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ABSTRACT. In this paper, we introduce a new uniformly generalized Lipschitzian type
condition for a one-parameter semigroup of self-mappings and utilize the same to show that
a uniformly generalized Lipschitzian semigroup of nonlinear self-mappings of a nonempty
closed convex subset C of real Banach space X admits a common fixed point provided
the semigroup has a bounded orbit and k is appropriately larger than one. Finally, we
prove that a semigroup of self mappings T' = {T'(¢) : t € G} defined on a nonempty weakly
compact convex subset C' of a Banach space X with a weak uniform normal structure

satisfying liminfesi— oo ‘ ()| ‘ = limgst—oo ‘ [IT(t)]| ‘ =k < WCS(X)po admits a
common fixed point where po = inf{u > 1: u(1—0x(1/p)) > (1/2)}, and WCS(X) is the
[|T(t)]| ‘ is the exact Lipschitz constant

of T'(t). Our such result is an extension of the corresponding results due to L.C. Ceng, H.
K. Xu and J.C. Yao [5] and L. C. Zeng [29].

weak convergent sequence coefficient of X while

1. INTRODUCTION

Let X be a real Banach space equipped with uniform normal structure and C be a
nonempty closed convex subset of X. A mapping T : C — C is said to be Lipschitzian
if, for each integer n > 1, there exists a constant k, > 0 such that

[|T"z — T"y|| < knllz — y|| for all z,y e C.

A Lipschitzian mapping is said to be a k-uniformly Lipschitzian mapping if k, = k for all
n>1.
A Banach space X is said to have weak normal structure if every weakly compact convex
subset C' of X with more than one point contains a nondiametral point, that is, zg € C
for which

sup{||zo — y|| : y € C} < diam(C).
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Every Banach space equipped with normal structure also owns the weak normal structure,
but the converse is not true. For reflexive Banach space these properties are equivalent.

Bynum [3] defined weak convergent sequence coefficient of X as the number

WCS(X) = inf{A({zn})/ inf{lim sup||zn —y|| : y € co{an}}},

where the first infimum is taken over all weakly convergent sequences in X while ¢o(A)
denotes the closure of the convex hull of the subset A C X, and A({z,}) is the asymptotic
diameter of {z,} (i.e., the number lim, o (sup{||z; — ;|| : 4,5 > n}). It is readily seen
that 1 < WCS(X) < 2. Following [], we say that the Banach space X has a weak uniform
normal structure provided WCS(X) > 1.

In 1973, Goebel and Kirk [11] posed the question whether or not the constant v > 1
satisfying the equation

(1=0x(1/v)v =1, (1.1)

is the largest number for which any k-uniformly Lipschitzian mapping 7" with k& <
has a fixed point where dx denotes the modulus of convexity of X.

In 1975, Lifschits [19] proved that a k-uniformly Lipschitzian mapping defined on a
Hilbert space with k < v/2 has a fixed point.

Casini and Maluta [4] and Ishihara and Takahashi [14] proved that a uniformly
k—Lipschitzian semigroup of self-mappings defined on a Banach space X has a common
fixed point provided k < y/N(X) where N(X) denotes the uniform normal structure co-
efficient.

In 1992 Jimenez-Melado [15] defined the GGLD property for a Banach space X as
follows:
X is said to have GGLD provided D[(z,)] > 1 where {z,, } is any weakly null sequence such
that lim, . ||zn|| = 1, and D[(z,)] = limsup,,__, .. limsup,,__, . ||Zn — Zm||; he defined
also the coefficient 8(X) of X by 8(X) = inf{D[(zn)] : zn — 0 weakly and ||z, | — 1}.

Thereafter, k-uniformly Lipschitzian mappings have extensively been investigated by
many authors. Moreover, some of results proved for uniformly Lipschitzian mapping have
been extended to uniformly Lipschitzian semigroups, and even to Lipschitzian semigroups

(e.g. [20-[39)).

Particularly, in 1993, Tan and Xu [25] answered the earlier mentioned question of
Goebel and Kirk [11] in negative by proving the following:

Theorem 1.1. ([25], Theorem 3.5) Let C' be a nonempty closed convex subset of a
real uniformly convex Banach space X while 7 = {T, : s € G} be a k-uniformly Lip-
schitzian semigroup of mappings on C with k < a where a > 1 is the unique solution of
the equation

062 —1 1

7N(X)5X (1--)=1 (1.2)

wherein N(X) > 1 is the normal structure coefficient of X. If there exists an zo € C such
that the orbit {Tszo : s € G} is bounded, then there exists z € C such that Tsz = z for
all s € G.

It is easy to prove that v < «, where v and « are the solution of equations (1.1)
and (1.2), respectively. Consequently, the constant ~ satisfying equation (1.1) is not the
biggest number for which every k-uniformly Lipschitzian mapping 7" with k < - has a fixed
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point. Indeed, the best possible number + is still unknown even in the setting of Hilbert
spaces. It is therefore an interesting question to find another constant o™ which is strictly
bigger than « and for which every k-uniformly Lipschitzian mapping T with k < o™ has a
fixed point.

