniqueness results for Riemann-Liouville fractional differential
equations with integral boundary conditions.

2. Preliminaries

In this section, we present some useful definitions and lemmas that will be used in
the next section to attain existence and uniqueness results for the nonlinear of BVP
(1.1).

Definition 2.1. [10] The Riemann-Liouville fractional integral of order ν > 0 of a
function z : (0,∞) → R is given by

Iνz(r) =
1

Γ(ν)

∫ r

0

(r − s)ν−1z(s) ds

provided that the right-hand side is pointwise defined on (0,∞).
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Definition 2.2. [10] The Riemann-Liouville fractional derivative of order ν > 0 of
a function z : (0,∞) → R is given by

Dνz(r) =
1

Γ(l − ν)
(
d

dr
)l
∫ r

0

(r − s)ν−l+1z(s) ds

where l ∈ N as the unique positive integer satisfying l − 1 < ν ≤ l, provided that
the right-hand side is pointwise defined on (0,∞).

Definition 2.3. A function ẋ0 ∈ C([0, 1]) is called a lower solution of BVP (1.1)
if it satisfies D

ν
0+ẋ0(r) + g(r, ẋ0(r)) ≥ 0, 0 < r < 1, l − 1 < ν ≤ l,

ẋ
(k)
0 (0) = 0, 0 ≤ k ≤ l − 2, ẋ0(1) ≤

∫ 1

0

ẋ0(s) dη(s).
(2.1)

Definition 2.4. A function ẏ0 ∈ C([0, 1]) is called a upper solution of BVP (1.1)
if it satisfies D

η
0+ẏ0(r) + g(r, ẏ0(r)) ≤ 0, 0 < r < 1, l − 1 < ν ≤ l,

ẏ
(k)
0 (0) = 0, 0 ≤ k ≤ l − 2, ẏ0(1) ≥

∫ 1

0

ẏ0(s) dη(s).
(2.2)

Denote

ρ(r) =
ν − 2

Γ(ν − 1)
+

∞∑
k=1

rk

Γ((k + 1)ν − 2)
.

It is easy to check that (see [15, 16])

ρ(0) =
ν − 2

Γ(ν − 1)
< 0,

ρ
′
(r) =

∞∑
k=1

krk−1

Γ((k + 1)ν − 2)
> 0, on (0,∞)

and
lim

r→+∞
ρ(r) = +∞.

Therefore, there exist a unique a∗ > 0 such that ρ(a∗) = 0.
Set

Ga(r) = rν−1Eν, ν(ar
ν), where Eν, ν(r) =

∞∑
k=0

rk

Γ((k + 1)ν)
(2.3)

is the Mittag-Leffler function ([4, 10]).
For convenience, we list here the following assumptions.
B1] the parameter a satisfies a ∈ (0, a∗],

B2] η(r) is bounded variation in (0, 1) such that 0 < α ≤ 1, α =

∫ 1

0

Ga(s) dη(s)

and 0 ≤ ζη(s) =

∫ 1

0

Ha(r, s) dη(s), 0 < Ga(1)−
∫ 1

0

Ga(s) dη(s),
B3] g ∈ C((0, 1)× [0,∞), [0,∞)) and

g(r, u)− g(r, v) ≥ −a(u− v) for ẋ0 ≤ u ≤ v ≤ ẏ0, r ∈ (0, 1).
Set

Ka(r, s) = Ha(r, s) +Ga(r)h
∗(s)
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where,

h∗(s) =
ζη(s)

Ga(1)− α
,

Ha(r, s) =
1

Ga(1)

{
Ga(r)Ga(1− s)−Ga(r − s)Ga(1) if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s) if 0 ≤ r ≤ s ≤ 1.
(2.4)

Lemma 2.5. [15] Suppose that [B1] holds and y ∈ L[0, 1]. Then the problem{
−Dν

0+z(r) + az(r) = q(r), 0 < r < 1,

z(0) = 0, z(1) = 0,

has a unique solutions

z(r) =

∫ 1

0

Ha(r, s)q(s) ds,

where

Ha(r, s) =
1

Ga(1)

{
Ga(r)Ga(1− s)−Ga(r − s)Ga(1) if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s) if 0 ≤ r ≤ s ≤ 1.

Lemma 2.6. Suppose that [B1], [B2] hold and y ∈ C([0, 1]). Then linear fractional
boundary value problemD

ν
0+z(r)− az(r) + q(r) = 0, 0 < r < 1, l − 1 < ν ≤ l,

z(k)(0) = 0, 0 ≤ k ≤ l − 2, z(1) =

∫ 1

0

z(s) dη(s),
(2.5)

has the following unique solution

z(r) =

∫ 1

0

Ka(r, s)q(s) ds.

