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ABSTRACT. In this paper, we introduce a new uniformly generalized Lipschitzian type
condition for a one-parameter semigroup of self-mappings and utilize the same to show that
a uniformly generalized Lipschitzian semigroup of nonlinear self-mappings of a nonempty
closed convex subset C of real Banach space X admits a common fixed point provided
the semigroup has a bounded orbit and k is appropriately larger than one. Finally, we
prove that a semigroup of self mappings T = {T (t) : t ∈ G} defined on a nonempty weakly

compact convex subset C of a Banach space X with a weak uniform normal structure

satisfying lim infG3t−→∞

��� ||T (t)||
��� = limG3t−→∞

��� ||T (t)||
��� = k < WCS(X)µ0 admits a

common fixed point where µ0 = inf{µ ≥ 1 : µ(1− δX(1/µ)) ≥ (1/2)}, and WCS(X) is the

weak convergent sequence coefficient of X while
��� ||T (t)||

��� is the exact Lipschitz constant

of T (t). Our such result is an extension of the corresponding results due to L.C. Ceng, H.
K. Xu and J.C. Yao [5] and L. C. Zeng [29].

1. INTRODUCTION

Let X be a real Banach space equipped with uniform normal structure and C be a
nonempty closed convex subset of X. A mapping T : C −→ C is said to be Lipschitzian
if, for each integer n ≥ 1, there exists a constant kn > 0 such that

||T nx− T ny|| ≤ kn||x− y|| for all x, y ∈ C.

A Lipschitzian mapping is said to be a k-uniformly Lipschitzian mapping if kn ≡ k for all
n ≥ 1.
A Banach space X is said to have weak normal structure if every weakly compact convex
subset C of X with more than one point contains a nondiametral point, that is, x0 ∈ C
for which

sup{||x0 − y|| : y ∈ C} < diam(C).
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Every Banach space equipped with normal structure also owns the weak normal structure,
but the converse is not true. For reflexive Banach space these properties are equivalent.

Bynum [3] defined weak convergent sequence coefficient of X as the number

WCS(X) = inf{A({xn})/ inf{lim sup
n−→∞

||xn − y|| : y ∈ co{xn}}},

where the first infimum is taken over all weakly convergent sequences in X while co(A)
denotes the closure of the convex hull of the subset A ⊂ X, and A({xn}) is the asymptotic
diameter of {xn} (i.e., the number limn−→∞(sup{‖xi − xj‖ : i, j ≥ n}). It is readily seen
that 1 ≤ WCS(X) ≤ 2. Following [6], we say that the Banach space X has a weak uniform
normal structure provided WCS(X) > 1.

In 1973, Goebel and Kirk [11] posed the question whether or not the constant γ > 1
satisfying the equation

(1− δX(1/γ))γ = 1, (1.1)

is the largest number for which any k-uniformly Lipschitzian mapping T with k < γ
has a fixed point where δX denotes the modulus of convexity of X.

In 1975, Lifschits [19] proved that a k-uniformly Lipschitzian mapping defined on a

Hilbert space with k <
√

2 has a fixed point.

Casini and Maluta [4] and Ishihara and Takahashi [14] proved that a uniformly
k−Lipschitzian semigroup of self-mappings defined on a Banach space X has a common
fixed point provided k <

p
N(X) where N(X) denotes the uniform normal structure co-

efficient.

In 1992 Jimenez-Melado [15] defined the GGLD property for a Banach space X as
follows:
X is said to have GGLD provided D[(xn)] > 1 where {xn} is any weakly null sequence such
that limn−→∞ ||xn|| = 1, and D[(xn)] = lim supm−→∞ lim supn−→∞ ||xn−xm||; he defined
also the coefficient β(X) of X by β(X) = inf{D[(xn)] : xn −→ 0 weakly and ||xn|| −→ 1}.

