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1. INTRODUCTION

The concept of partial metric p on a nonempty set X was introduced by Matthews
[8]. One of the most interesting properties of a partial metric is that p(z,z) may
not be zero for x € X. Also, each partial metric p on a nonempty set X generates a
T} topology on X . After the definition of partial metric space, Matthews proved the
partial metric version of Banach fixed point theorem. Then many authors gave some
generalizations of this result on this space (See [1, 3, 7, 9, 10, 11, 12]). Recently,
Chi, Karapinar and Thanh [4] obtained a fixed point theorem using a new type
contractive condition, which is quite different from usual contractive conditions.

On the other hand, Heckman defined the concept of weak partial metric space
and viewed some topological properties of it. Then Altun and Durmaz [2] proved the
fundamental fixed point theorem on this space. Also, Durmaz et al [5], obtained
some generalization of the result of [2]. In this work, we continue to study on fixed
point theory in weak partial metric space. For this, we use Chi, Karapmar and
Thanh type contractive condition.

2. PRELIMINARIES

In this section, we recall partial metric and weak partial metric space and some
properties of them.
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Definition 2.1 ([8]). A partial metric on a nonempty set X is a functionp : X x X —
Rt (nonnegative real numbers) such that for all z,y,z € X :

) x =y < p(x,z) = p(z,y) = p(y,y) (Tp-separation axiom),

(i) p(z, ) < p(z,y) (small self-distance axiom),

(ii)) p(z,y) = p(y, z) (symmetry),

(iv) p(z,y) < p(z,2) + p(z,y) — p(z, 2) (modified triangular inequality).

A partial metric space (for short PMS) is a pair (X, p) such that X is a nonempty
set and p is a partial metric on X.

Example 2.2. A mapping p: R x R — RT defined by
‘x7y| ) Ivye[oal)

p(z,y) =
max {z,y} , otherwise

is a partial metric on R™.

Example 2.3. Let p: NU {0} x NU {0} — R™ be defined by

0 ,  @=y20
9l , v#0andy=0
p(z,y) =
2-lyl , =0andy #0
g—min{lz|.ly[} otherwise

is a partial metric on NU {0} .

Example 2.4. Let P(N) be the set all subsets of N . If

p(mvy):: 1- j{: 27"

nexrNy
for all 2,y € P(N), then p is a partial metric on P(N).

If p is a partial metric on X, then the functions p*,p* : X x X — R™T given by
p*(z,y) = 2p(x,y) — p(z,2) — p(y,y)

and

pY(z,y) = max{p(z,y) —p(z,z),p(z,y) —p(y,y)}
= p(z,y) —min{p(x,z),p(y,y)}

are ordinary metrics on X. It is easy to see that p° and p" are equivalent metrics
on X. For example, let X = R and p(z,y) = max{z, y}, then p*(x,y) = |[x —y| =
p*(2,y).

Note that each partial metric p on X generates a Ty-topology 7, with a base
of the family of open p-balls {B,(z,¢) : € X,e > 0}, where By(z,c) = {y € X :
p(x,y) < p(x,z)+ e}. Since 7, may not be Hausdorff, then if there exists the limit
of a sequence may not be unique, too.

Remark 2.5. A sequence {z,} in a PMS (X, p) converges to a point z € X, with
respect to 7,, if and only if p(z, z) = lim, . p(x, z,). Indeed, let {x,} converges
to x € X, with respect to 7, then there for all € > 0, exists a positive integer ng
such that z,, € Bp(x, ¢) for n > ng. Therefore, considering the small self distance
property we have p(z,z) < p(z,,z) < p(z,z) + € for n > ng and so letting limit
n — oo, we have p(z, ) = lim,_,o p(z, T, ). The converse may be shown similarly.
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Example 2.6. Let X = RT and p(z,y) = max{x,y}. Define a sequence in X by
Ty = % for all n € N. Then {z,,} converges to any point of X.