In 1995, Dominguez Benavides et al. [6] applied a new method to construct a sequence
which converges to a fixed point of non-expansive mappings.
Theorem 1.2 (cf. [7]). Suppose X is a Banach space which is not Schur. Then:
(i) X has the GGLD property if and only if limsup,,_,  ||n — Zso|| < A({zn}), where
{z,} is any weakly (not strongly) convergent sequence in X with limit Zeo.
(i) B(X) = WCS(X).

Some years later, Zeng and Yang [32] proved a fixed point result for Lipschitzian
semigroups of mappings as follows:

Theorem 1.3. ([32], Theorem 3.1) Let C be a nonempty bounded subset of a uni-
formly convex Banach Space X, and let 7 = {7, : s € G} be a k-uniformly Lipschitzian

semigroup on C' with
liminf ||T5|| < v/70N(X),
where
Yo = inf{y: y(1 = dx(1/7 = 1/2)),
and ||7s|| is the exact Lipschitzian constant of Ts. Suppose also there exists a nonempty

bounded closed convex subset E of C with the following properties:
(P1) z € E implies wy (x) C E; where wy () is the weak w-limit set of 7 at z, i.e.,

ww(z) ={y € X : y = weak — lim;,, T}, x for some subnet {tn} C G}.

(P2) 7 is asymptotically regular on Ej i.e., lim¢ ||Ti4sx — Tix|| =0, Vs € G,x € E.
Then there exists z € C such that Tsz = z for all s € G.

Also, Kuczumow [18] proved the following theorem:
Theorem 1.4 (cf. [18]) Let C be a nonempty convex weakly compact separable subset
of a Banach space X while T' = {T'(t) : t € G} be an asymptotically regular semigroup

of mappings defined on C such that liminfest— o ‘ T(®)| ‘ =k < y/WCS(X). Then
there exists z € C such that T'(t)z =2 V t € G.

Recently, Ceng, Xu and Yao [5] studied the existence of fixed points of uniformly
Lipschitzian semigroup 7 = {7Ts : s € G} of mappings in the setting of Banach space X
under conditions weaker than uniform convexity. More precisely, their improvements can
be adjudged twofold:

(1) firstly, authors replaced the uniform convexity of X (in Theorem 1.1) by relatively
weaker condition of uniform normal structure of X;

(2) secondly, they removed the asymptotic regularity of the semigroup 7 = {75 : s € G}
on the Banach space X (in Theorem 1.3).

Also, Zeng [29] proved the following fixed point result which extends previously known
results due to [7, 8, 13, 18]:
Theorem 1.5 (cf. [29]) Let C be a nonempty convex weakly compact subset of a Banach

space X equipped with weak uniform normal structure while T'= {T'(t) : ¢t € G} be as-
ymptotically regular semigroup of mappings on C such that liminfgs:——oc | ||T(2)]| ‘ =

k< WCS(X).
If each T'(¢) is weakly continuous, then F'(¢) is nonempty.

The purpose of this paper, is to extend the result due to Ceng, Xu and Yao [5] by using
the new definition of uniformly generalized Lipschitzian type mappings for one-parameter
semigroups of self-mappings.
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Clearly, it remains a natural question whether Theorem 1.5 is true for the estimate
liminfgst— 0o ‘ [IT(t)]| ‘ =k < WCS(X)po, where po > 1.

The other purpose of this paper is to answer the above question as well.

2. PRELIMINARIES

In what follows, we recall some relevant definitions and results in respect of uniformly
generalized Lipschitzian mappings in Banach spaces.
In 2001, Jung and Thakur [16] introduced and studied the following class of mappings.

Definition 2.1(see [16]). A mapping T : X — X is said to be ”generalized Lipschitzian
mapping (in short G1-Lipschitzian)” if

IT"2 = T"y|| < anllz = yll + ba([lx = T || + [ly = T"y) + ca(llz = T"yl| + |ly — T"=[])

for each z,y € X and n > 1, where ay,b, and ¢, are nonnegative constants such that
there exists an integer ng such that b, + ¢, < 1 for all n > ng. Here it may be pointed
out that this class of generalized Lipschitzian mappings is relatively larger than the classes
of nonexpansive, asymptotically nonexpansive, Lipschitzian, and uniformly k-Lipschitzian
mappings. The earlier mentioned facts can be realized by choosing constants an, b, and
cn, suitably.

On other hand, in 2009, Soliman [24] defined another class of generalized Lipschitzian
mappings as follows.

Definition 2.2 (see [24]). A mapping T : X — X is said to be ”generalized Lip-
schitzian mapping (in short G2-Lipschitzian)” if for each integer n > 1, there exists a
constant k, > 0 (depending on n) such that

1 1
1" = Ty < ko max { |l — yll, 5llz = T"all, 51ly = T"yl|}
for every x,y € X. If k,, = k for all n > 1, then T is called uniformly G2-Lipschitzian.
Now, we will define another class of generalized Lipschitzian mappings as follows.

