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ABSTRACT. In this paper, we have considered the problem of determining the optimum allo-
cation of sample sizes and sampling fractions for all the characteristics, which minimizes the
coefficients of variance among the non-respondent to various characteristics under study.
The problem is formulated as a Multi objective Programming Problem (MNLPP) and Multi
objective Goal Programming Problem. A solution procedure is developed by using Lagrange
Multiplier’s Technique (LMT) and Goal Programming technique. A numerical example is
presented to illustrate the computational details.
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1. INTRODUCTION

While conducting a mailed survey, the problem of non-response generally oc-
curs. In such cases, Hansen and Hurwitz [18] have suggested the method of
sub-sampling from non-respondents to provide an estimator for population mean.
They selected a preliminary sample and mailed the questionnaires to all the se-
lected units. Non-respondents are identified and a second attempt was made by
interviewing a sub-sample of non-respondents. They constructed the estimate of
the population mean by combining the data from the two attempts and derived
the expression for the sampling variance of the estimate. The optimum sampling
fraction among the non-respondents is also obtained. El-Badry [11] has extended
Hansen and Hurwitz’s technique based on the experience that an appreciable in
response rates to mail questionnaires can be secured by sending waves of ques-
tionnaires to the non-respondents group. Foradari [13] has generalized El-Badry’s
approach and has also studied the uses of Hansen and Hurwitz’s technique under
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different designs. Srinath [37] described the selection of subsamples by making
several attempts in non-respondents group.

Stratified sampling design is most widely sampling design for estimating the pop-
ulation parameters of a heterogeneous population. It deals with the properties of
the estimates constructed from a stratified random sample and with the optimum
choice of the sizes of the samples to be selected from various strata either to max-
imize the precision of the constructed estimate for a fixed cost or to minimize the
cost of the survey for a fixed precision of the estimate. The sample sizes allocated
according to either of the above criteria is called an "Optimum allocation". Khare
[26] discussed the problem of optimum allocation in stratified sampling in presence
of non-response for fixed cost as well as for fixed precision of the estimate. Khan
et al. [25], has worked on optimum allocation and optimum size of subsamples to
various strata in multivariate stratified sampling in presence of non-response by
Lagrange Multiplier’s Techniques.

For a population the coefficient of variation (C.V.) is represented by the ratio
of population standard deviation to the population mean. It is useful statistic for
comparing the degree of variation from one data series to another, even if the means
are drastically different from each other. It also eliminates the effect of the scale of
the observations.

The "optimum allocation" in stratified random sampling and its solution is
well known in sampling literature for univariate population (see Cochran, [6];
Shukhatme et al., [38]. In multivariate populations where more than one char-
acteristic are to be studied on every selected unit of the population. The problem of
finding an optimum allocation becomes more complex due to complicating behav-

ior of characteristics. Various another’s such as Dalenius [7, 8], Ghosh [14], Yates
[42], Aoyama [3], Gren [16, 17], Folks and Antle [12], Hertley [19], Kokan and Khan
[28], Chromy [5], Wywial [4 1], Bethel [4], Kreienbrock [30], Jahan et al. [22], Khan
et al. [23, ], Ahsan et al. [1], Diaz-Garcia and Ulloa [9, ], Ansari et al. [2]

etc. used different compromise criteria to work out a compromise allocation that is
optimum for all characteristics in some sense.

When some auxiliary information is available, it can be used to increase the
precision of estimates. Ige and Tripathi [21], Rao [35], Tripathi and Bahl [39] and
some other discussed the use of auxiliary information in stratified sampling using
double sampling technique.

The problem of optimum allocation, where the strata weights are unknown and
non-response also occures have been studied by some authors. Okafor [34], solved
the above problem for stratified population in univariate case using a double sam-
pling strategy (DDS). The same problem was also formulated by Najmussehar and
Bari [33] using dynamic programming technique to obtain a solution. A com-
parative study has also been done by Varshney et al. [40] by developing a goal
programming to solve the problem.

In sampling literature, the allocation based on compromise criteria is termed as
the "compromise allocation". Holmberg [20], discussed three compromise criteria
to work out a compromise allocation.