Proof :- First apply Iν on linear equation (2.5) and using result, see in [4, 10], we
get

z(r) = −
∫ r

0

Ga(r− s)q(s) ds+C0Ga(r) +C1G
′

a(r) +C2G
′′

a(r) . . .+Cl−1G
(l−1)
a (r).

(2.6)
Since z(0) = 0 then Cl−1 = 0. Similarly

z
′
(0) = z

′′
(0) = . . . = zl−2(0) = 0

gives
C1 = C2 = . . . = Cl−2 = 0.

Then equation (2.6) becomes

z(r) = −
∫ r

0

Ga(r − s)q(s) ds+ C0G(r).

Using z(1) =
∫ 1

0

z(s) dη(s), we obtain

C0 =
1

Ga(1)

[∫ 1

0

z(s) dη(s) +

∫ 1

0

Ga(1− s)q(s) ds

]
.

Hence,

z(r) = −
∫ r

0

Ga(r − s)q(s) ds+
Ga(r)

Ga(1)

[∫ 1

0

z(s) dη(s) +

∫ 1

0

Ga(1− s)q(s) ds

]
,
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= −
∫ r

0

Ga(r − s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s) +
Ga(r)

Ga(1)

∫ r

0

Ga(1− s)q(s) ds

+
Ga(r)

Ga(1)

∫ 1

r

Ga(1− s)q(s) ds,

=
1

Ga(1)

∫ r

0

[Ga(r)Ga(1− s)−Ga(1)Ga(r − s)] q(s) ds

+
1

Ga(1)

∫ 1

r

Ga(r)Ga(1− s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s),

=

∫ 1

0

Ha(r, s)q(s) ds+
Ga(r)

Ga(1)

∫ 1

0

z(s) dη(s).

Let,

∫ 1

0

z(s) dη(s) =

∫ 1

0

[

∫ 1

0

Ha(s, τ)q(τ) dτ ]dη(s) +

∫ 1

0

Ga(s)

Ga(1)
dη(s)

∫ 1

0

z(s) dη(s).

Therefore

[1− 1

Ga(1)

∫ 1

0

Ga(s) dη(s)]

∫ 1

0

z(s) dη(s) =

∫ 1

0

[

∫ 1

0

Ha(s, τ)q(τ) dτ ]dη(s)∫ 1

0

z(s) dη(s) =
1

[1− 1
Ga(1)

∫ 1

0

Ga(s) dη(s)]

∫ 1

0

∫ 1

0

Ha(s, τ)q(τ) dτdη(s).

Therefore z(r) =

∫ 1

0

Ha(r, s)q(s) ds+
Ga(r)

Ga(1)

 1

1− 1
Ga(1)

∫ 1

0

Ga(s) dη(s)


∫ 1

0

∫ 1

0

Ha(s, τ)q(τ) dτdη(s),

=

∫ 1

0

Ha(r, s)q(s) ds+
Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)

∫ 1

0

∫ 1

0

Ha(s, τ)q(τ) dτdη(s),

=

∫ 1

0

Ha(r, s) +
Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)

∫ 1

0

Ha(s, τ)dη(τ)

 q(s) ds,
z(r) =

∫ 1

0

Ka(r, s)q(s) ds.

Lemma 2.7. Suppose [B1], [B2] holds,then the function Ka(r, s) has the following properties

(i) Ka(r, s) > 0 ∀ r, s ∈ (0, 1),
(ii) ψ2(s)r

ν−1 ≤ Ka(r, s) ≤ ψ1(s)r
ν−1, ∀ r, s ∈ (0, 1)

where, ψ1(s) = Ga(1− s) +Ga(1)h
∗(s), ψ2(s) =

1
Γ(ν)h

∗(s).
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Proof :- We need to prove that (2) holds. By equation (2.7)

rν−1

Γ(ν)
≤ Ga(r) = rν−1

∞∑
k=0

akrνk

Γ((k + 1)ν)
≤ rν−1Ga(1), r ∈ (0, 1). (2.7)

G
′

a(r) =

∞∑
k=0

akr(k+1)ν−2

Γ((k + 1)ν − 1)
> 0, r ∈ (0, 1) (2.8)