Definition 2.3. A mapping T': X — X is said to be "generalized Lipschitzian map-
ping (in short G3-Lipschitzian)” if for each integer n > 1 there exists a constant k, > 0
(depending on n) such that

1 1 1 1
" ~T"yl| < ks {la =y, o lle =T, o[y =Tl 5l ="l o lly=T"a]}

for every z,y € X, If k, = k for all n > 1, then T is called uniformly G3-Lipschitzian,
where p > k, p > 1.

Definition 2.4. Let C be a closed convex subset of a Banach space X. Then the collec-
tion 7 = {7 : s € G} of mappings of C into itself is said to be Lipschitzian semigroup on
C if the following conditions are satisfied:

(i) Tstx = TsTyx for all s,t € G and x € C;

(ii) for each = € C, the mapping t — Ty from G into C is continuous;

(iii)for each t € G, T} : C — C' is continuous on C;

(iv) for each t € G, there exists a constant ks > 0 such that

[|Tex — Tyy|| < ke||z —y|| for allz,y € C.

In particular, if k; = k then 7 = {Ts : s € G} is called k-uniformly Lipschitzian semigroup
on C.
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Definition 2.5. A semigroup 7 = {7 : s € G} of self mappings defined on X is called a
uniformly G1-Lipschitzian semigroup if

IT@®)z=T@)yll < a®)llz—yl|+b)(|[[z=T@)||+[ly=T )yl )+c@) (lz=T)yll+|ly=T(t)=[])
for each z,y € X, where a(t),b(t) and c(t) are nonnegative constants b(t) + c(t) < 1,
sup{a(t) : t € G} = a < oo, sup{b(t) : t € G} = b < oo, and sup{c(t) : t € G} = c < ©
with b+c < 1.

The simplest uniformly G1-Lipschitzian semigroup is a semigroup of iterates of a
mapping T' : X — X whenever sup{a(t) : t € G} = a < oo, sup{b(t) : t € G} = b < o0,
and sup{c(t) :t € G} =c < oo with b+ ¢ < 1.

Ahmed H. Soliman [24] introduced the following definition.

Definition 2.6. A semigroup 7 = {7 : s € G} of self mappings defined on X is called a
uniformly G2-Lipschitzian semigroup if
sup{k(t) : t € G} = k < o0,

where
IT(e)e — T(e)yl < k(e max { |z~ 1], 1l ~ T(0)ll, 5ly — T(0)wll}

for each z,y € X and max{Hx —yll, 3llz = T@®)=|], 3|y — T(t)y||} # 0.

Finally, we will introduce the following definition,
Definition 2.7. A semigroup 7 = {7 : s € G} of self mappings defined on X is called a
uniformly G3-Lipschitzian semigroup if

sup{k(t) : t € G} = k < o0,

where
IT(t)z — T )yl < k(t)M(z,y)
for cach @,y € X and M(z,y) = max{ ||z — yll, |z — Tl £y — T(0)wll, lx -

T(yll, 51y — T(t)al| } # 0.

Remark 2.8. The class of uniformly G3-Lipschitzian semigroups is relatively larger
than the other classes namely: uniformly G1-Lipschitzian semigroups, uniformly G2-
Lipschitzian semigroups, and also uniformly k-Lipschitzian semigroups.

Recall that X is strictly convex if its unit sphere does not contain any line segments,
that is, X is strictly convex if and only if the following implication holds:

zye X, |l =|lyll =Tand ||(z +y)/2l| =1 =z=y.

In order to measure the degree of convexity of X, we define its modulus of convexity
X - [Oa 2] - [Oa 1] by

ox(e) = inf{1 —[|(z +y)/2| : [|z]| < L |lyll < 1 and [|z — y|| > €}

The characteristic of convexity of X is the number eo(X) = sup{e : 6x(¢) = 0}. It is easy
to see [10] that X is uniformly convex iff €9(X) = 0; uniformly nonsquare iff €9(X) < 2;
and strictly convex iff §(2) = 1. Moreover, if £9(X) < 1; then X has a normal structure,
that is, each bounded convex subset H of X containing more than one points admits a
point xg such that sup{||zo — z|| : € H} < diam(H).

The following properties of modulus of convexity of X are quite well-known (see [12]):
(a) dx is increasing on [0,2] and moreover strictly increasing on [eo, 2];
(b) dx is continuous on [0,2)(but not necessarily at € = 2);
(c) 6x(2) =1 iff X is strictly convex;
(d) 6x(0) =0and lim,__,— dx(c) =1—¢e0/2
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(e) llla—=|[ <mlla—yl| <rand ||z -yl >e] = |la—(z+y)/2|]|<r(l—0dx(e/r)).

