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ABSTRACT. In this work, we introduce and study an extended version of implicit vector
equilibrium problems for trifunction in real Hausdorff topological vector spaces. We prove
some new existence results for the solution of these problems by using KKM lemma in real
Hausdorff topological vector spaces. Some special cases are also discussed.
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1. INTRODUCTION

The area of an equilibrium theory is dynamic and has been experiencing an
explosive growth in both theory and applications, as a consequences of research
techniques and problems drawn from various fields. This theory of equilibrium
problem is being intensively studied by Blum and Oettli [2], where they proposed
it as a generalization of optimization and variational inequality problem to study a
wide class of problems. It has been extended to vector equilibrium problems, vector
optimization problems and vector saddle point problems, see [2, 6, 8, 12]. In 2005,

Kazmi and Raouf [10] introduced a class of operator equilibrium problems and from
this there are plentiful problems for equilibrium problems with operator solutions,
see for example [7, 10, 14, 15, 16, 17, 18] and the references therein. Implicit vector

equilibrium problem is a generalization of implicit vector variational inequality, for
more detail, we refer to [1, 3, 4, 13].

In 1929, Knaster, Kuratowski and Mazurkiewicz [11] established the well-known
KKM theory, which is one of the few areas among the subjects from nonlinear anal-
ysis that could provide an easy and convenient forms and tools for the study of
problems from applied sciences, such as economics, optimization and game theory.
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We have employed KKM theorems to prove the existence of solutions of implicit
vector equilibrium problems.
Throughout this paper, Let Z be an ordered topological vector space with an or-
dering cone C in Z. Note that the cone C in Z defines a partial ordering <o as
follows:

r<y & y—xzel Vr,ye Z,

rtdy & y—x¢C, Vr,ye Z.
If the intC # ¢, then the weak ordering in Z is defined as follows:

r<y & y—axecintC, Ve,y € Z,

gy & y—a¢intC, Ve,y € Z.
Now we will work under the following settings:

Let X,Y and Z be real Hausdorff topological vector spaces, and let K C X
and D C Y be nonempty set. Let C' be a closed and convex cone in Z such that
intC # ¢. Let S : K — 2K and T : K — 2P be set-valued mappings. In this paper,
we consider the following implicit vector equilibrium problem:

Find z* € K, y € T(«*) such that

F(h(z"),y,u) ¢ —intC, Yu € S(z"), (1.1)

where F' : K x D x K — Z be a trifunction and h : K — K be a map from K into
itself.

Throughout the paper, 2% denotes the set of all nonempty subsets of X.
Some special cases

(i) If h : K — K is the identity map on K, then (1.1) reduces to the problem
of finding z* € K such that

F(z*,y,u) ¢ —intC, for all y € T(a¥),u € S(x™), (1.2)

which is called the implicit vector variational inequality studied by Chiang
et al. [3].

(if) If S(z) = K, Vz € K, then (1.2) reduces to the problem of finding z* € K

such that
F(z*,y,u) ¢ —intC, for all u € K,
which is extensively studied in [1].

(iii) If Z =R, C = [0,00), and X as well as Y are finite dimensional spaces,
then (1.2) reduces to implicit variational inequality studied by Cubiotti
and Yao [5].

(iv) If Z=R, C =10,00), and Y = X*, the topological dual of X and

F(I*ayau) = <yau - 1'*>,

where (.,.) is the dual pairing between X* and X, then (1.2) reduces to
generalized quasi variational inequality studied by Shih and Tan [19], and
Yao [20].

The main aim of this paper is to study the existence of solution of implicit vector
equilibrium problems for trifunction in real Hausdorff topological vector spaces by
using KKM -lemma. In section- 2, we recall some necessary definitions and results
which are needed in the latter section. Some new existence results for the solution
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of implicit vector equilibrium problems for trifunction have been established in
section-3.