Thereafter, k-uniformly Lipschitzian mappings have extensively been investigated by
many authors. Moreover, some of results proved for uniformly Lipschitzian mapping have
been extended to uniformly Lipschitzian semigroups, and even to Lipschitzian semigroups
(e.g. [25]-[35]).

Particularly, in 1993, Tan and Xu [25] answered the earlier mentioned question of
Goebel and Kirk [11] in negative by proving the following:

Theorem 1.1. ([25], Theorem 3.5) Let C be a nonempty closed convex subset of a
real uniformly convex Banach space X while τ = {Ts : s ∈ G} be a k-uniformly Lip-
schitzian semigroup of mappings on C with k < α where α > 1 is the unique solution of
the equation

α2

N(X)
δ−1

X (1− 1

α
) = 1 (1.2)

wherein N(X) > 1 is the normal structure coefficient of X. If there exists an x0 ∈ C such
that the orbit {Tsx0 : s ∈ G} is bounded, then there exists z ∈ C such that Tsz = z for
all s ∈ G.

It is easy to prove that γ < α, where γ and α are the solution of equations (1.1)
and (1.2), respectively. Consequently, the constant γ satisfying equation (1.1) is not the
biggest number for which every k-uniformly Lipschitzian mapping T with k < γ has a fixed
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point. Indeed, the best possible number γ is still unknown even in the setting of Hilbert
spaces. It is therefore an interesting question to find another constant α∗ which is strictly
bigger than α and for which every k-uniformly Lipschitzian mapping T with k < α∗ has a
fixed point.

In 1995, Dominguez Benavides et al. [6] applied a new method to construct a sequence
which converges to a fixed point of non-expansive mappings.
Theorem 1.2 (cf. [7]). Suppose X is a Banach space which is not Schur. Then:
(i) X has the GGLD property if and only if lim supn−→∞ ||xn − x∞|| < A({xn}), where
{xn} is any weakly (not strongly) convergent sequence in X with limit x∞.
(ii) β(X) = WCS(X).

Some years later, Zeng and Yang [32] proved a fixed point result for Lipschitzian
semigroups of mappings as follows:

Theorem 1.3. ([32], Theorem 3.1) Let C be a nonempty bounded subset of a uni-
formly convex Banach Space X, and let τ = {Ts : s ∈ G} be a k-uniformly Lipschitzian
semigroup on C with

lim inf
s

||Ts|| <
p

γ0N(X),

where

γ0 = inf{γ : γ(1− δX(1/γ ≥ 1/2)),

and ||Ts|| is the exact Lipschitzian constant of Ts. Suppose also there exists a nonempty
bounded closed convex subset E of C with the following properties:
(P1) x ∈ E implies ww(x) ⊂ E; where ww(x) is the weak w-limit set of τ at x, i.e.,

ww(x) = {y ∈ X : y = weak − limtαTtαx for some subnet {tα} ⊂ G}.

(P2) τ is asymptotically regular on E; i.e., limt ||Tt+sx− Ttx|| = 0, ∀ s ∈ G, x ∈ E.
Then there exists z ∈ C such that Tsz = z for all s ∈ G.

Also, Kuczumow [18] proved the following theorem:
Theorem 1.4 (cf. [18]) Let C be a nonempty convex weakly compact separable subset
of a Banach space X while T = {T (t) : t ∈ G} be an asymptotically regular semigroup

of mappings defined on C such that lim infG3t−→∞

��� ||T (t)||
��� = k <

p
WCS(X). Then

there exists z ∈ C such that T (t)z = z ∀ t ∈ G.