Recall that the normal structure coefficient N(X) of X is the number (see [3])

inf { diamK }

’I'K(K) ’
where the infimum is taken over all bounded closed convex subsets K of X with more
than one member, and rx (K) and diam(K) are Chebyshev radius of K relative to it self
and the diameter of K, respectively, i.e., 7k (K) = infyex sup e ||z — y|| and diamK =
sup, ,ex |7 —yl|- A Banach space X is said to have uniform normal structure if N(X) > 1.
It is known that a Banach space with uniform normal structure is reflexive and that all
uniformly convex or uniformly smooth Banach spaces have uniform normal structure (see,
e.g., [35]). It is also been computed that N(H) = /2 for a Hilbert spaces H. The
computations of the normal structure coefficient N(X) for general Banach spaces look
however complicated. No exact values of N(X) are known except for some special cases
(e.g., Hilbert and L? spaces). In general, we have the following lower bound for N(X) (see

[3, 21, 1])

1
NX) 2 75—

Other lower bounds for N(X) in terms of some Banach space parameters or constants
can be found in [17, 22].

Tan and Xu [25] have also proved that if X is uniformly convex and v > 1 is the
unique solution of the equation (1.1), then N(X) > 7. Note that for a Hilbert space H,
we have N(H) = /2 and v = v/5/2.

Suppose X is uniformly convex Banach space. Then it is easily seen that the equation
_ 1, =
a?5x'(1- =)N(X) =1 (2.1)
@
has a unique solution a > 1, where N(X) = 1/N(X). Tan and Xu [25] proved that if
v > 1 and a > 1 are the solution of (1.1) and (2.1), respectively, then v < «a. Note that

= 2 =1 .
~v=+/5/2, and « \/ﬁ>7

We need the notation of asymptotic centers, due to Edelstein [9]. Let C be a non-
empty closed convex subset of a Banach space X and let {z; : t € G} be a bounded net of
elements of X. Then the asymptotic radius and asymptotic center of {z:}+ec with respect
to C are the number

= inf lims —Ylls
ro{z:} = inf limsup|z. — ||
and respectively, the (possibly empty) set
Ac({ze}) = {y € C: limsup |[z; — y|| = re({x:}).
t
Lemma 2.1. (cf. [25]) If C is a nonempty closed convex subset of a reflexive Banach
space X, then for every bounded net {z:}icc of elements of X, Ac({z:}) is a nonempty

bounded closed convex subset of C. In particular, if X is a uniformly convex Banach space,
then Ac({x+}) consists of a single point.

The following lemma can be proved in exactly the same way as in Lim [20] for
sequences and the proof is thus omitted here.
Lemma 2.2.(cf. [25]) Suppose X is a Banach space with uniformly normal structure.

Then for every bounded net {x:}icc of elements of X there exists y € co({z: : t € G})
such that _
limsup ||z —yl| < N(X)D({z:}),
¢

where N(X) = 1/N(X), and co(E) is the closure of the convex hull of a set E C X and
D({z}) = li{n(sup{”:vi — || : t < 4,5 € G}) is the asymptotic diameter of {z;}.

Lemma 2.3 (cf. [34]). Let X be a Banach space, C' be a nonempty weakly compact
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separable subset of X, and T'= {T'(t) : t € G} be a semigroup of mappings of C' into it self
with k = liminfgsi— oo ‘ [|T(t)]| ‘ < +00. Then there exists a positive sequence {t,} C G
such that for each z € C, the sequence {T'(t,)z} converges weakly.

3. ON GENERALIZED LIPSCHITZIAN MAPPING

The following lemma plays an important role in proving our results.
Lemma 3.1. If {Tizo;s € G} is bounded for some 2o € C and 7 = {Ts;s € G} is a
k-uniformly generalized Lipschitzian semigroup of mappings on C, then {Tsz;s € G} is
bounded for each z € C.

We next present the first result of this paper which weakens the uniform convexity
assumption in Theorem 1.1.
Theorem 3.2. Suppose C be a nonempty closed convex subset of a real Banach space X
with N(X) > max(1,e0), while 7 = {Ts;s € G} be a uniformly generalized Lipschitzian
(in short G3-Lipschitzian) semigroup of mappings on C' with p < a. where g¢ is the
characteristic of convexity of X and
Qe = sup {a calot (1 — é)N(XY1 <1 and41- é €(0,1— %50)}, (3.1)

If {Tsxo : s € G} is bounded for some xg € C, then there exists z € C such that Tsz = z
for all s € G. _
Proof. Put N(X) = N(X)™'. Observe that the set

[a:alsii(1 - é)N(X)’l <land1- é €(0,1— %50)} £ 6. (3.2)

Indeed, by properties (a),(b),(d) of the modulus §, of convexity of X, we see that the
mapping
1
533 : [80,2) — (5;6([80,2)) = [07 1-— *&‘0)

2
is strictly increasing and continuous, and hence a bijection. Thus, we deduce that
lim a?55 (1~ 2)N(X) ™ = 55 (0N (X) = 20N (X) < 1.
a—-1 (0%

which amounts to say that there exists g > 1 such that addy' (1 — C%O)ZV(X) <1 and

1 1
1— o= € dul(e0.2)) = [0.1— 5eo).