2. PRELIMINARIES
Now we give some definitions and preliminary results needed in the next sections.

Definition 2.1. A set-valued map T : K — 2V is called a KKM-map, if for

Definition 2.2. A set-valued map 7 : X — 2V is called upper semicontinuous (for
short, u.s.c) at zp € X, if for any net {z,} in X such that z) — xo and for any net
{y»} in Y with y € T(x) such that yn — yo in Y, we have yo € T'(zg). T is called
upper semicontinuous on X if it is upper semicontinuous at every point of X.

To prove the existence results for the solutions of problem (1.1), we shall use the
following lemmas:

Lemma 2.3. [9] Let K be a nonempty convexr subset of a Hausdorff topological
vector space X. Let T : K — 2% be a KKM-map, such that for any y € K, T(y)
is closed and T(y*) is contained in a compact set B C X for some y* € K. Then,

there exist x* € B such that z* € T(y), for all y € K, that is, ﬂ T(y) # .
yeK

Lemma 2.4. [13] Let (Z,C) be an ordered topological vector space with a closed
and convex cone C. Then for any x,y,z € Z, we have

(i)  —y € —intC and x ¢ —intC = y ¢ —intC.
(i) z+ye —Candx+ 2z ¢ —intC = z—y ¢ —intC.
(iii) e+ z—y ¢ —intC and —y € —C = z+ z ¢ —intC.
(iv) z+y ¢ —intC andy —z € —C = z+ 2z ¢ —intC.

3. EXISTENCE RESULTS

In this section, we prove some new existence results for the solutions of implicit
vector equilibrium problem for trifunction.

Theorem 3.1. Let K C X be a nonempty convex set and D C'Y be a nonempty
set. Let C be a closed and conver cone in Z such that intC' # ¢. Let S : K — 2K
and T : K — 2P be continuous set-valued mappings. Let h : K — K be a continuous
mapping. Let F': K X D x K — Z be a continuous mapping with respect to the first
argument. Suppose that the following assumptions holds:
(1) the map W : K — 27 defined by W(z) = Z \ {—intC}, Vx € K is upper
semicontinuous on K,
(2) there exists a set-valued map G : K x D x K — Z such that
(i) G(h(x),y,x) ¢ —intC, for allx € K,y € T(x),
(ii) G(h(x),y,u) — F(h(x),y,u) ¢ —intC, forall x € K,y € T(x),u €
S(a),
(iii) {u € K : G(h(z),y,u) € —intC} is convex, for allx € K,y € T(z),u €
S(l‘),
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(3) furthermore, suppose that there exists a nonempty compact and conver
subset M of K such that for each v € K\ M, y € T(x), there exists u € M
such that F(h(x),y,u) € —intC.

Then, there exists x* € K, y € T'(z) such that F(h(z*),y,u) ¢ —intC, for all u €
S(z*).

Proof. For each u € K, define a set-valued map P : K — 2M as
P(u)={x e M: F(h(z),y,u) ¢ —intC, Vy € T(x), Yu € S(x)}.

We first prove that P(u) is closed,for all w € K. For this, let {z,} be a net in P(u)
such that zo, — z. Then x € M (as M is compact). It follows from z, € P(u) that
F(h(za),y,u) ¢ —intC, Yy € T(z4), Yu € S(x4).

So, F(h(za),y,u) € W(xe) =Z\{—intC}, Yy € T(zq), Yu € S(zq).
Again, since F'(x,y,u) is continuous with respect to z and h, S, T are also continu-

ous, we have
F(h(za),y,u) = F(h(z),y, u).
Therefore by the upper semicontinuity of W, we have
F(h(z),y,u) € W(x), Yy € T(z), Yu € S(x).
Therefore, F(h(z),y,u) ¢ —intC, Vy € T(x), Yu € S(x).