G
′′

a(r) =

∞∑
k=0

ak[(k + 1)ν − 2]r(k+1)ν−3

Γ((k + 1)ν − 1)
,

= rν−3
∞∑
k=0

ak[(k + 1)ν − 2]rkν

Γ((k + 1)ν − 1)
,

= rν−3

[
ν − 2

Γ(ν − 1)
+

∞∑
k=1

akrkν [(k + 1)ν − 2]

Γ((k + 1)ν − 1)

]
,

= rν−3

[
ν − 2

Γ(ν − 1)
+

∞∑
k=1

akrkν

Γ((k + 1)ν − 2)

]
,

= rν−3ρ(arν) < rν−3ρ(a) ≤ rν−3ρ(a∗) = 0, r ∈ (0, 1), (2.9)

which implies that Ga(r) is strictly increasing on (0, 1) and G
′

a(r) is strictly de-
creasing on (0, 1). Therefore by (2.7) we have,

Ka(r, s) = Ha(r, s) +Ga(r)h
∗(s),

≤ Ga(r)Ga(1− s)

Ga(1)
+Ga(r)h

∗(s),

=

[
Ga(1− s)

Ga(1)
+ h∗(s)

]
Ga(r),

≤
[
Ga(1− s)

Ga(1)
+ h∗(s)

]
rν−1Ga(1),

= [Ga(1− s) +Ga(1)h
∗(s)]rν−1,

= ψ1(s)r
ν−1, (2.10)

where, ψ1(s) = Ga(1− s) +Ga(1)h
∗(s).

On the other hand, when 0 ≤ r ≤ s ≤ 1. Note that Ga(0) = 0 and monotonocity
of Ga(r), it is clear that

Ga(r)Ga(1− s) > 0. (2.11)

Hence Ha(r, s) > 0 and also by [B2], Ka(r, s) > 0 when 0 < r ≤ s ≤ 1.
When 0 < s < r < 1, we have

∂

∂s
[Ga(r)Ga(1− s)−Ga(r − s)Ga(1)] = −Ga(r)G

′

a(1− s) +Ga(1)G
′

a(r − s)

≥ [Ga(1)−Ga(r)]G
′

a(1− s). (2.12)

Integrating with respect to s, we obtain

Ga(r)Ga(1− s)−Ga(r − s)Ga(1) ≥
∫ s

0

[Ga(1)−Ga(r)]G
′

a(1− µ) dµ,
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= [Ga(1)−Ga(r)]

[
Ga(1− µ)

−1

]s
0

,

= [Ga(1)−Ga(r)][Ga(1)−Ga(1− s)] > 0.
(2.13)

Then, by (2.4), (2.11), (2.13), we get
Ha(r, s) = Ga(r)Ga(1− s)−Ga(r − s)Ga(1) > 0 r, s ∈ (0, 1).

Now,
Ka(r, s) = Ha(r, s) +Ga(t)h

∗(s) ≥ Ga(r)h
∗(s),

≥ rν−1

Γ(ν)
h∗(s) = ψ2(s)r

ν−1 > 0 r, s ∈ (0, 1)

where, ψ2(s) =
1

Γ(ν)h
∗(s). Hence the proof.

Lemma 2.8. For 0 < r1 ≤ r2 < 1

(i) |Ga(r2)−Ga(r1)| < Eν, ν−1(a) |r2 − r1| = Ga(1)|r2 − r1|,
(ii) |Ga(r2 − s)−Ga(r1 − s)| < Eν, ν−1(a) |r2 − r1| = Ga(1)|r2 − r1|,
(iii) |Ha(r2, s)−Ha(r1, s)| < 2[Ga(1)]

2|r2 − r1|,
(iv) |Ka(r2, s)−Ka(r1, s)| ≤ max

0≤s≤1
|Ka(r2, s)−Ka(r1, s)| < Ga(1)[2Ga(1) +

|h∗(s)|]|r2 − r1|.

Proof :-
1] |Ga(r2)−Ga(r1)| =

∣∣rν−1
2 Eν, ν(ar

ν
2 )− rν−1

1 Eν, ν(ar
ν
1 )
∣∣ ,

=

∣∣∣∣∣rν−1
2

∞∑
k=o

akrνk2
Γ((k + 1)ν)

− rν−1
1

∞∑
k=o

akrνk2
Γ((k + 1)ν)

∣∣∣∣∣ ,
=

∞∑
k=o

ak

Γ((k + 1)ν)

∣∣∣rν(k+1)−1
2 − r

ν(k+1)−1
1

∣∣∣ .
Applying mean value theorem, we get

r
ν(k+1)−1
2 − r

ν(k+1)−1
1 < [ν(k + 1)− 1](r2 − r1).

