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ABSTRACT. We have applied the Melnikov criterion to examine a homoclinic bifurca-
tion and transition to chaos in the Duffing oscillator driven by different forms of periodic
piecewise linear forces. The periodic piecewise linear forces considered are triangular,
hat, trapezium, quadratic and rectangular types of forces. For all the forces, an analyt-
ical threshold condition for the homoclinic transition to chaos is derived using Melnikov
method and Melnikov threshold curves are drawn in a parameter space. Using the Mel-
nikov threshold curves, we have found a critical forcing amplitude fc above which the
system may behave chaotically. We have analyzed both analytically and numerically the
homoclinic transition to chaos in the Duffing system with ϵ-parametric force also. The
predictions from Melnikov method have been further verified numerically by integrating
the governing equation and finding areas of chaotic behaviour.

KEYWORDS:Duffing oscillator, Melnikov criterion, Piecewise linear force, Homoclinic
bifurcation, Chaos.
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1. Introduction

The forced Duffing oscillator is a seminal system for the study of chaotic dynam-
ics and development of analytical and experimental techniques for nonlinear systems
[1-5]. The problem of its nonlinear dynamics has attracted researchers from vari-
ous fields of research across natural science and physics [6-8], mathematics [9,10],
mechanical engineering [11-13] and electrical engineering [14-16]. Melnikov method
is a powerful analytical tool to provide an approximate criterion for the occurrence
of hetero/homoclinic chaos in a wide class of dynamical systems [17]. It is also
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an effective approach to detect chaotic dynamics and to analyze near homoclinic
motion with deterministic or random perturbation. Usually this method is applied
explicitly to systems which possesses homoclinic orbits in multi-well potential like
Duffing double-well or pendulum systems [18,19]. Recently, this method has been
applied to certain nonlinear systems to predict the occurrence of horseshoe chaos
[20-25].

In recent years there has been a great deal of interest on the study of effect of
various periodic forces in certain linear and nonlinearly damped systems [26-30]. In
the present paper, we study both analytically and numerically the effect of various
periodic piecewise linear forces in the Duffing oscillator equation

ẍ+ α ẋ − ω2
0x+ βx3 = F (t), (1.1)

where α is the damping coefficient, ω0 is the natural frequency and β is the con-
stant parameter which plays the role of nonlinear parameter. F (t) is an external
time dependent periodic driving force. Recently, Baber Ahmad [31] studied both
analytically and numerically the stabilization of the pendulum motion with differ-
ent forms of periodic piecewise linear forces. Our objective here is to explore the
possibility of homoclinic transition to chaos in Eq.(1.1) using both analytical and
numerical techniques. In the present analysis, we use Melnikov analytical method
to study the influence of different forms of periodic piecewise linear forces.

The paper is organized in the following way. In Section 2, we obtain the Melnikov
threshold condition for the transverse intersections of homoclinic orbits for the
system (1.1) separately for each of the above periodic piecewise linear forces. In
Section 3, we analyze the homoclinic transition to chaos by plotting the Melnikov
threshold curves in (f − ω) parameter plane where f and ω are the amplitude and
frequency of the external periodic forces and numerically measuring the time τM
elapsed between two successive transverse intersections for all the forces. We verify
the analytical prediction with the numerically calculated critical values of f at which
the transverse intersections of stable and unstable manifolds of the saddle occur.
The Melnikov threshold value is also compared with the onset of asymptotic chaos
wherever possible. In Section 4 we analyze the homoclinic transition to chaos in
the system (1.1) driven by an ϵ-parametric control force. Finally Section 5 contains
the concluding remarks.

2. Calculation of Melnikov function

We consider the perturbed Duffing equation with periodic piecewise linear forces
in the form

ẋ = y (2.1a)
ẏ = ω2

0x− βx3 + ϵ[−α ẋ + F (t)] (2.1b)
where ϵ is a small parameter. The periodic piecewise linear forces of our interest
are triangular, hat, trapezium, quadratic and rectangular types of forces. Figure 1
depicts the different forms of periodic piecewise linear forces.