Hence P(u) is closed, for all u € K.
Next, we will show that

() P(u) # 6.

ueK
Since M is compact, it is sufficient to show that the family {P(u)},., has the fi-
nite intersection property. For this, let {uy, us, -+ ,u,} be a finite subset of K. Set
N = co[M U{uy,uz,- - ,u,}]. Clearly, N is compact and convex subset of K. Next,
for each u € K, we define two set-valued mappings, T, T5 : K — 2V as follows:

Ti(u) ={z € N: F(h(z),y,u) ¢ —intC, Yy € T(z), Yu € S(x)}
and

To(u) = {z € N: G(h(z),y,u) ¢ —intC, Yy € T(z), Yu € S(x)}.
By assumption (i), (ii) of (2), we have

G(h(u),y,u) ¢ —intC
and
G(h(u),y,u) — F(h(u),y,u) € —intC.

It follows from Lemma 2.4(z), F(h(u),y,u) ¢ —intC. and so T (u) # ¢.
Since T3 (u) is a closed subset of a compact set N. Therefore Tj(u) is compact.

Now we will show that T5 is a KKM-map. Suppose there exists a finite subset
{z1, 29, ,xp} of Nand \; >0, i =1,2,--- ,n with >_;" | \; = 1 such that

T = Z/\sz ¢ U Tg(xj).
i—1 j=1

Then G(h(z),y, z;) € —intC , j=1,2,--- ,n.
From assumption (2)(iii), we have

G(h(Z),y,z) € —intC,
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which is a contradiction to (2)(i). Hence T5 is a KKM-map.
From assumption (2)(ii) and Lemma 2.4(%), we have

TQ(U) Q Tl(u) ,VU e K.
Infact, € To(u) implies G(h(z),y,u) ¢ —intC and by assumption (2)(ii), we have,
G(h(x),y,u) - F(h(z),y,u) € —intC

or F(h(z),y,u) ¢ —intC and hence x € T} (u).
So, 17 is also a KKM -map.

From Lemma 2.3, there exists 2 € N such that z* € Ty (u), for all u € K.
This implies that there exists x* € N such that
F(h(z"),y,u) ¢ —intC.

Therefore by assumption (3), we have z* € M and moreover z* € P(u;) ,i =
1,2,---,n. Hence {P(u)},c; has the finite intersection property.This completes
the proof. O

Corollary 3.2. Let K C X be a nonempty convex set and D C'Y be a nonempty
set. Let C be a closed and conver cone in Z such that intC' # ¢. Let S : K — 2K
and T : K — 2P be a continuous set-valued mapping. Let F : K x D x K — Z be
continuous mappings with respect to the first argument. Suppose that the following
assumptions holds:
(1) the map W : K — 2% defined by W(z) = Z \ {—intC}, for all z € K is
upper semicontinuous on K,
(2) there exists a set-valued map G : K x D x K — Z such that
(i) G(z,y,z) ¢ —intC, for allz € K,y € T(x),
(ii) G(z,y,u) — F(z,y,u) ¢ —intC, for allz € K,y € T(x),u € S(z),
(iii) {u € K : G(z,y,u) € —intC} is convex, for allx € K,y € T(x),u €
S(a),
(3) furthermore, suppose that there exists a nonempty compact and convex
subset M of K such that for each x € K\ M, y € T(x), there exists u € M
such that F(z,y,u) € —intC.

Then there exists ©* € K, y € T(x) such that
F(z*,y,u) ¢ —intC, for all u € S(z*).

Proof. If h : K — K be the identity map in the above Theorem 3.1, then it can be
easily checked that all the assumptions of Theorem 3.1 are satisfied. O

Remark 3.3. The above corollary gives the existence results for the solution of
implicit vector equilibrium problem for trifunction in Chiang et al. [3] without the
compactness of K, closedness of D if we replace assumptions (i)-(vi) in [3] by the
hypotheses of above Corollary 3.2 of this paper.

4. CONCLUSION

In this work, implicit vector equilibrium problems for trifunction in real Hausdorff
topological vector space is considered, and established some existence results for the
solution of the problems by using KKM-lemma. Some special cases have also been
discussed to show that our results are generalization of several authors.
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