Definition 2.7. (X, p) is a partial metric space. Then

(i) A sequence {xn} in X is called a Cauchy sequence if there exists (and is finite)
im0 P(Tns Trm)-

(i) (X, p) is called complete if every Cauchy sequence {z,} in X converges, with
respect to 7,, to a point € X such that p(z, z) = limy, ;m— 00 P(Zn, Tm).

It is well known that, every convergent sequence on an ordinary metric space
is Cauchy, but this is not true on partial metric space. For example, let X = RT
and p(z,y) = max{x, y}. Define a sequence {z,} by {z,} = {0,1,0,1,---}, then it
converges to any point of [1,00), but it is not a Cauchy sequence. Also, we know
that an ordinary metric is continuous and so sequentially continuous, but this is
not true as shown in Example 2.2 for a partial metric.

The following lemma have an important role in the proof of our main result.

Lemma 2.8. Assume that z, — z asn — oo ina PMS (X, p) such that p(z,z) = 0.
Then lim,, oo p(Zn,y) = p(z,y) foreveryy € X.

According to [8], a sequence {x,} in X converges, with respect to 7,:, to a point
x € X if and only if

Im  p(xn, Tm) = nllnéop(xn,x) = p(z, ).

n,m— oo

By omitting the small self distance axiom, Heckmann [6] introduced the concept
of weak partial metric space (for short WPMS), which is generalized version of
Matthews’ partial metric space. That is, the function p : X x X — R* is called
weak partial metric on X if it satisfies Tj seperation axiom, symmetry and modified
triangular inequality. Heckmann also shows that, if p is weak partial metric on X,
then for all =,y € X we have the following weak small self-distance property

x’ z + )
p(ry) > D LAY, @.1)
Weak small self-distance property shows that WPMS are not far from small self-

distance axiom. It is clear that PMS is a WPMS, but the converse may not be true.

A basic example of a WPMS but not a PMS is the pair (R™, p), where p(x,y) = Tty
z 1"y
for all z,y € RT. For another example, for z,y € R the function p(z,y) = € ; c

is a non partial metric but weak partial metric on R.

The concepts of convergence of a sequence, Cauchy sequence and complete-
ness in WPMS are defined as in PMS. Following Heckmann, in [2, 5] gave some
fundamental fixed point results on weak partial metric space such that:

Theorem 2.1. ([2])Let (X,p) be a complete WPMS and let F : X — X be a map
such that

p(Fx, Fy) < ap(z,y)+ bp(x, Fx) + eply, Fy) +
dp(z, Fy) + ep(y, F'r)

Sorallz,y € X, wherea,b,c,d,e >0 and, ifd > e, thena+b+c+2d<1,ifd<e,
thena + b+ ¢+ 2e < 1. Then F has a unique fixed point.

Theorem 2.2. ([5])Let (X, p) be a complete WPMS, o € [0,1) and T : X — X a
mapping. Suppose that for each z,y € X the following condition holds:

p(Tz, Ty) < max {ap(z,y), min {p(z,z),p(y,y)} }
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Thenu:

(1) theset X, = {zx € X : p(x,x) = inf {p(y,y) : y € X }} is nonempty,

(2) there is a unique u € X, such thatu = Tu,

(3) for each z € X, the sequence {T"x} converges with respect to the metric p*
to u.

3. THE MAIN RESULT

Theorem 3.1. Let (X, p) be a complete weak partial metric space and T : X — X
be a mapping such that for all x,y € X

ap(z,y), bp(x, Tx), cp(y, Ty),
p(Tx, Ty) <maxq d{p(z,Ty) +p(y,Tz)}, (3.1)
min {p(z, ), p(y,y)}

for some a,b,c € [0,1) and d € [0, 3). Then

(@ X, ={z € X :p(x,z) =inf {p(y,y) : y € X}} is nonempty,
(b) There is a unique u € X, such that u = T'u.