(i): Minimizing the sum of sampling variances of the estimators of the popu-
lation parameters of various characteristics.

(ii): Minimizing the sum of squared coefficients of variation of the estimator
over the characteristics.

(iii): Minimizing the sum of efficiency losses for not using the individual op-
timum allocation.
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Kozak [29], used the concept of minimizing some function of squared coefficient of
variations as an objective function. Latest Ghufran et al. [15] also discussed this
concept.

In the present manuscript, we have developed a method to work out the com-
promise allocation in multivariate stratified sampling in presence of non-response
using the criterion "Minimizing the sum of squared coefficients of variations of the
estimators over the characteristics". It is assumed that the estimation of population
means is of interest. The problem is formulated as a Multi-objective Non-Linear
Programming Problem (MNLPP) and Multi-objective Non Linear Goal Programming
Problem (MNLGPP). The Lagrange Multipliers Technique and goal programming are
used to obtain a solution of formulated problem.

2. SAMPLING STRATEGIES AND ESTIMATION PROCEDURE

Let us consider a population consisting of N units divided into k strata. Let
N;, Y, szi and p; = ]]Vv(z =1,2,...,k,j = 1,2,...,p) denote respectively, the

stratum size, stratum mean, stratum variance and stratum weight of jth character
in i*" stratum, where p is the number of variables under study. Assume that every
stratum is divided into two disjoint groups of respondents and non-respondents,
with N;; and N, = N — N;; as the sizes of respondents and non-respondents in
the 3" stratum respectively. We decide to select a sample of size n from the entire
population in such a way that n; units are selected from the N; units in the ith
stratum with Zle n; = n. Let p > 2, characteristics be defined on each population
unit and the estimation of the p unknown population means Yj; 7=12,...,pare
of interest.

The population mean YJ of the j" characteristic is given by:

1 k N;
i=1 h=1
k
=> piYji 2.2)
i=1

where y;;, is the value of the jth variable (characteristic) of the ht" element in the
ith stratum, j =1,2,...,p; i=1,2,....k; h=1,2,...,N;

Y = NL Zgzl yjin is the i'" stratum mean for the j'* characteristic

Let n;; be the number of units of the sample in the i*" stratum that provide the data
sought and n;2 be the number of units of non-respondents. By extensive efforts,
the data are later obtained from a random sample of u;2 out of n;2 unit such that

N2 = Kluzg(Kl > 1) (2.3)

where % denotes the sampling fraction among non-respondents in the i'" stra-

tum.
i1\ N2 \ _ - U2
E(Ni)_E<Ni)_KZE<Ni) (2.4)

Now we have
Let y7; be the unbiased estimator of population mean Y;i in ith stratum for jt*
characteristics which is given by

e MidYjngg T Ni2¥jus,
= o 2.5)
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where ¥/;,,, and ¥;,,, are the means based on n;; units of response group and ;2
units of sub-sample of non-response group respectively for the j* characteristics
in i*" stratum.

Using Hansen-Hurwitz technique, an unbiased estimator of population mean }77
for the j* characteristics is given by

2

k

Yjst = Zm@}‘ﬁj =L2,...,p (2.6)
=1

ie., BE(Uiy) =Y;¥j=12,...,p. 2.7)

Ignoring the terms independent of n; and K; of the variance of the estimator is
given by the expression

o a szSJQz u kz -1 2 a2 .
V(yjst) = Z — + Z N, Wi2pi SinV] =1,2,...,p. (2.8)

n:
i=1 v i=1 v

where szi are the population mean-square errors of entire group for the j* charac-
teristic in the i*" stratum. And S?i2 are mean-square errors of non-response group
for the jth characteristic in the " stratum. The Wjs = % is the Non-Response
rate in the i*" stratum.It is assumed that information on all the units of sub sample
selected from the non-response group is available.