The unperturbed system (ϵ = 0) with the potential and Hamiltonian functions
are given by
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Figure 1. Form of various periodic piecewise linear forces (a)
Triangular wave (b) Hat wave (c) Trapezium wave (d) Quadratic
wave and (e) Rectangular wave. For all the forces period is 2π/ω,
ω = 1 and amplitude f is 1.0.

V (x) = −1

2
ω2
0x

2 +
1

4
βx4. (2.2)

H(x, y) =
1

2
y2 − 1

2
ω2
0x

2 +
1

4
βx4. (2.3)

Depending on the set of parameters, it can be considered at least three physi-
cally interesting situations where the potential is single-well, double-well and dou-
ble hump-well. Throughout this paper, our analysis is of the double-well case. The
unperturbed system has three fixed points. The origin is a saddle (x∗, y∗) = (0, 0)

and the other two fixed points are elliptic (x∗, y∗) = (±
√

ω2
0/β, 0) . The saddle

point is connected to itself by two homoclinic orbits. The two homoclinic orbits
connecting the saddle to itself are given by

W±(xh(τ), yh(τ)) =

±

√
2 ω2

0

β
sech

√
ω2
0τ,∓ω2

0

√
2

β
sech

√
ω2
0τ tanh

√
ω2
0τ


(2.4)

where τ = t − t0. The phase space motion of Eq.(2.1) is illustrated in Fig.2. The
homoclinic orbits are indicated in it.

The Melnikov theory [9,12,17,32] allows us to calculate the Melnikov function
M(t0) for a class of perturbed system for which homoclinic or heteroclinic orbit is
known either analytically or numerically. M(t0) is proportional to the distance be-
tween the stable manifold (Ws) and unstable manifold (Wu) of a saddle. When the
stable and unstable manifolds are separated then the sign of M(t0) always remain
same. M(t0) oscillates when (Ws) and (Wu) intersects transversely (horseshoe dy-
namics). A zero of M(t0) corresponds to tangential intersections. The occurrence
of transverse intersections implies that the Poincaré map of the system has the so
called horseshoe chaos.
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Figure 2. Phase trajectories of the unperturbed Duffing oscilla-
tor. The analytical expression for the homoclinic orbits is given by
Eq.(2.4).

For Eq.(2.1), the Melnikov function is

M±(t0) =

∫ +∞

−∞
yh [−α yh + F (τ + t0)] dτ (2.5)

In the following, we calculate the Melnikov function for the system (Eq.(2.1)) with
different forms periodic piecewise linear forces. The period of all the forces are set
to T = 2π/ω.

2.1. Triangular Type Force. For the system (2.1) driven by Triangular type
force,

F (t) =


4ft
T , 0 ≤ t < T

4

− 4ft
T + 2f, T

4 ≤ t < 3T
4

4ft
T − 4f, 3T

4 ≤ t < T,

(2.6)

where t is taken as mod (2π/ω). Its Fourier series is

F (t) =
8f

π2

∞∑
n=1

(−1)(n+1) sin(2n− 1)ωt

(2n− 1)2
. (2.7)

Using Eq.(2.7), the Melnikov function is worked out as

M±(t0) = A± f

∞∑
n=1

Bn cos(2n− 1)ωt0 (2.8a)

where,

A = −4

3

α(ω2
0)

3/2

β
, (2.8b)

Bn =
8
√
2ω

π
√
β

(−1)n+1

(2n− 1)
sech

[
(2n− 1)πω

2
√

ω2
0

]
(2.8c)

2.2. Hat Type Force. For the system (2.1) driven by Hat type force,

F (t) =



f
2 , 0 ≤ t < T

6

f, T
6 ≤ t < T

3
f
2 ,

T
3 ≤ t < T

2
−f
2 , T

2 ≤ t < 2T
3

−f, 2T
3 ≤ t < 5T

6
−f
2 , 5T

6 ≤ t < T

(2.9)
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Its Fourier series is

F (t) =

∞∑
n=1

1

nπ

(
1− cosnπ + 2 cos

nπ

3

)
sinnωt (2.10)