Recently, Ceng, Xu and Yao [5] studied the existence of fixed points of uniformly
Lipschitzian semigroup τ = {Ts : s ∈ G} of mappings in the setting of Banach space X
under conditions weaker than uniform convexity. More precisely, their improvements can
be adjudged twofold:
(1) firstly, authors replaced the uniform convexity of X (in Theorem 1.1) by relatively
weaker condition of uniform normal structure of X;
(2) secondly, they removed the asymptotic regularity of the semigroup τ = {Ts : s ∈ G}
on the Banach space X(in Theorem 1.3).
Also, Zeng [29] proved the following fixed point result which extends previously known
results due to [7, 8, 13, 18]:
Theorem 1.5 (cf. [29]) Let C be a nonempty convex weakly compact subset of a Banach
space X equipped with weak uniform normal structure while T = {T (t) : t ∈ G} be as-

ymptotically regular semigroup of mappings on C such that lim infG3t−→∞

��� ||T (t)||
��� =

k < WCS(X).
If each T (t) is weakly continuous, then F (t) is nonempty.

The purpose of this paper, is to extend the result due to Ceng, Xu and Yao [5] by using
the new definition of uniformly generalized Lipschitzian type mappings for one-parameter
semigroups of self-mappings.
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Clearly, it remains a natural question whether Theorem 1.5 is true for the estimate

lim infG3t−→∞

��� ||T (t)||
��� = k < WCS(X)µ0, where µ0 ≥ 1.

The other purpose of this paper is to answer the above question as well.

2. PRELIMINARIES

In what follows, we recall some relevant definitions and results in respect of uniformly
generalized Lipschitzian mappings in Banach spaces.

In 2001, Jung and Thakur [16] introduced and studied the following class of mappings.

Definition 2.1(see [16]). A mapping T : X −→ X is said to be ”generalized Lipschitzian
mapping (in short G1-Lipschitzian)” if

||T nx− T ny|| ≤ an||x− y||+ bn(||x− T nx||+ ||y − T ny||) + cn(||x− T ny||+ ||y − T nx||)

for each x, y ∈ X and n ≥ 1, where an, bn and cn are nonnegative constants such that
there exists an integer n0 such that bn + cn < 1 for all n > n0. Here it may be pointed
out that this class of generalized Lipschitzian mappings is relatively larger than the classes
of nonexpansive, asymptotically nonexpansive, Lipschitzian, and uniformly k-Lipschitzian
mappings. The earlier mentioned facts can be realized by choosing constants an, bn and
cn suitably.

On other hand, in 2009, Soliman [24] defined another class of generalized Lipschitzian
mappings as follows.

Definition 2.2 (see [24]). A mapping T : X −→ X is said to be ”generalized Lip-
schitzian mapping (in short G2-Lipschitzian)” if for each integer n ≥ 1, there exists a
constant kn > 0 (depending on n) such that

||T nx− T ny|| ≤ kn max
n
||x− y||, 1

2
||x− T nx||, 1

2
||y − T ny||

o

for every x, y ∈ X. If kn = k for all n ≥ 1, then T is called uniformly G2-Lipschitzian.

Now, we will define another class of generalized Lipschitzian mappings as follows.

Definition 2.3. A mapping T : X −→ X is said to be ”generalized Lipschitzian map-
ping (in short G3-Lipschitzian)” if for each integer n ≥ 1 there exists a constant kn > 0
(depending on n) such that

||T nx−T ny|| ≤ kn max
n
||x−y||, 1

2ρ
||x−T nx||, 1

2ρ
||y−T ny||, 1

2ρ
||x−T ny||, 1

2ρ
||y−T nx||

o

for every x, y ∈ X, If kn ≡ k for all n ≥ 1, then T is called uniformly G3-Lipschitzian,
where ρ > k, ρ > 1.

Definition 2.4. Let C be a closed convex subset of a Banach space X. Then the collec-
tion τ = {Ts : s ∈ G} of mappings of C into itself is said to be Lipschitzian semigroup on
C if the following conditions are satisfied:
(i) Tstx = TsTtx for all s, t ∈ G and x ∈ C;
(ii) for each x ∈ C, the mapping t −→ Ttx from G into C is continuous;
(iii)for each t ∈ G, Tt : C −→ C is continuous on C;
(iv) for each t ∈ G, there exists a constant kt > 0 such that

||Ttx− Tty|| ≤ kt||x− y|| for all x, y ∈ C.