This verifies our assertion (5).

Since X has a uniform normal structure and X is reflexive, due to the boundedness of
{Tsxo : s € G} and Lemma 2.1, we conclude that Ac({Tizo}t € G) is nonempty bounded
closed and convex subset of C. Then, we can choose z1 € Ac({T¢o}tec) such that

limsup ||Tixo — z1|| = inf limsup ||Tizo — Y|
t yeC +
Since 7 satisfies a k—uniformly generalized Lipschitzian property, owing to Lemma 3.1

T:x1 remains bounded.
Consequently we can choose z2 € Ac({Tix1}ieq) such that

limsup ||Tix1 — z2|| = inf limsup ||Tzz1 — |-
t yel t
Continuing this process, we can construct a sequence {x» }n=o in C with the following two
properties:

(i) for each n > 0, {Tixn }icc is bounded,;
(ii) for each n > 0, nt1 € Ac({Tixn}teq); that is n41 is a point in C such that

im|[|Tewn — 2n || = iof lim ||Tyzn — y].
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Write r,, = r¢({Tixn }tec). Then by Lemma 2.2 we have

Tn = limsup ||Tizn — Tnt1]|

o~

< N(X)D({Tywn }icc)
= N(X) lim(sup{||Tiwn — Tjwal| : t <15 € GY)

~ 1 1
< N(X)klim(sup max{[|zn — Tj—izn|l, -[|zn = Tizall, | Tiwn — Ti-izall,

2p 2p

sl = Tywall, o [Ty iaen — Tial [}

2p n Jdn 72p J—itn 1bn

< N(X)klim(sup max{d(z») id(m ) ld(ac ) id(yc ) ld(x )}

—_ t n)j)sy 2p njs p nj)y 2p n 7p n

< N(X).k.d(zn),
that is,

rn < N(X).kd(zn) < p.N(X).d(z). (3.3)

where

d(zn) = sup{||zn — Tizal| : t € G}.
We may assume that d(z) > 0 for all n > 0 (otherwise z,, is a common fixed point of the
semigroup 7 and the proof is over). Let n > 0 be fixed and let £ > 0 be small enough. We
can choose j € G such that

[Tj@ni1 = onya|| > d(@ni1) — €
and then choose so € G so large that
ITun — o]l < 1o+ < plrn +¢)
for all s > so. Now, for s > so + j,

1 1
[Tean = Tymall < kmax{|ITacyon = wonll, 3ol Town = Tosall, ol onin = Diznsall

1 1

?pHTs—jxn - zjn+1H: %Hxn-&-l - Tsan}
1 1 .

< kmax{||Ts—jzn — Tatrll, o= [|Tszn — To—jznll, o limsup [|zn1 — Tjexnll,
2p 20 ¢

1 .. 1
% hmtsup |Ts—jzn — Tjteznll, %warl — Tsznl|}

1 1 1 1
< kmax{r, + g, *(Tn + 5)7 7(7"71 + 5)7 7(7ﬂ7l + 6)7 7(7"" + 5)
{ p 2p p 2p }
so that
Tstn — Tynsal] < h(rn + ) < plrn +2).
Then owing to property (e), it follows that
1 d(xpn4+1 — €
T = s + Tmns)ll < plrat €)1 - b (Lo =2)))
for s > so + j and hence
. 1 d($n+1 — E)
< = ; < oy (BRI T EIN Y
< hmssup [|Tsxn 5 (n+1 + Tjxnt1)|] < plrn +¢) (1 6X( o 1) ))

Taking the limit as € — 0, we obtain

o < Pra (1 — (SX(%))

which implies that
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or

(@) < prodi* (1= ) (3.5)

Indeed, if d(xn+1)/(prn) € [0,€0), then noticing that dx : [€0,2) — [0,1 — &0/2) is
a bijection and that 1 — % lies in [0,1 — £0/2). By assumption k£ < p < ax, we have
5% (1 - %) > eo; hence d(xn41)/(prn) < 65" (1 — %) and (3.5) follows. If d(xn41)/(pra) €

[€0,2], then it is clear that d(zn+1)/(prn) <55 (1 — %) This also shows that (3.5) is true.
Therefore, utilizing (3.3) and (3.5), we obtain

d(an) < P NOOSK (1= S)d(wn). (3.6)

Write A = pQN'(X)(S;(l(l — %) Then A < 1. Indeed, from the assumption that p < a. it
follows that there exists an & > p such that

&N (X)dx (1 - é) <1 and (1-

) € 0x((€0,2)).