Therefore

|Ga(r2)−Ga(r1)| <
∞∑
k=o

ak[ν(k + 1)− 1]

Γ((k + 1)ν)
|r2 − r1|,

=

∞∑
k=o

ak

Γ((k + 1)ν − 1)
|r2 − r1|,

= Eν, ν−1(a)|r2 − r1| = Ga(1)|r2 − r1|.

2] |Ga(r2 − s)−Ga(r1 − s)| =
∣∣(r2 − s)ν−1Eν, ν(a(r2 − s)ν)− (r1 − s)ν−1Eν, ν(a(r1 − s)ν)

∣∣ ,
=

∣∣∣∣∣(r2 − s)ν−1
∞∑
k=o

ak(r2 − s)νk

Γ((k + 1)ν)
− (r1 − s)ν−1

∞∑
k=o

ak(r2 − s)νk

Γ((k + 1)ν)

∣∣∣∣∣ ,
=

∞∑
k=o

ak

Γ((k + 1)ν)

∣∣∣(r2 − s)ν(k+1)−1 − (r1 − s)ν(k+1)−1
∣∣∣ .

Applying mean value theorem, we get
(r2 − s)ν(k+1)−1 − (r1 − s)ν(k+1)−1 < [ν(k + 1)− 1](r2 − r1).
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Therefore

|Ga(r2 − s)−Ga(r1 − s)| <
∞∑
k=o

ak

Γ((k + 1)ν − 1)
|r2 − r1|

= Eν, ν−1(a)|r2 − r1| = Ga|r2 − r1|

3] |Ha(r2, s)−Ha(r1, s)| = |[Ga(r2)Ga(1− s)−Ga(1)Ga(r2 − s)]

− [Ga(r1)Ga(1− s)−Ga(1)Ga(r1 − s)]|,
< Ga(1− s)|Ga(r2)−Ga(r1)|+Ga(1)|Ga(r1 − s)−Ga(r2 − s)|,
< Ga(1− s)Eν, ν(a)|r2 − r1|+Ga(1)Eν, ν(a)|r2 − r1|,
= Eν, ν(a)[Ga(1− s) +Ga(1)]|r2 − r1|,
= Ga(1)[Ga(1− s) +Ga(1)]|r2 − r1|,
< 2[Ga(1)]

2|r2 − r1|.

4] |Ka(r2, s)−Ka(r1, s)| ≤ max
0≤s≤1

|Ka(r2, s)−Ka(r1, s)| ,

= max
0≤s≤1

|[Ha(t2, s)−Ha(t1, s)] + [Ga(t2)−Ga(r1)]h
∗(s)| ,

< 2[Ga(1)]
2|r2 − r1|+Ga(1)|r2 − r1||h∗(s)|,

= Ga(1)[2Ga(1) + |h∗(s)|]|r2 − r1|.
Hence the proof.

3. Main Results

Let C = C([0, 1]) be endowed with the norm ∥z∥ = max
0≤r≤1

|z(r)|, then (C , ∥.∥) is
a Banach space. Now we define the operator T : C → C by

(Tz)(r) =

∫ 1

0

Ka(r, s)g(s, z(s)) ds.

Theorem 3.1. Prove T : C → C is uniformly continuous.

Proof :- The operator T : C → C is continuous in the view of non-negativeness
and continuity of Ka(r, s), Ha(r, s) and g(r, z). Let S ⊂ C be bounded i.e. ∃ a
positive constants M > 0 such that ∥z∥ < M ∀ z ∈ S, Let L∗ = max

0≤r≤1
|g(r, z)| then

by Lemma 2.7 the operator T : S → C is bounded uniformly. Now to prove T(S)
is equicontinuous.
If z ∈ S, 0 < r1 < r2 < 1 then

|(Tz)(r2)− (Tz)(r1)| =
∣∣∣∣∫ 1

0

[Ka(r2, s)−Ka(r1, s)]g(s, z(s)) ds

∣∣∣∣ ,
≤ max

0≤s≤1

∫ 1

0

|Ka(r2, s)−Ka(r1, s)| |g(s, z(s))| ds,

< L∗Ga(1)|r2 − r1|
∫ 1

0

[2Ga(1) + |h∗(s)|] ds,

< L∗Ga(1)|r2 − r1|[2Ga(1) +

∫ 1

0

|h∗(s)|] ds.