The values of n; and K; are to be chosen so as to give the maximum precision for
fixed cost. Let Cj be the cost per unit of selecting n; units, C;; = Z‘;:l Cji1 be the
cost per unit in enumerating n;; units and Cj3 = Zéj:l Cji2 be the cost per unit in
enumerating ;o units from non-respondent group. Then the total cost for the it"
stratum is given by

Cz' = Cioni + Cﬂnﬂ + CiguiQ,Vi = 1, 2, ey k. (2.9)

Since the values of n;; and n;s are not known until the first attempt is made, the
expected cost is used in planning the sample. The expected value of n;; and u;2
are W; n; and Wi(iim respectively.

The average cost for the i" stratum is

E(Ci) = (Cz’O + CauWi + Ci VIV?) ni (2.10)

where W;; = IX}'l is the Response rate in the it" stratum.
Thus the total cost over all the strata is given by

k k
W;

Cy = ZE(CZ) = Z |:Ci0 +CuWi + CiQI(.Q] n; 2.11)
1 i=1 v

1=

3. STATEMENT OF THE PROBLEM

Obviously, the best compromise allocation will be that which minimizes all the p
variances given by (2.8) simultaneously. Thus, for finding the optimum compromise
allocation we need to solve the following Multi-objective Non-linear Programming
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Problem (MNLPP):

V(ﬂfst)
Minimize :
V(g;st)
Subject to Ele (Cio + Ci1 Wit + Cyo V}?f) n; < Cy 3.1
and n; are integers;i =1,2,... k

Kish [27], Rios et al. [36], Miettinen [32], Khan et al. [24] studied the problem of
multi-objective optimization in detailed. Khan et al. [24] and Garcia and Ulloa [10]
expressed the problem (3.1) under the value function technique as

Minimize 9(V (§js))

Subject to Zf:l (Cz’O + CuWir + Ci2 %f) n; < G

and n; are integers;i =1,2,... .,k

where ¥(.) is a scalar function that summarizes the importance of each of the
variance of the p characteristics. Usually, 1 is taken as weighted sum of the p
variances that is

p
9 =2 w;V (5 (33)
j=1

where 3% w; =1, w; >0, j=1,2,...,p

w; are the weights according to the importance of each characteristics.

Many authors object on using the weighted sum of variances because variances are
not unit free thus cannot be added. In this paper, instead of variances we use the
squared coefficient of variation that is unit free and positive. Thus, our problem
under the value function technique may be expressed as:

Minimaize Z = Z?:l wj(CV)?

Subject to Zf:l (Ci(] + CﬂWﬂ + Ci2 VZ’?) mn; S C()

(3.4)
K, >1,2<n; <N;
and n; are integers;i =1,2,...,k
where (CV); = CV(5},) =~ j = 1,2,...,p
V(y*
(CV); = Vi), j=12,....p (3.5)
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§7j, Uss and V(gj;fst) are as defined in (2.2), (2.6) and (2.8), respectively. AINLPP
(3.4) may now be restated as

Minimize Z = Z§:1 57]'_2{21?:1 (%) p?ngz‘ + E?:l (k;;l) Wisz?sziQ}

Subject to Zle (Cio + CaWin + Cia V;/f) n; < Co

Ki>1,2§ni§Ni

and n; are integers;i =1,2,... .k

(3.6)

ignoring the terms independent of n; and K; the equation (3.6) can be rewritten as:
2 2

Minimize Z = Zle Biti 4 E?Zl (LG—l) Wiop2b?

n;

Subject to Zle (Cw + Cii Wi + Cio %@2) n; < Cy

(8.7)
K, >1,2<n; <N;
and n; are integers;t =1,2,... k
where
P P
2 —2q2 12 -2 @2
af =Y VPS5 0P =) VST (3-8)
j=1 j=1
and all the p weights are assumed to be equal, that is w; = wy = -+ = wp = 1

P
. . 1 . .
without loss of generality the common factor 5 may be dropped from the objective

function.