Qi =

It then turns out that 63! (1 — 1) < dy'(1 — %), and

~ _ 1 ~ - 1
A=p’N(X)ox' (1 - ;) <& N(X)ox'(1— )<L
Hence, it is follows from (3.6) that
d(zn) < Ad(zn-1) < ... < A"d(z0). (3.7
Since
[|Xn+1 — Tnll <limsup ||Tixn — Tnt1]| + limsup ||Tixn — nl|
t t

<rp+d(zn) < 2d(xn).

We get from (3.7) that Y07 | ||#n41 — Zn|| < o0, and hence {z,} is a norm-Cauchy. Let

z = ||.|| = limy, 2. Finally, we have for each s € G,
||z — Tsz|| = lim ||zn — Tsznl|

< lim d(zn)=0
so that Tsz = z for all s € G. This completes the proof of the theorem.

Corollary 3.4. Suppose that X is a real Banach space with N(X) > max(1,e0), and C
is a nonempty closed convex subset of X, while 7 = {Ts;s € G} is a uniformly general-
ized Lipschitzian (in short G2-Lipschitzian) semigroup on C with p < .. Also, o is the
characteristic of convexity of X and

S 1 . 1 1
* = M —_— < _ — —_ - .
a sup{a a5y (1 a)N(X) <land1l " € (0,1 250)}
If {Tsxzo : s € G} is bounded for some zo € C, then there exists z € C such that Tsz = 2z

for all s € G.

Theorem 3.5. Let C' be a nonempty bounded subset of a uniformly convex Banach
space X, and 7 = {Ts : s € G} be a k-uniformly generalized Lipschitzian (in short G3-
Lipschitzian) semigroup of mappings on C such that

p < \V/YN(X), where yo = inf{y > 1:~(1 —dx(1/7)) > 1/2. (3.8)
Also, there exists a nonempty bounded closed convex subset E of C' with the following
property (R):
(R) = € E implies wy(z) C E.
Then there exists z € E such that Tsz = z for all s € G.
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Proof. Take an zo € E and, consider for ¢t € G, the bounded net {Tszo : t < s € G}.
Owing to Lemma 2.2, we have a y; € co{Tsxo : t < s € G} such that

limsup ||Tszo — || < N(X)D({Tszo}t < s € G), (3.9)
where N(X) = 1/N(X) and D({Tsao}t < s € G) denotes the asymptotic diameter of the
net {z} i.e, the number

li{n(sup{Hzi —zjl|:t<1i,5 € G}).
Since X is reflexive, {y:} admits a subnet {y:,} converging weakly to some z1 € X. From

(3.9) and the weak lower semicontinuity of the functional limsup, ||Tizo — y||, it follows
that

limsup |[Tiwo — x1|| < N(X)D({Twwo}t € G). (3.10)
t

It is also seen that 1 € ﬂtGG co{Tszo : t < s € G} and
||z — z1|| < limsup ||z — Tyxo|| for all z € X. (3.11)
t
Owing to Property (R) and the fact that (,., €0{Tszo : t < 5 € G} = co{waw (w0)} which
is easy to prove by using the Separation Theorem (see [2]). As, we know that z; lies in F,

we can repeat the above process and obtain a sequence {zn }n—¢ in E with the properties:
(for all nonnegative integers n > 0),

limsup || Tyzn — Tni1|| < N(X)D({Tizn}t € G) (3.12)
t

and

||z — @n+1|| < limsup ||z — Tiz,|| for all z € X. (3.13)
t

Write r,, = limsup, ||Ti2n — Zny1|| and d(zn) = sup{||zn, — Tizn]|| : t € G}. Thus in view
of (3.12), we have

Tn = limsup ||Tixn — Tnt1]|

o~

< N(X)D({Tvwn}icc)

N
N(X) lim(sup{||Tin — Tjzal| : ¢ < i, € G})
N

. 1 1 1
(X)klim(sup max{[jen = Ti—iznll, 3 llen = Tizall, [ Ts2n = Ti—iznll, 37 llen = Tiznll

1
,ypHijﬂn — Tiwnl|}

. 1 1 1
(X)k h{n(sup max{d(zn), —d(xn), ;d(a:n), %

1
2 d(xn), ;d(xn)}

<N
< N(X).k.d(zn),
so that

T < N(X).kd(zn) < p.N(X).d(z,). (3.14)

We may assume that d(z,) > 0 for all n > 0. Let n > 0 be fixed and let £ > 0 be small
enough. First choose j € G such that

[Tj2nt1 — nga|] > d(@ni1) — €
and then choose so € G so large that
[ Tswn — Tnia|l <rn+e < p(rn +e)
for all s > so. Now, for s > so + j,

1 1
[Tean = Tymall < kmax{|ITacyon = ol ol Town = Loyl golonin = Dzasall
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1 1
%HTs_jxn T $n+1|| pHxn+1 - Tsan}
1
< kmax{||T._jzn — znsill, 5 mww4;wm 5 limsup 271 = Tysazal |,
L jim sup | T ||H| Ty}
— lim su s—ip — Lij4rtTp — || Tn — Lsn
9p 0 P j senlly 5 llEnts