Then |(Tz)(r2)− (Tz)(r1)| → 0 uniformly as r1 → r2. This shows that T (S) is
equicontinuous on C . Then by Arzela-Ascoli theorem, the operator T : C → C is
completely continuous.
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Theorem 3.2. Assume that [B1], [B2] holds. Then there exist nonnegative constant
N∗ such that function g satisfies |g(r, x)−g(r, y)| ≤ N∗|x−y|, r ∈ (0, 1), x, y ∈ C
and let
Λ =

∫ 1

0

ψ(s) ds then the BVP (1.1) has a unique fixed point.

Proof :- For any x, y ∈ C , r, s ∈ (0, 1) and using Lemma 2.7
∥Tx(r)− Ty(r)∥ = max

0≤r≤1
|Tx(r)− Ty(r)| ,

= max
0≤r≤1

∣∣∣∣∫ 1

0

Ka(r, s)[g(r, x)− g(r, y)] ds

∣∣∣∣ ,
= max

0≤r≤1

∫ 1

0

|Ka(r, s)||g(r, x)− g(r, y)| ds,

≤ rν−1N∗ ∥x− y∥
∫ 1

0

ψ(s) ds,

= rν−1N∗Λ ∥u− v∥ .
Then by Banach contraction mapping theorem, T has a unique fixed point in C ,
i.e. the BVP (1.1) has a unique solution. The proof is complete.

4. Monotone Iterative Method

In this section, we develop monotone iterative technique combined with the
method of lower-upper solutions and we prove the existence and uniqueness theorem
of solution for BVP (1.1). For ẋ0, ẏ0 ∈ C with ẋ0 ≤ ẏ0 for r ∈ (0, 1), we denote

Ω∗ = [ẋ0, ẏ0] = {z ∈ C : ẋ0 ≤ z(r) ≤ ẏ0, r ∈ (0, 1)} .

Lemma 4.1. Assume that [B1], [B2] holds and z ∈ C satisfies
−Dνz(r) + az(r) ≥ 0,

z(k)(0) = 0, z(1) ≥
∫ 1

0

z(s) dη(s) (4.1)

then for r ∈ (0, 1), z(r) ≥ 0.

Proof :- Let q(r) = −Dνz(r) + az(r) and d = z(1) −
∫ 1

0

z(s) dη(s). Then from
equation (4.1), we have q(r) ≥ 0, d ≥ 0. Then by Lemma 2.6, the problem (2.5)
has unique solution which can be expressed as

z(r) =

∫ 1

0

Ka(r, s)q(s) ds,

=

∫ 1

0

Ha(r, s)q(s) ds+

 Ga(r)

Ga(1)−
∫ 1

0

Ga(s) dη(s)

∫ 1

0

Ha(r, s) dη(s)

where,

Ha(r, s) =
1

Ga(1)

{
Ga(r)Ga(1− s)−Ga(r − s)Ga(1) if 0 ≤ s ≤ r ≤ 1

Ga(r)Ga(1− s) if 0 ≤ r ≤ s ≤ 1.

Then by Lemma 2.7, Ha(r, s) ≥ 0 and Ka(r, s) ≥ 0 ∀ r, s ∈ (0, 1). Hence z(r) ≥ 0,
∀ r, s ∈ (0, 1).
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Theorem 4.2. Suppose [B1], [B2], [B3] holds, then there exist monotone iterative
sequences {ẋm}, {ẏm} ⊂ Ω∗ such that ẋm → ẋ, ẏm → ẏ as m → ∞ uniformly in
Ω∗ and ẋ, ẏ are a minimal and maximal solution of BVP (1.1) in Ω∗ respectively.

Proof :- For ẋm−1, ẏm−1 ∈ C , m ≥ 1, we define two sequences {ẋm}, {ẏm} respec-
tively by the relations,D

ν
0+ẋm(r)− a(ẋm(r) + ẋm−1(r)) + g(r, ẋm−1(r)) = 0, 0 < r < 1

ẋ
(k)
m (0) = 0, ẋm(1) =

∫ 1

0

ẋm(s) dη(s)

and D
ν
0+ẏm(r)− a(ẏm(r) + ẏm−1(r)) + g(r, ẏm−1(r)) = 0, 0 < r < 1,

ẏ
(k)
m (0) = 0, ẏm(1) =

∫ 1

0

ẏm(s) dη(s).