Using Eq.(2.10), the Melnikov function is worked out to be

M±(t0) = A∓ f

∞∑
n=1

Cn n cosnωt0 ± f

∞∑
n=1

Dn [cos(nπ + nωt0)− cos(nπ − nωt0)]

∓f

∞∑
n=1

En [cos(nπ/3 + nωt0)− cos(nπ/3− nωt0)] (2.11a)

where,

Cn =
√
2/β ω sech

[
nπω

2
√

ω2
0

]
(2.11b)

Dn =
1√
2β

ω sech
[

nπω

2
√
ω2
0

]
(2.11c)

En = 2
√

2β ω sech
[

nπω

2
√

ω2
0

]
(2.11d)

2.3. Trapezium Type Force. The mathematical representation for the Trapez-
ium type force is

F (t) =



8ft
T , 0 ≤ t < T

8

f, T
8 ≤ t < 3T

8
8f
T (T2 − t), 3T

8 ≤ t < 5T
8

−f, 5T
8 ≤ t < 7T

8
8f(t−T )

T , 7T
8 ≤ t < T.

(2.12)

Its Fourier series is

F (t) =
16

π2

∞∑
n=0

1

n2
sin
(nπ

4

)
sinnωt (2.13)

Using Eq.(2.13), the Melnikov function is worked out to be

M±(t0) = A∓ f

∞∑
n=1

Fn [sin(nπ/4 + nωt0)− sin(nπ/4− nωt0)] (2.14a)

where,

Fn =
8
√
2/β ω

π

1

n
sech

[
nπω

2
√

ω2
0

]
. (2.14b)

2.4. Quadratic Type Force. The mathematical expresssion for the Quadratic
type force is

F (t) =


f, 0 ≤ t < 3T

8
8f
T (T2 − t), 3T

8 ≤ t < 5T
8

−f, 5T
8 ≤ t < T.

(2.15)

Its Fourier series is

F (t) =

∞∑
n=0

(
2f

nπ
+

8f

n2π2
sin
(nπ

4

))
sinnωt (2.16)
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Using Eq.(2.16), the Melnikov function is worked out to be

M±(t0) = A∓ f

∞∑
n=1

Gn cosnωt0 ∓

f

∞∑
n=1

Hn [sin(nπ/4 + nωt0)− sin(nπ/4− nωt0)] (2.17a)

where,

Gn = 2
√

2/β ω sech
[

nπω

2
√

ω2
0

]
(2.17b)

Hn =
4
√
2/β ω

π

1

n
sech

[
nπω

2
√
ω2
0

]
. (2.17c)

2.5. Rectangular Type Force. The mathematical representation for the Rect-
angular type force is

F (t) =

{
f, 0 ≤ t < T

2

−f, T
2 ≤ t < T.

(2.18)

Its Fourier series is

F (t) =
4f

π

∞∑
n=0

1

(2n− 1)
sin(2n− 1)ωt (2.19)

Using Eq.(2.19), the Melnikov function is worked out to be

M±(t0) = A∓ f

∞∑
n=0

In cos(2n− 1)ωt0 (2.20a)

where,

In = 4
√
2/β ω sech

(
(2n− 1)πω

2
√
ω2
0

)
. (2.20b)

From Eqs.(2.8), (2.11), (2.14), (2.17) and (2.20) we can obtain the condition for
transverse intersections of stable manifolds (W±

s ) and unstable manifolds (W±
u ),

that is, M±(t0) to change sign at some t0.