Proof. Let xg € X and {z,} be the sequence defined by z,, = Tz,,_; for all n € N.
First, we will prove that X, is nonempty. For this, by taking x = z,_; and y = x,,
in (3.1) and then

Clp(l‘n—l, Z‘n)7 bp(xn—lv Txn—l)a cp(a:n, Tﬂ&‘n),

p(Tzn-1,Tz,) < maxq d{p(@n—1,Tzn) +p(Tn, TTn-1)},
min{p(xn—hxn—l)vp(xnaxn)}
(01, 20), 5p(n 1, ), cp(an, Tt
< max d{P(l”n—thn)+p($m$n+1)};

min {p(xn—h zn—l)ap(gjnv ajn)}

ap(xn—la mn)a bp(xn—la Txn—l)a Cp(xnv Txn)v
< max 2dp(1‘n_1, xn)v 2dp(1‘n, xn+1)7

min {p(xn—h zn—l)vp(ITH In)}

We suppose that & = max {a, b, ¢, 2d}, then

ap(-rn—laxn)7ap(xnaxn+l)z } (3.2)

Ty, T < max .
p( " n+1) o { mln{p(l'n—laxn—l)ap(xnaxn)}

So we consider this in two cases:
Case I:
max {O‘p(gjn—la xn)a O‘p(xn» xn-‘rl)) min {p(mn—ly xn_1),p(xn, xn)}} = O‘p(xnv l‘n+1>
then we obtain
p(l’n, xn+1) S Oép(Im zn-&-l)
since « € [0,1), we say that p(z,, z,+1) = 0 and then z,, = T'z,,. Since p(z,,T,) <
2p(Zn, Tnt1), we obtain p(z,, £,) = 0. This implies that X, is nonempty.
Case II:
max {Oép(l'n_l, Jjn), ap(xn) mn-‘rl)) min {p(xn—la xn—l)ap('xﬂm x’ﬂ)}} # ap(xnv xn+l)

for all n € N, then from (3.2), we obtain

p(ifn, xn+1) < max {ap(xnfla xn)a min {p(xnfla xnfl)vp(xna xn)}}
p(wnflv xnfl) +P($n, xn) }

(3.3)

< max {ap(on1,2.), -
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S p(xnflaxn)-

Hence {p(zn,%n+1)} is a decreasing sequence of nonnegative real numbers. It
follows that, there exist 7 > 0 such that

lim p(xna xn+1) =T
n—oo

If r = 0, then p(zy, 2,) < 2p(Tpn, Tny1) for all n € N. So lim p(x,,z,) = 0. Now,

n—oo
we consider the case r > 0. To do this, we set
7y = max {ap(zn_1, Tn), min {p(zn_1,Tn—1),p(Tn, Tn)}}
for all n € N. From (3.3) and lim p(x,,2p41) = 7 we have lim r,, = r.
n—00 n—oo

We shall prove that r, = ap(x,,x,—1) for finite n. If r, = ap(z,,x,-1) for
infinitely many n then there exists a sequence {n;} of positive integers such that

T’I’Lk = ap(xnk ) wnkfl)-
Letting ny — oo we obtain r = «r. This is a contradiction with a € [0,1) and r > 0.
Hence r,, = ap(xy, ,—1) for finite n. Combining this fact with the definition of r,,
, we can deduce that
lim p(x,,z,) = 7.

n—oo
Now for each n = 1,2, ... by (P4) in the definition of weak partial metric space , we
have
p(xn, xn) + p($n+2, xn+2)
2
p(xnv anrQ)

p(xnv $n+1) + p(xn_H, $n+2) - p(fEn+1, xn+1)~

IN

min {p(wTH -Tn)7p($n+2, xn+2)}

IN A

It follows from the above inequalities and
lim p($n,$n+1) = lim p(xnaxn) =r
n—oo n—oo
that
lim p(xru xn+2) =T.
n—oo
By induction we infer that
lim p(xna xn+s) =r
n—oo
for every positive integers s that is equivalent to saying that lim p(z,, %) = r.
n,m— o0
Hence {z,} is a Cauchy sequence in (X,p). Since (X,p) is complete there exist
u € X such that {z,} converges to u as n — oo that is

r=p(u,u) = lim p(eg,u) = m_p(eg, o).