1 1 1 1
< kmax{r, +¢e,—(rn+¢e),—(rn+e¢),—(rn+¢e), —(rn +¢)}
{ p( )Qp( )p( )zp( )}
so that

[ Tszn — Tjznta|| < k(rn +€) < p(ra +¢)
Then, it follows from property (e) that (for s > so + j),

1 d(Tnt1 — ¢)
I Tszn = 5 (@nt1 + Tizna)| p(rn + 5)( (W))
Hence from (3.13) (taking z := (n4+1 + Tj&n+1)/2), we obtain
1

1
5 (d(@ns1 —¢)) <5 (Tiznsr = znsa )

1
5 (@nt1 + Tjzny1)||

< ||zjn+1 b

. 1
< limsup [[Tezn — 5 (2nt1 + Tjznra)l|
t

d(IL‘n.H — E)
< p(rn + 5)(1 p (m)) (3.15)
Taking the limit as ¢ — 0, we have
1 d(aﬁn+1)
5d@ns1) < pra (1 ~bx (pT)> (3.16)

On the other hand, using (3.13)we easily find (for each j € G),

|Tjznt1 — Tnt1)|| < limsup||Tj+:@n — Tngi|| =1 < pra.
t

It turns out that
d(xns1) < pra (3.17)

Combining (3.16) and (3.17) and using the definition of 7o in (3.8), we infer that (pry)/d(zn+1) >
~o. It turns out from (3.14) that
2
d(zni1) < %rn < md(xn).
Consequently, we obtain
d(zn) < Ad(zn-—1 < A™d(x0)),
where A = p?[y0N(X)]™! < 1 by assumption. Noticing that

[|Tn+1 — Tnll < limsup ||Tizn — Tnt1|| + limsup || Tizn — 24|
t t
<y +d(xn)
< (1+EkN(X))d(zn)
< (1+ kN(X))A"d(zo),

so that the series Y o° | [[€ns+1 — @n|| is convergent. This implies that {x,} is strongly

convergent. Let z = ||.|| — limy . Then, we have (for each s € G)
o= Toell = lim |lzn — Tzl
n—so0o

< lim d(zn,)=0

n—00

so that Tsz = z for all s € GG and this concludes the proof.
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Corollary 3.6. Let C be a nonempty bounded subset of a uniformly convex Banach
space X and 7 = {Ts : s € G} be a k-uniformly generalized Lipschitzian (in short G2-
Lipschitzian) semigroup of mappings on C such that

p < A/YN(X), where yo = inf{y > 1:~v(1 —dx(1/v)) > 1/2.

Suppose that there exists a nonempty bounded closed convex subset F of C' with the fol-
lowing property (R):

(R) z € E implies wy,(z) C E.

Then there exists z € E such that Tsz = 2z for all s € G.

4. ON EXPANSIVE LIPSCHITZ CONSTANT

We prove our final result as follows.

Theorem 4.1. Let C' be a nonempty convex weakly compact subset of a Banach
space X equipped with weak uniform normal structure and T' = {T'(¢) : t € G} be an
asymptotically regular k—uniformly Lipschitzian semigroup of mappings on C' such that

lim inf ‘ )| ‘ = lim
Got— o0 G3t— o0
where jio = inf{ > 1: (1 — 6x(1/)) > (1/2)}.
If each T'(t) is weakly continuous, then F'(t) is nonempty.
Proof. Firstly, let us choose a sequence of positive real numbers {¢,,} C G which increase
monotonically to +oo such that

7@ | = k < WES(X)m,

ltiminf‘ Tl ‘ = lim ‘ T ()| ‘ =k < WSCO(X).

Since one can construct (cf. [23]) a nonempty convex closed separable subset Cy of C
which is invariant under T'(¢,) (i.e., (T'(tn)Co C Co ¥V n =0,1,2,...)), we may assume
for a while that C itself is separable. In view of lemma 2.1, by passing to a subsequence
it is possible to assume that for each « € C the sequence {T'(¢t,)z} is weakly convergent.
Now we define a sequence {z,}n=; in C as

zo € C arbitrary, Zm41 =w— lim T(tn)Tm, m > 0.

Now, it is easy to show that 41 = w — lim; oo T(t; + s)zm V s € G, m > 0. Define

R, = limsup||T(t;)Zm — Tm41|] V m > 0.