3. Homoclinic Transition to Chaos

In this section we analyze the occurrence of homoclinic transition to chaos in the
system (2.1) driven by different forms of periodic piecewise forces. For our study
we fix the values of the parameters in Eq.(2.1) as α = 0.5, β = 1.0, ω2

0 = 1.0 and
ω = 1.0. We consider sufficiently large number of terms, say, 100 terms in the
summation of equation for M(t0). Figure 3 shows the plot of fM versus n, the
number of terms in the summation (Eq.(2.8)) for the triangular type force. fM
converses to a constant value with increase in n. For n > 5, the variation of fM
is negligible. Similar result is found for other types of periodic piecewise linear
forces also. Hence in our numerical calculation we fix n = 50. First we analyze
the occurrence of homoclinic transition to chaos numerically by measuring the time
τM elapsed between two successive change in the sign of M(t0). For a fixed value
of f , t0 is varied from 0 to 200T , where T = 2π/ω is the period of the driving
force. If the sign of M(t0) remains the same in this time interval then there is no
zero of M(t0) and τM is assumed to infinity. τM can be determined from the Eqs.
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Figure 3. fM versus n, the number of terms in the summation
in Eq.(2.8a), for α = 0.5, β = 1.0, ω2

0 = 1.0 and ω = 1, when the
system (2.1) is driven by the triangular type force. Variation in fM
converges to a constant value with increase in n.

(2.8),(2.11),(2.14),(2.17) and (2.20) for triangular, hat, trapezium, quadratic and
rectangular types of forces. τM is calculated for a range of amplitude of the driving
force. The value of f at which first intersection time of M(t0) changes sign and
thereby giving finite τM is the Melnikov threshold value for homoclinic transition
to chaos. Figure 4 shows the variation of 1/τM versus f for the system (2.1) driven
by different forms of periodic piecewise linear forces. Continuous curve represents
the inverse of first intersection time (1/τM+) of stable and unstable branches of
homoclinic orbits W+. Dashed curve corresponds to the orbits of W−. Homoclinic
transition to chaos does not occur when 1/τM is zero and it occurs in the region
when 1/τM > 0.

In Fig.4(a), when the system (2.1) driven by triangular type force, both 1/τM+

and 1/τM− are zero (that is 1/τM± are infinity) in the interval 0 < f < 0.45707.
This implies that homoclinic transition to chaos does not occur for f < f±

M =

0.45707. For f > f±
M=0.45707, both M+(t0) and M−(t0) oscillate and hence 1/τM

are nonzero. This implies that homoclinic transition to chaos is possible in this
region. The Melnikov threshold values of the other types of periodic piecewise
linear forces, namely, hat, trapezium, quadratic and rectangular types of forces are
f±
M = 0.29206, 0.31680, 0.42605 and 0.27948. From these values, it is observed that,

among the five forces, fM is maximum for the triangular type force and is minimum
for the rectangular type force. Thus the onset of homoclinic transition to chaos can
be either delayed or advanced by an appropriate choice of periodic piecewise linear
forces.

Then we analyze the occurrence of homoclinic transition to chaos by plotting
the threshold curves in the (f − ω) parameters plane also. The threshold curves
for homoclinic transition to chaos in the (f, ω) plane for the different forms of
periodic piecewise linear forces are shown in Fig.5. In the parameter region below
the threshold curve no transverse intersection of stable and unstable manifolds of
saddle occurs and above the threshold curve the transverse intersection of stable
and unstable manifolds of the saddle occur. Just above the Melnikov threshold
curve onset of cross-well chaos is expected. This figure clearly illustrates the effect
of various periodic piecewise forces.
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Figure 4. Variation of 1/τM versus f for the system (2.1) driven
by (a) triangular, (b) hat, (c) trapezium, (d) quadratic and (e)
rectangular types of forces. The values of the other parameters are
α = 0.5, β = 1, ω2

0 = 1 and ω = 1. Solid curve is for positive sign
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Figure 5. Melnikov threshold curves for horseshoe chaos in the
(f−ω) plane for the system (2.1) driven by the forces (a) triangular,
(b) hat, (c) trapezium, (d) quadratic and (e) rectangular types of
forces. The values of the other parameters in Eq.(2.1) are α = 0.5,
β = 1 and ω2

0 = 1.