n,m—o0
Let us prove

p(u, Tu) < p(u, u).
For each n, we have
p(u,u) + p(Tu, Tu)
2

min {p(u, u),p(Tu, Tu)} <

< p(u,Tu)
< plu,xn) + p(xn, Tu) — p(Tn, Tn)- (8.4)
Now we need some computations for p(z,,Tu). So from (3.1) we have

p(Tu,z,) = p(Tu,Txp_1)
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ap(u, Tp—1),bp(u, Tu), cp(p—1, TTn_1),

< max] d{p(u,Txp-1)+ p(zp_1,Tu)},
min {p(u7 U)>p(33n717 xnfl)}
ap(ua xn—l)a bp(“a Tu)a Cp(xn—la xn)a
= max { 2dp(u, ), 2dp(n—1, T), p(u, Tn—1)
p(u7 mn—l)v bp(u7 TU), Cp('rn—ly xn);
= i, ), 2dp(w 1, Tu)
S max { p(ua xn—l)a bp(ua TU/)7 Cp(l‘n_l, xn)v de(ua xn)a
2d [p(xn-1,u) + p(u, Tu) — p(u, u)]
< max {p(u, u), bp(u, Tuw), 2dp(u, Tu)}
< max {p(u,u), ap(u, Tu)}

|

(3.5)

and we get {p(Tu,z,)} is bounded sequence. Thus it has a convergent subse-

quence {p(Tu,x,,)}. Taking the limits from (3.5) as n; — oo and we get

lim p(Tu,x,,) < max {p(u,u), ap(u, Tu)}.

nE—00

Also letting nj, — o0 in (3.4) and combining with the above fact , we have

p(u, Tw) p(u,u) + max {p(u, u), ap(u, Tu)} — p(u,v)
max {p(u,u), ap(u, Tu)}

p(u,u).

IN A IA

Set
pp =inf{p(y,y) 1y € X}
For each k = 1,2, ... we can fix ¥ € X such that

1
p(xk,g;k) < pp+ T

By what we have proved for each k = 1,2, ... we can seek u* such that T"z* —

as n — oo and
p(Tuk,uk) < p(uk,uk) = Tyk-
We shall show that
lim p(u”,u™) = pp.

n,m— o0

Given € > 0 and put ng := [5(13’77(1)} + 1. If £ > ng then using (3.1) we have
pp < p(Tu®,Tu¥)
ap(u®, u¥), bp(u®, TuF), ep(u®, Tu),

< maxg d{p(u®, Tu*) + p(u*, Tu")},
min{p(uk7uk)ap(uk7uk)}
< max{ap(uk,Tuk),p(uk,uk)}
< p(u, )
and so
pp < p(Tuf, Tuk) < p(u®,u¥) = ryp < p(a*,z")

< n 1 <ot 1 - e(l—a)
S T s S 3 |

This implies that
U, : =pa® a®) —p(Ta* T2")

k
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e(l—a) e(l—a)
< ppt || = |-
P 3 P 3

Also if £ > ng then
1

o

1
p(uF u) = r,, < p(aF k) < p, + T <+

implies that
(1-«
) < g | )
) <

Now, for each m,n > ny, it follows from p(u”, Tu)
that

p(uk,uk) for all k = 1,2, ...

pu”,u™) < pu™, Tu™)+p(Tu” u") + p(Tu™, Tu")
—p(Tu™, Tu™) — p(Tu"™, Tu™)
< p(um,w™) + plu”, u) + p(Tu™, Tu)
—p(Tu™, Tu™) — p(Tu™, Tu")
= Un+ U, +p(Tu™,Tu")
< 2 [5(1;0‘@ + p(Tu™, Tu™). (3.6)
On the other hand, we have
ap(u™, u™), bp(u™, Tu™), ep(u™, Tu™),
p(Tu™, Tu") < max< d{p(u™ Tu")+ pu", Tu™)},
min {p(u™, u™), p(u",u™)}