4. LAGRANGE MULTIPLIER’S TECHNIQUE

Taking care of the integer restrictions by rounding off the continuous solution the
NLPP (3.7) (AINLPP (3.7) without integer restrictions) may be solved by Lagrange
Multipliers Technique. For applying Lagrange Multipliers Technique (LMT), the
restrictions 2 < n; < N;; ¢ = 1,2,...,k are ignored. We take cost constraint as
an equation. To determine the optimum values of n; and K; for the cost function
(2.11), we consider the function

¢ = IV (Fjs) + 1(Co) 4.1)
where p is the Lagrange Multiplier.

k K
11 ki — 1) Wiap2h?
o(ni, Ky, pi) = Z < - N> piai + Z Ui = 1) Woapity

n:
i=1 v

k
W,
+p 21 <Ci0 + CaWi1 + Ciz Kzf) n; — Co 4.2)
1=
Now differentiating ¢(n;, K;, u) w.r.t. K; and equating to zero, noting that g;‘g >0,

we have
06 WP pniClV;
0 _ Wopiti _ pniCaWa _ (4.3)
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= Jibi% (4.4)

n; =
\/,UCiZ

2
again differentiating (;S(ni, K;, ,u) w.r.t. n; and equating to zero, noting that % > 0,

we have
a¢ _ _pz 21 _ ( )2 2pz 1 + 1 <C’lo + Cilwil —+ CZ‘QQ) = 0 (45)
n; n; n; K;

Now eliminating p from (4.5) by putting its value from (4.4), we have

. 2 h2
K, = \/ Cialay + Wiaby) (4.6)

b2(Cio + Ci1Win)

which shows that K increases with the increase in C;2 and subsequently the num-
ber of units to be repeated from non-response group of the i*" stratum decreases.

The total cost Cj is fixed. So we have

k

W;
Co = Z (Cio +CuWi + Ci2K_2> n; 4.7)
i=1 v

Now putting the value of n; from (4.4) in (4.7) and using the values of K; from (4.6),
we have

1 C
—=— 0 4.8)
Yz Y i1 Di [{\/(Czo + CinWir) * (a% - WiZb%)} + Wiab;v/ Ci2:|
Hence the value of n; is given by
_ (4.9)

piCor/(a? + Wizb?)/(Cio + CiiWi1)
Zf:l Di [{\/(0110 + CiuWir) * (a2 — Winb?)} + Wini\/CiQ}

If the compromise allocation (4.9) satisfies the restriction 2 < n; < N;; ¢ =
1,2,...,k then it will provide a continuous solution of NLPP (3.7). The continuous
solution, rounded off to the nearest integer values of n;, will then give an integer
solution. After rounding off one has to be careful in rechecking that the rounded off
values satisfy the cost constraints Zle (Cio + Ci1 Wit + Cyo V;?f) n; < Cy. If the
cost constraints are violated by the rounded off solution we may use some integer
non linear programming technique. Ignoring the finite population correction (fpc)
n; given by (4.9) satisfies the restrictions restriction 2 <n; < N;; 1 =1,2,... k.
However, if any n; > N, it can be taken as equal to N; and for the remaining (Ic-1)
strata n; are recalculated. Similarly, if n; < 2 it can be put equal to 2 and the
remaining n; are recalculated.

As an alternative, the constraints 2 < n; < N;; ¢+ = 1,2,..., k may also be included
and the Integer Non- Linear Programming Problem (3.7) may also be solved by other
integer NLPP technique. Softwares are also available to solve AINLPP. One such
software is LINGO. LINGO is a user’s friendly package for constrained optimization
developed by LINDO Systems Inc. A user’s guide LINGO [31] is also available. For
more information one can visit the site http://www.lindo.com.
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5. THE GOAL PROGRAMMING TECHNIQUE

The problem (3.4) may be stated separately for all the p characteristics as

Minimize Z = [(CV)3,(CV)3,...,(CV)2]
Subject to Z?:l (CZ() + Cin Wi + Cio MIQ?) n; < Cy
(5.1)
Ki>1, 2<n; <N;
and n; are integers;t =1,2,... .k
Using (3.5), the equation (5.1) can be written as
Minimize 7 = [V V@) | V)|
Subject to Z?:l (CZ() + Ci1Wi1 + Cio MI?Q) n; < Cy
‘ (5.2)
Ki>1, 2<n; <N;
and n; are integers;i =1,2,...,k
where V(43.:), 7 =1,2,...,pis defined in (2.8).
The equation (5.2) can be written as
Minimize Z = [Z1,Za, . .., Z)]
Subject to Zle (CZ() + CinWi1 + Cio VX—’?) n; < Cy
(5.3)

and n; are integers;i =1,2,... .k

\4 Hfs \ — 12521 k i— .
where Z; = “gt = VIR B+ S0 (B ) Waap? 2o}, 5 = 1.2 p.
or ’