Then by Lemma 2.6, {ẋm}, {ẏm} are well defined. Firstly we need to show that
ẋ0(r) ≤ ẋ1(r) ≤ ẏ1(r) ≤ ẏ0(r) for any r ∈ (0, 1).
Set ṗ(r) = ẋ1(r)− ẋ0(r) and by definition of ẋ1(r) with lower solution ẋ0(r) we get,

−Dν
0+ṗ(r) + aṗ(r) = −Dν

0+(ẋ1(r)− ẋ0(r)) + a(ẋ1(r) + ẋ0(r)),

= −Dν
0+ẋ1(r) + a(ẋ1(r) + ẋ0(r)) +Dν

0+ẋ0(r),

≥ −a(ẋ1(r) + ẋ0(r)) + g(r, ẋ0(r)) + a(ẋ1(r) + ẋ0(r))− g(r, ẋ0(r))

= 0.

Also, ṗ(k)(0) = ˙̇x
(k)
1 (0)− ẋk0(0) = 0,

ṗ(1) = ẋ1(1)− ẋ0(1)

≥
∫ 1

0

ẋ1(s) dη(s)−
∫ 1

0

x0(s) dη(s)

=

∫ 1

0

[ẋ1(s)− ẋ0(s)] dη(s) =

∫ 1

0

ṗ(s) dη(s).

Then by Lemma 4.1, ṗ(r) ≥ 0 ⇒ ẋ1(r) ≥ ẋ0(r), r ∈ (0, 1).
Now to prove ẏ1(r) ≤ ẏ0(r) ∀r ∈ (0, 1). For this, set ṗ(r) = ẏ1(r) − ẏ0(r) and by
definition of ẏ1(r) with upper solution ẏ0(r) we get,

−Dν
0+ṗ(r) + aṗ(r) = −Dν

0+(ẏ1(r)− ẏ0(r)) + a(ẏ1(r) + ẏ0(r)),

= −Dν
0+ẏ1(r) + a(ẏ1(r) + ẏ0(r)) +Dν

0+ẏ0(r),

≤ −a(ẏ1(r) + ẏ0(r)) + g(r, ẏ0(r)) + +a(ẏ1(r) + ẏ0(r))− g(r, ẏ0(r))

= 0.

Alsoṗ(k)(0) = ẏ
(k)
1 (0)− ẏk0 (0) = 0,

ṗ(1) = ẏ1(1)− ẏ0(1),

≤
∫ 1

0

ẏ1(s) dη(s)−
∫ 1

0

ẏ0(s) dη(s),

=

∫ 1

0

[ẏ1(s)− ẏ0(s)] dη(s) =

∫ 1

0

ṗ(s) dη(s).

Then by Lemma 4.1, ṗ(r) ≤ 0 ⇒ ẏ1(r) ≤ ẏ0(r), ∀r ∈ (0, 1).
Now to prove ẋ1(r) ≤ ẏ1(r) ∀r ∈ (0, 1). Set ṗ(r) = ẏ1(r)− ẋ1(r). Then by [B3] and
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definition of ẋ1(r), ẏ1(r), we get

−Dν
0+ṗ(r) = −Dν

0+[ẏ1(r)− ẋ1(r)],

= −Dν
0+ẏ1(r)− [−Dν

0+ẋ1(r)],

= g(r, ẏ0(r))− a[ẏ1(r)− ẏ0(r)]− [g(r, ẋ0(r))− a[ẋ1(r)− ẋ0(r)]],

= [g(r, ẏ0(r))− g(r, ẋ0(r))]− a[ẏ1(r)− ẏ0(r)] + a[ẋ1(r)− ẋ0(r)],

≥ −a(ẏ0(r)− ẋ0(r))− a[ẏ1(r)− ẏ0(r)] + a[ẋ1(r)− ẋ0(r)],

= −a(ẏ1(r)− ẋ1(r)) = −aṗ(r).

Alsoṗ(k)(0) = ẏ
(k)
1 (0)− ẋ

(k)
1 (0) = 0,

ṗ(1) = ẏ1(1)− ẋ1(1) =

∫ 1

0

ẏ1(s) dη(s)−
∫ 1

0

ẏ1(s) dη(s),

=

∫ 1

0

ṗ(s) dη(s).

Then by Lemma 4.1, ṗ(r) ≥ 0 ⇒ ẋ1(r) ≤ ẏ1(r) ∀r ∈ (0, 1). Now by mathematical
induction method, it is easy to verify that

ẋ0(r) ≤ ẋ1(r) ≤ ẋ2(r) ≤ . . . ≤ ẋm(r) ≤ ẏm(r) ≤ . . . ẏ1(r) ≤ ẏ0(r).