ap(u™,u™), bp(u™, Tu™), cp(u™, Tu™),
p(u'nL’ un) +p(u",Tu") _p(un, un)+
< d
= max { p(u™, u™) + p(u™, Tu™) — p(u™, u™) |’
min {p(u™, u™), p(u", u")}
ap(u™, u™), bp(u™, Tu™), ep(u”, Tu™),
pl ) ) ) )
< ma d )
= e { pu™, ™) + plu™, ) — pu, u™)
min {p(u™, u™), p(u", u")}
<

max{ ap(u™, u™), bp(u™, Tu™), cp(u", Tu™), }
2dp(um,u”),m1n{p( , m),p(u ,u™)}

< max {ap(u™, u"), p(u™, u™), p(u",u")} .
By combining the above inequality with (3.6) we get

IN

p(u™,u™)

[

IA

2 {8(1;06)] + max {ap(u™, u™), p(u™,u™), p(u”,u™)} .
This implies that

p(u",u™) < max aple”, ") + 2 {6(1 O‘)} ’
- p(u™, u™) +2 [5(137(1)} p(u”,u™) + 2 [5(1 a)}

Thus

n

pp < plu”,u™)
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gs,p(u )+2[ - Q)},
p(u” )+2[5(1 a)}

%Eapp |:8(1 Ot):| +2 ( ) )

1— 1
e[ 252

2
max {3£,pp +(1- a)s}

IN
g
©
]

max

IN

IN

2
< max {35,,0p + 5}
= ppte.
Therefore lim p(u™,u™) = p,, hence {u"} is Cauchy sequence. Since (X, p) is
n,Mm— 00

complete, there exist y € X such that " — y as n — oo that is

p(y,y) = lim p(u",y) = lim p(u",u™) = pp.

n,MmM—00

Hence y € X, or X, # (). In this way (a) is proved.
Now if y € X, then there exist v € X such that

p(u, Tu) < p(u,u) =1,

where
u= lim T"y.
We have
pp < p(Tu,Tu) and p, < p(u,u) = p(u, T'u)
and
p(Tu, Tu) + p(u, u)
pp < ( 5 ( <p(u,Tu) = p(u,u) = ry <p(y,y) = pp
S0

p(“a u) = p(Tua u) = p(Tu, Tu)
or u = Tu. To finish the proof we have to show that if u, v € X,, are both fixed point
of T then u = v. Indeed it follows from Tu = v ,Tv = v and p(u,u) = p(v,v) = pp
that
p(u,v) = p(Tu,Tv)
ap(u, v), bp(u, Tu), cp(v, Tv),

< max{ d{p(u,Tv)+p(v,Tu)},
min {p(u, u), p(v,v)}
< max{ap(u,v),p(u, u),p(vw)}.

This implies that (1 — «)p(u,v) < 0 or p(u,v) < p(u,u) = p(v,v) = pp. If
(1-a)p(u,v) <0
then p(u,v) =0, thatis u = v. If
p(u,v) < p(u,u) = p(v,v) = pp
then p(u,v) = p(u,u) = p(v,v) that is u = v.
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Corollary 3.1. Let (X,p) be a complete weak partial metric space and T : X — X
be a mapping such that for all x,y € X

ap(z,y),bp(x, Tx), cp(y, Ty),
p(T, Ty) < max { d{p(z,Ty) +p(y, Tz)} }

for some a,b,c € [0,1) and d € [0, %) Then X, is nonempty and there is a unique
u € X, such that v = T'u.

Corollary 3.2. Let (X,p) be a complete weak partial metric space and T : X — X
be a mapping such that for allz,y € X

p(Tx, Ty) < max{ap(z, y), min {p(z, z), p(y,y)}}

for some a € [0,1) . Then X,, is nonempty and there is a unique u € X,, such that
u=Tu.

Corollary 3.3. Let (X,p) be a complete weak partial metric space and T : X — X
be a mapping such that for all x,y € X

p(Tx,Ty) < ap(x,y) + bp(x, Tx) + cp(y, Ty) + d {p(x, Ty) + p(y, Tx)}
forsomea+b+c+d<1landa,b,c,d > 0. ThenT has a unique fixed point.
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