We have verified the analytical prediction by direct simulation of the system
(1.1). In Fig.6 we plotted the orbits of the saddle for two values of the forces -
one for f < fM and another for f > fM . For clarity, only part of the manifolds
are shown. The unstable manifolds are obtained by numerically integrating the
Eq.(1.1) by the fourth-order Runge-Kutta method in the forward time for a set
of 900 initial conditions chosen around the perturbed saddle point. The stable
manifolds are obtained by integrating the the Eq.(1.1) in reverse time. In the left
side subplots (Figs.6a,6c,6e,6g and 6i), f < fM the stable and unstable manifolds
are well separated. That is homoclinic transition to chaos does not occurs in this
region. In the right side subplots (Figs.6b,6d,6f,6h and 6j) for f > fM , we can clearly
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notice the transverse intersections of orbits at certain places. That is homoclinic
transition to chaos is possible in this region.

4. Homoclinic Transition to Chaos due to an ϵ-Parametric Control
Force

In the previous section, all the above results can be considered as nonparametric
control force. In this section, an ϵ-parametric control force is defined one of the
periodic piecewise linear force. This ϵ-parametric force with 0 < ϵ < 1 is given by
(similar to quadratic type force (Eq.(2.15)),

F (t) =


f, 0 ≤ t < 1−ϵ

2 T
f
ϵ (

−2
T t+ 1), 1−ϵ

2 T ≤ t < 1+ϵ
2 T

−f, 1+ϵ
2 T ≤ t < T.

(4.1)

and is illustrated in Fig.7 with different values of ϵ, namely, ϵ = 0.17, 0.5, 0.7 and
0.9. Its Fourier series is

F (t) =

∞∑
n=1

(
2f

nπ
+

2f

ϵ n2π2
sin (ϵnπ)

)
sinnωt (4.2)

Using Eq.(4.2), the Melnikov function is worked out to be

M±(t0) = A∓ f

∞∑
n=1

Jn cosnωt0 ∓
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f

∞∑
n=1

Kn [sin(ϵnπ + nωt0)− sin(ϵnπ − nωt0)] (4.3a)

where,

Jn = 2
√
2/β ω sech

[
nπω

2
√
ω2
0

]
(4.3b)

Kn =

√
2/β

ϵnπ
ω sech

[
nπω

2
√
ω2
0

]
. (4.3c)

and the value of A is given in Eq.(2.8(b)). The occurrence of homoclinic transition
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Figure 8. Variation of 1/τM versus f for the system (2.1) driven
by the ϵ− parametric force for four values of ϵ, namely, ϵ =
0.17, 0.5, 0.7, 0.9. The values of the other parameters are α = 0.5,
β = 1, ω2

0 = 1 and ω = 1. Solid curve is for positive sign in M(t0)
and dashed curve is for negative sign in M(t0).

to chaos can be studied numerically measuring the time τM elapsed between two
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successive transverse intersections. τM can be determined from Eq.(4.3). Figure 8
shows the variation of 1/τM± versus f for four values of ϵ, namely, ϵ = 0.17, 0.5, 0.7
and 0.9. Continuous curve represents the inverse of first intersection time (1/τM ) of
stable and unstable branches of homoclinic orbits W+. Dashed curve corresponds
to the orbits of W−. Homoclinic transition to chaos does not occur when 1/τ is
zero and it occurs in the region 1/τ > 0. In Fig.8(a), for ϵ = 0.17, both 1/τM+

and 1/τM− are zero in the interval 0 < f < 0.29736. This implies that homoclinic
transition to chaos does not occur for f < f±

M = 0.29736. For f > f±
M = 0.29736,

both M+(t0) and M−(t0) oscillate and hence 1/τM± are nonzero. This implies that
homoclinic transition to chaos is possible in this region. For ϵ = 0.5, 1/τM+ and
1/τM− are zero for f < f+

M = 0.70023 and f < f−
M = 0.46077 respectively. For f

values in the interval f−
M < f < f+

M , M−(t0) alone oscillate which implies that the
homoclinic transition to chaos can take place only in the region x < 0. For f ≥ f+,
homoclinic transition can occur in both regions x < 0 and x > 0. The Melnikov
threshold values for ϵ = 0.7 we find f+

M = 0.66667 and f−
M = 0.44897; for ϵ = 0.9

f+
M = 0.60714 and f−

M = 0.45068.
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Figure 9. Melnikov threshold curves for horseshoe chaos in the
(f−ω) plane for the system (2.1) driven by an ϵ− parametric force
for four values of ϵ, namely, (a) ϵ = 0.17, (b) ϵ = 0.5, (c) ϵ = 0.7
and (d) ϵ = 0.9. The values of the other parameters in Eq.(2.1) are
α = 0.5, β = 1 and ω2

0 = 1.