Thus the sequences {ẋm}, {ẏm} are uniformly bounded and monotonically non-
decreasing and non-increasing in C . Hence the point-wise limit exist and are given
by lim

m→∞
ẋm(r) = ẋ(r), lim

m→∞
ẏm(r) = ẏ(r) on C . Next we claim that ẋ(r) and ẏ(r)

are the extremal solutions of BVP (1.1). Let z(r) be any solution of BVP (1.1)
different from ẋ(r) and ẏ(r) in Ω∗. So there exist some i such that ẋi(r) ≤ z(r) ≤
ẏi(r), r ∈ (0, 1). Set ṗ1(r) = z(r)− ẋi+1(r). So that, by assumption [B3], we obtain

−Dν ṗ1(r) = −Dνz(r)− (−Dν ẋi+1),

= g(r, z(r))− [g(r, ẋi(r))− a(ẋi+1(r)− ẋi(r))],

= [g(r, z(r))− g(r, ẋi(r))] + a(ẋi+1(r)− ẋi(r)),

≥ −a(z(r)− ẋi(r)) + a(ẋi+1(r)− ẋi(r)),

= −a[z(r)− ẋi(r)− ẋi+1(r) + ẋi(r)],

= −a(z(r)− ẋi+1(r)) = −aṗ1(r),

ṗ
(k)
1 (0) = 0, ṗ1(1) =

∫ 1

0

ṗ1(s) dη(s).

Then by Lemma 4.1, ṗ1(r) ≥ 0 implying that ẋi+1(r) ≤ z(r) for all i. Similarly set
ṗ2(r) = ẏi+1(r)− z(r) and using [B3] we obtain

−Dν ṗ2(r) = −Dν ẏi+1(r)− (−Dνz(r)),

= [g(r, ẏi(r))− a(ẏi+1(r)− ẏi(r))]− g(r, z(r)),

= [g(r, ẏi(r))− g(r, z(r))]− a(ẏi+1(r)− ẏi(r)),

≥ −a(ẏi(r)− z(r)) + a(ẏi+1(r)− ẏi(r)),

= −a[ẏi(r)− z(r)− ẏi+1(r) + ẏi(r)],

= −a(ẏi+1(r)− z(r)) = −aṗ2(r),

ṗ
(k)
2 (0) = 0, ṗ2(1) =

∫ 1

0

ṗ2(s) dη(s).
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Then by Lemma 4.1, ṗ2(r) ≥ 0 implying that z(r) ≤ ẏi+1(r) for all i. Hence
ẋi+1(r) ≤ z(r) ≤ ẏi+1(r), r ∈ (0, 1). Since ẋ0(r) ≤ z(r) ≤ ẏ0(r) on C . Hence by
induction method, it follows that ẋi(r) ≤ z(r) ≤ ẏi(r) for all i. Taking limit as
i → ∞, it follows that ẋ(r) ≤ z(r) ≤ ẏ(r) on C . Thus the functions ẋ(r), ẏ(r) are
the extremal solutions of the BVP (1.1). The proof is complete.

Next we prove uniqueness of solutions of the BVP (1.1).

Theorem 4.3. Assume that,
(i) [B1], [B2], [B3] holds,
(ii) there exists a > 0 such that the function g satisfies the condition

g(r, v)− g(r, v∗) ≤ a(v − v∗) (4.2)

for ẋ0 ≤ v ≤ v∗ ≤ ẏ0, r ∈ (0, 1).
Then the BVP (1.1) has a unique solution in Ω∗.

Proof :- We know ẋ(r) ≤ ẏ(r) on C . It is sufficient to prove that ẋ(r) ≥ ẏ(r).
Consider ṗ(r) = ẏ(r)− ẋ(r). Then we have

−Dν ṗ(r) = −Dν ẏ(r)− (−Dν ẋ(r)),

= g(r, ẏ(r))− g(r, ẋ(r)),

≤ −a(ẏ(r)− ẋ(r)) = −aṗ(r)

and

ṗ(k)(0) = 0, ṗ(1) =

∫ 1

0

ṗ(s) dη(s).

By Lemma 4.1, ṗ(r) ≤ 0 implying that ẏ(r) ≤ ẋ(r). Hence ẋ(r) = ẏ(r) is the unique
solution of BVP (1.1).

5. Conclusion

By implementing Banach contraction mapping theorem, it is shown that the
mapping T has a unique fixed point in C . Monotone iterative sequences {ẋm} and
{ẏm} converging uniformly to ẋ(r) and ẏ(r) as m→ ∞ respectively are constructed.
Monotone technique developed is applied to prove that ẋ(r), ẏ(r) are minimal and
maximal solutions of problem (1.1) in Ω∗. Uniqueness of solutions of the nonlinear
problem (1.1) with integral boundary conditions is also obtained.