Jj— 00
Now, we prove that R, < WCS(X) 'D[(T(tn)rx)] ¥ m > 0. Indeed, let R, # 0, and
let {tn,} be a subsequence of {t,} such that

By =l sup[T(t) — ]| = L |[T(t,)om — 2l

Also, define a sequence {y,} as

then ||y;|| — 1 and y; — 0.
Owing to Lemma 2.1, we have

Ttn- m — dm n; m — 4dm
WOS(X) = B(X) < Dl(y)] = limsuplimsup || -7 = Frst  Tln)om = @mis

j—o0 i——00 Rm Rm

< Ri lim sup limsup ||T(tn; )zm — T (tn;)Tm]

m j——00 1—00

L DT (tn,)m)]

<
=R

1
< ED[(T(tn)wm)]
so that

Ry < WCS(X) ' D[(T(tn)zm)]- (4.1)
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Let n > 0 be fixed and £ > 0 be small enough. Choose ts,t, € {t»} such that
T (tn)Tm i1 — T(ta)Tmsr|] > D[(T(tn)Tm+1)] — &,
so that for every s > n,

IT(ts)Tm — w —limp——oo T(tn)Tmyi1|| =w— Um ||T(tn)T(ts — tn)Tm — T(tn)Tm+1]|
<w— tim_| [T [ IT(E ~ t)wn -zl
<(k+¢€)(Rm +¢).

Also; for all s > a,
T (te)am = w —lima oo Tta)aminl| < w— Jm [ [IT()]] | IT(E ~ t)en — 2l
< (k+€)(Rm +¢).
Then; in view of the property (e):
. 1
w — limp a—oo ||T'(ts)2m _Q(T(ta)mm-'—l + T(tn)zms1)||

< (k4 €)(Rm — ) [1 = bx( D [(TISE”R)Tf"f;))] —5)]-(4.2)

Since, each T'(t) is weakly continuous,

DT (t)am )]~ €) < |5 (TE)am s = T(ta)zmsa)]

1
<|T(tn)Tmt1 — §(T(tn)l’m+1 + T(ta)Tm+1)||

1
Jim ([T + ) zm — 5 (T(tn)Tmsr +T(ta)Tm1)|] (4.3)

2

IN

so that in view of (4.2) and (4.3), we have
D(T(tn)xm —€
(DT (tn)2mi1)] — ) < (k + €)(Rm —€) [1 - M%)}
Taking the limit as ¢ — oo, we have

ID((T (tn)2m )] < b [1 = 6 (2L Gelzmst) | (4.4)

Since, each T'(t) is weakly continuous, therefore T'(t;)xm = w — limy— oo T(¢; + t1)Tm—1
for all 4 > 1, so that
D[(T(tn)xm+1)] = limsuplimsup||T (tn)Zm+1 — T (t1)ZTm+1]]
n—soo [|—o0
<limsuplimsup lim ||T(tn + ti)xm — T(t1)Tm+1]]|
n—o00 Z*N:)O 1—>00

< klimsuplimsup lim ||T(tn +ti — t1))Tm — Tm+1]|
oo

n—oo l—o0 T
< kR (4.5)
Combining (4.4) and (4.5) and using the definition of po, we get (kR )/D[(T (tn)Tm+1)] >

to. Owing to (4.1), we have

D[(T(tn)zm+1)] < —Rm

< WS(X)D[(T(%)%@)]
< AD[(T(tn)am)] < ... < A™ D[(T(tn)z0)]

where A = WS(X) < 1 by assumption. It follows from the weak lower semicontinuity

of the norm ||.|| of X that,
[#ms1 = @ml| < Timsup [|lzm = T zml| + 1) 2m — 2]
Jj— 00

< limsup liminf ||T(¢:)zm—1 — T'(¢;)Tm|| + BRm

j—oo T
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< limsup liminf ||T(¢;)T(t: — tj)zm—1 — T(t;)Tm|| + Rm
j——oo 100
< limsuplimsup ||T(#;)T(t; — tj)Tm—-1 — T(t;)Tm|| + Bm
j—o0 i——00
< limsup ||T'(¢t;)|| limsup limsup ||T(t; — t;)Tm—-1 — Tm|| + Rm
j——00 i——00
S kRm—l + Rm
< PlT)zn1)] | DIT(ta)om)]
- WCS(X) WCS(X)
kAM71 + Am
————— D[(T(t,, .
< Mrgscn - PlT e
Hence, {zm} is a Cauchy sequence. Let oo = lim . Then, 2. € C, and

m—00

1T (t5)z0 — Tool|

[|IT(tj)xoo — lim zp|

IN

lim limsup |[|T(¢j)zm — T(tk)Tm—1|

m——00 k—>OO
)
<IT()]]_lim_Ryy=0.

IA

lim limsup ||€m — T(ts — t;)Tm—1]]
— 00

—00

Obviously, T'(t;)Zoc = oo for all j > 1. Now we prove that T'(s)zec = oo for all s € G,

T(s)a = all = lim_[[T(s)ar — o
< lim lim ||T(s+tj)Tm—1 — Tm]|

m—00 j—00

< lim  lim ||T(tk)Tm-1 — Zm]|
m—00 k—— o0
< lim Rn-1=0

s0 that T(8)Tooc = Too. This completes the proof.
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