252,y 2 o o9 .
Z; =Yk PR sk (k 1) WiapS2,Y, %, j = 1,2,...,p. Let Z; be the

g Uz

optimum value of Z; obtained by solving the following Nonlinear Programming
Problem(NLPP)

Minimize Zj, 3 =1,2,...,p

Subject to Z;C:l (Cio + CiaWii + Cio W“) n; < Cy

K;
(5.4)
K, >1,2<n; <N;
and n; are integers;i =1,2,...k
Further let
k2023 -2 k
7. 7 _ piStij ki—1 202 -2
Zj_Zj(n17n27"'7ni7"'7nk)_ZlT+Zl n; WiQPiSjZQ}/j
1= 1=
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Denote the variance under the compromise allocation, where n; and K;; ¢ =
1,2,...,k are to be worked out.

Obviously Zj > Z7 and Zj — 77 > 0; j =1,2,...,p will give the increase in the
variance due to not using the individual optimum allocation for jth characteristic.
Now consider the following goal:

"Find n; and K; such that the increase in the value of the variance for each charac-
teristic due to the use of compromise allocation, n; instead of individual optimum
allocation, should not greater than z;(j = 1,2,,p)". Where z; > 0(j = 1,2,,p) are
the unknown goal variables.

To achieve these goals n; must satisfy

Zj—Z; <awj; j=1,2,....p (5.6)

or

Zj—w;<Z5 =12,

or

k 2qQ2v—2 k
ZPiSti} Z ki —1 2 2 *.
4 _ 4 . LQpISLQY ]SZJa j:1327~"7p (57)

i=1 v

The value E§:1 x; will give us the total increase in variances by not using the
individual optimum allocations.
This suggests the following Goal Programming Problem (GPP) to solve.

Minimize 375_, x
Subject to

k S2 Y_2 2 -2 . -
Zi:l — +Zl N lgplSle» —x; < Z% j=1,2,...,p
i i J J

Zf:l (Czo + Cu Wit + Ciz le) n; < Cy

and n; are integers;i =1,2,...,k
(5.8)

6. NUMERICAL ILLUSTRATION

The following numerical example is presented to illustrate the practical use and
the computational details of working out the optimum sampling fractions among
non-respondents 1/K; (where K; are defined in 4.6) and proposed allocation de-
fined by (4.9). Consider a population of size N=3850 divided into four strata. Let
the population means of the two characteristics defined on each unit of the popu-
lation are assumed to be known as Y; = 24.73 and Y, = 31.53. It is also assumed
that the relative values of variances of the non-respondent and respondents, that
is, §%,,/8% = 0.25 for j = 1,2 and i = 1,2,...,4. Further, let the total amount
available for the survey is Cy = 5000 units. Table 5.1 shows the relevant informa-
tion.

Substituting the values from Table 5.1 in (3.8), we get

a3 =16.05 a3 =17.89
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TABLE 1. Data for four strata and two characteristics

N; Di Sz, S3; Wii | Wiz | Cyo | Ci
1214 | 0.32 | 4817.72 | 8121.15 | 0.70 | 0.30 1 2
822 | 0.21 | 6251.26 | 7613.52 | 0.80 | 0.20 1 3
1028 | 0.27 | 3066.16 | 1456.40 | 0.75 | 0.25 1 4
786 | 0.20 | 6207.25 | 6977.72 | 0.72 | 0.28 1 5

o Ok W 5)
¥

W N |

a3 =6.48 af =17.18
b =4.02 b3 =447

b2 =162 b:=4.29
We redefine A; = CL? — ngb? and B; = Cyjo + C;1Wi, i1 =1,2,...,4

A =1485 Ay =16.99

A3 =6.08 A, =15.97
By =24 By=34

B3 =40 By=46

From column (11) &(12) of the Table 5.2, Sampling fractions among the non-
respondents are I% = 0.46, %2 = 0.47, %3 = 0.46 and %4 = (0.45 and the rounded
off compromise allocations using the proposed method are obtained as: n; =
528,n0 = 311,n3 = 221 and ny4 = 247 with the value of the objective function
as Z = .0113.