6. Acknowledgements

Authors are thankful to anonymous referee for reading the paper and useful
comments to improve the paper.

References
1. Y. Cui, W. Ma, Q. Sun and X. Su, New uniqueness results for boundary value problems of

fractional differential equations, Nonlinear Anal. Model control 23 (2018), 31–39.
2. Y. Cui, Q. Sun and X. Su, Monotone iterative technique for nonlinear boundary value problems

of fractional order p ∈ (2, 3], Advances in difference equations, 248 (2017).
3. Y. Cui and Y. Zou, Monotone iterative technique for (k, n-k) conjugate boundary value prob-

lems, Electronic Journal of Qualitative Theory of Differential Equations, 69 (2015), 1–11.
4. A. Kilbas, H. Srivastava and J. Nieto, Theory and Applicational Differential Equations, Else-

vier, Amsterdam, 2000.
5. V. Lakshmikantham and A. S. Vatsala, General uniqueness and monotone iterative technique

for fractional differential equations, Appl. Math. 21 (2008), 828–834.



SOLUTIONS OF SINGULAR NONLINEAR (l − 1, 1) CONJUGATE-TYPE FDES 73

6. J. A. Nanware and M. N. Gadsing, Studies on Monotone Iterative Technique for Nonlinear
System of Initial Value Problems, J. of Chungcheon Mathematical Society, 35 (1) (2022),
53–67.

7. J. A. Nanware and D. B. Dhaigude, Existence and Uniqueness of Solutions of Riemann-
Liouville Fractional Differential Equation with Integral Boundary Condition, International
Journal of Nonlinear Science, 14 (2012), 410–415.

8. J. A. Nanware and D. B. Dhaigude, Existence and uniqueness of solutions of differential
equations of fractional order with integral boundary conditions, J. Nonlinear Sci. Appl. 7
(2014), 246–254.

9. S. Padhi, J. R. Graef and S. Pati, Multiple Positive solutions for a boundary value problem
with nonlinear nonlocal Riemann-Stieltjes, Fract. Calc. Appl. Anal. 21(3)(2018), 716–745.

10. I. Podlubny, Fractional Differential Equations, in: Mathematics in Science and Engineering,
Academic Press, New York, London, Toronto, 1999.

11. S. Song, H. Li and Y. Zou, Monotone iterative method for fractional differential equations
with integral boundary conditions, Journal of function Spaces, 2020 (2020), 1–7.

12. Y. Sun and M. Zhao, Positive solutions for a class of fractional differential equations with
integral boundary conditions, Appl. Math. 34 (2014), 17–21.

13. W. Wang, Monotone iterative technique for causal differential equations with upper and lower
solutions in the reversed order, Boundary Value Problems, 140 (2016), 1–14.

14. X. Wang, L. Wang and Q. Zeng, Fractional differential equations with integral boundary
conditions, J. Nonlinear Sci. Appl. 8 (2015), 309–314,.

15. Y. Wang and L. Liu, Positive properties of the green function for two-term fractional differ-
ential equations and its application, e Journal of Nonlinear Sciences and Applications, 10 (4)
(2017), 2094–2102.

16. Y. Wang and L. Liu, Positive solutions for a class of fractional 3-point boundary value problems
at resonance, Advances in Difference Equations, 2017 (7) (2017), 1–13.

17. J. R. L. Webb, Nonlocal conjugate type boundary value problems of higher order, Nonlinear
Anal. 71 (2009), 1933–1940.

18. Z. Wei and C. Pang, The method of lower and upper solutions for fourth order singular m-point
boundary value problems, J. Math. Anal. Appl. 322 (2006), 675–692.

19. H. Zhang, Ierative solutions for fractional nonlocal boundary value problems involving integral
conditions, Boundary Value Problems, 3 (2016).

20. X. Zhang and Y. Han, Existence and uniqueness of positive solutions for higher order nonlocal
fractional differential equations, Appl. Math. 25 (2012), 555–560.

21. Z. Zhang and J. Wang, The upper and lower solution method for a class of singular nonlinear
second order three-point boundary value problems, J. Comput. Appl. Math. 147 (2002), 41–52.


	1.  Introduction
	2. Preliminaries
	3. Main Results
	4. Monotone Iterative Method
	5. Conclusion
	6. Acknowledgements
	References