The threshold curve for homoclinic transition to chaos in the (f, ω) plane for four
values of ϵ, namely, ϵ = 0.17, 0.5, 0.7, 0.9 is shown in Fig.9. Above the threshold
curve, the system can transit to chaotic motions and below the threshold curve
the system shows periodic behaviour. The results are also verified in Fig.10. The
numerically computed W s and Wu of the sadddle in the Poincaré map for ϵ = 0.5
is shown in Fig.10. Transverse intersections of stable and unstable branches of both
the homoclinic orbits are seen in Fig.10(c) for f = 0.8 (which is above the threshold
value f+

M = 0.70023). For ϵ = 0.6 (which is in between f−
M and f+

M ), we see the
transverse intersections of W−

s and W+
s orbits alone at two places, which is clearly

evident in Fig.10(b). The stable and unstable orbits are well separated in Fig.10(a)
for f = 0.2 (which is below f−

M ). Homoclinic transition to chaos does not occur
in this region. Similarly, we can verified the analytical results for other values of
ϵ, namely, ϵ = 0.17, 0.7 and 0.9. For different values of ϵ, the Melnikov threshold
values of the system (2.1) driven by ϵ-parametric force is given in table 1. From
table 1 we observed that the Melnikov threshold value of rectangular force falls
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Figure 10. Numerically computed stable and unstable manifolds
of the saddle fixed point of the system (2.1) driven by an ϵ− para-
metric force for three values of f with ϵ = 0.5. The values of the
other parameters are α = 0.5, β = 1, ω2

0 = 1 and ω = 1.

between ϵ = 0.2 and ϵ = 0.1. More clearly the parametric force with ϵ = 0.17...
gives the Melnikov threshold value (f±

M ) almost equals with rectangular force. For
ϵ → 0, ϵ-parametric force becomes quadratic type force.

Table 1. Melnikov threshold values of the system (2.1) with ϵ−
parametric force for few values of ϵ with α = 0.5, ω2

0 = 1, β = 1.0,
and ω = 1.0

Melnikov Threshold values (f±
M )

ϵ− values f−
M f+

M

0.1 0.17517 0.17517
0.17 0.29736 0.29736
0.2 0.17971 0.34977
0.3 0.44274 0.51077
0.4 0.46088 0.62415
0.5 0.46077 0.70023
0.6 0.46315 0.70805
0.7 0.44898 0.66667
0.8 0.44615 0.62302
0.9 0.45068 0.60714

5. Conclusion

The Melnikov method is sensitive to a global homoclinic bifurcation and gives a
necessary condition for the occurrence of horseshoe chaos . Applying this method,
we obtained the Melnikov threshold condition for onset of homoclinic transition to
chaos that is transverse intersections of stable and unstable branches of homoclinic
orbits. Threshold curves are drawn in a parameter space. These curves separating
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the chaotic and non-chaotic regions are obtained. Among the five periodic piecewise
linear forces, fM is maximum for the triangular type force. Also we have analyzed
the occurrence of homoclinic transition to chaos in the Duffing system with an ϵ−
parametric control force. The analytical results have been confirmed by numeri-
cal simulation. Numerical investigations including the computation of stable and
unstable manifolds saddle and threshold curves are used to detect homoclinic transi-
tion to chaos. With the good agreement obtained between analytical and numerical
predictions, we emphasize that the Melnikov analysis can be successfully used to
predict the onset of chaos in the presence of weak periodic perturbation.

It is important to study the effect of nonlinear fractional damping in Duffing os-
cillator driven by periodic piecewise linear forces such as triangular, hat, trapezium,
quadratic and rectangular types of forces. These will be investigated in future.
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