Solution by using Goal Programming:
Using the equation (5.4) the non linear programming problem for the first charac-
teristic is

Minimize Z1 =

.8066 -4507 .3655 .4059
ni + na + ns + nyg

+U=D 40,06 + K22 50,02 + E2D 40,02 + E=l 40,02
Subject to
(24 + E)n1 + (34 + §8)na + (4+ 52)ns + (4.6 + 52%)n,s <5000
2 <y < 1214; 2 < ny < 822

2<n3 <1028; 2 <ny <786

K; > 1, and n; are integers;i =1,2,...,4

The optimal solution provided by LINGO is

niy = 482,n7, = 307,nj5 = 253,n7, = 247, Ky = 215, Ky = 212, K3 =
2.17, K, = 2.20 with the value of the objective function as Z; = 0.0067. Where
ni,; denote the optimum allocation for the first characteristic.
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Similarly using (5.4) the non linear programming problem for the second charac-
teristic is

P __ .8365 , .3377 , .1068 , .2807
Minimize Zy = el e vl i

F=D 40,06 + E2D 50,02 + Kol 4 0,07 + Ei=U 40,02
1 2 3 14

4 (=) (K=
Subject to
(24 + E)n1 + B4+ §8)na + (4 + 58 )ns + (4.6 + 52%)ny <5000
2 <ny <1214; 2 < ny < 822

2 <ng <1028; 2 <ny <786

K; > 1, and n; are integers;i =1,2,..
The solution of NLPP provided by LINGO is given as
nsy = 994,n5, = 320,n35 = 149,n5, = 249, K1 = 2.16, Ky = 2.11, K3 =
1.0, K4 = 2.21 with the value of the objective function as Z, = 0.0046. Where
ns ; denote the optimum allocation for the second characteristic.
After finding the optimum values of Z7; j = 1,2 the GPP (5.8) takes the form

4

)

Minimize T1 + o

Subject to

.8066 .4507 .3655 .4059
ni + no + ns + nag

Fml) 500,06 + H2=1 50,02 + Ko 40,02 + L4 40,02 — 2y < 0.0067

n,

+

.8365 .3377 .1068 .2807
ny + no + ns + ng

+U02D 40,06 + L2 40,02 + Eeml 40,07 + FmU 500,02 — 2y < 0.0046
(24 + E)n1 + (34 + §8)ne + (4 + 42 )ns + (4.6 + 52%)ny <5000
2 <y < 1214; 2 < ny < 822

2 < ng < 1028; 2 < ny < 786

z; >0; j=1,2; K; > 1, and n; are integers;i =1,2,...,4
Using the LINGO, the optimum compromise allocation is found to be
n] = 524,n5 = 309,n3 = 204,n; = 246, K; = 2.15, K9 = 2.11,K3 = 1.16, K4 =
2.21. Sampling fractions among the non-respondents are 1% = 0.46, 1% =0.47, l% =
0.86 and K%; = 0.45. The values of the objective function as Z = 0.0115.

7. CONCLUSION

In this paper, we have formulated the problem of non-response in multivariate
stratified sample surveys as a problem of multi-objective mathematical program-
ming problem (MOMPP). The formulated MOMPP has been solved by using two
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different optimization techniques namely goal programming and Lagrange Multi-
plier’s Technique (LMT). The compromise allocations obtained by LMT gives the
minimum coefficients of variation as compared to the goal programming technique
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pling fractions among Non-respondents 1/K;n(where K; is defined

TaBLE 2. Calculation for proposed allocation n; and optimum sam-
in ??)
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