In particular, if kt ≡ k then τ = {Ts : s ∈ G} is called k-uniformly Lipschitzian semigroup
on C.
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Definition 2.5. A semigroup τ = {Ts : s ∈ G} of self mappings defined on X is called a
uniformly G1-Lipschitzian semigroup if

||T (t)x−T (t)y|| ≤ a(t)||x−y||+b(t)(||x−T (t)x||+||y−T (t)y||)+c(t)(||x−T (t)y||+||y−T (t)x||)
for each x, y ∈ X, where a(t), b(t) and c(t) are nonnegative constants b(t) + c(t) < 1,
sup{a(t) : t ∈ G} = a < ∞, sup{b(t) : t ∈ G} = b < ∞, and sup{c(t) : t ∈ G} = c < ∞
with b + c < 1.

The simplest uniformly G1-Lipschitzian semigroup is a semigroup of iterates of a
mapping T : X −→ X whenever sup{a(t) : t ∈ G} = a < ∞, sup{b(t) : t ∈ G} = b < ∞,
and sup{c(t) : t ∈ G} = c < ∞ with b + c < 1.

Ahmed H. Soliman [24] introduced the following definition.

Definition 2.6. A semigroup τ = {Ts : s ∈ G} of self mappings defined on X is called a
uniformly G2-Lipschitzian semigroup if

sup{k(t) : t ∈ G} = k < ∞,

where

||T (t)x− T (t)y|| ≤ k(t)max
n
||x− y||, 1

2
||x− T (t)x||, 1

2
||y − T (t)y||

o

for each x, y ∈ X and max
n
||x− y||, 1

2
||x− T (t)x||, 1

2
||y − T (t)y||

o
6= 0.

Finally, we will introduce the following definition,
Definition 2.7. A semigroup τ = {Ts : s ∈ G} of self mappings defined on X is called a
uniformly G3-Lipschitzian semigroup if

sup{k(t) : t ∈ G} = k < ∞,

where
||T (t)x− T (t)y|| ≤ k(t)M(x, y)

for each x, y ∈ X and M(x, y) = max
n
||x − y||, 1

2ρ
||x − T (t)x||, 1

2ρ
||y − T (t)y||, 1

2ρ
||x −

T (t)y||, 1
2ρ
||y − T (t)x||

o
6= 0.

Remark 2.8. The class of uniformly G3-Lipschitzian semigroups is relatively larger
than the other classes namely: uniformly G1-Lipschitzian semigroups, uniformly G2-
Lipschitzian semigroups, and also uniformly k-Lipschitzian semigroups.

Recall that X is strictly convex if its unit sphere does not contain any line segments,
that is, X is strictly convex if and only if the following implication holds:

x, y ∈ X, ||x|| = ||y|| = 1 and ||(x + y)/2|| = 1 ⇒ x = y.

In order to measure the degree of convexity of X, we define its modulus of convexity
δX : [0, 2] −→ [0, 1] by

δX(ε) = inf{1− ||(x + y)/2|| : ||x|| ≤ 1, ||y|| ≤ 1 and ||x− y|| ≥ ε}.
The characteristic of convexity of X is the number ε0(X) = sup{ε : δX(ε) = 0}. It is easy
to see [10] that X is uniformly convex iff ε0(X) = 0; uniformly nonsquare iff ε0(X) < 2;
and strictly convex iff δ(2) = 1. Moreover, if ε0(X) < 1; then X has a normal structure,
that is, each bounded convex subset H of X containing more than one points admits a
point x0 such that sup{||x0 − x|| : x ∈ H} < diam(H).

The following properties of modulus of convexity of X are quite well-known (see [12]):
(a) δX is increasing on [0,2] and moreover strictly increasing on [ε0, 2];
(b) δX is continuous on [0,2)(but not necessarily at ε = 2);
(c) δX(2) = 1 iff X is strictly convex;
(d) δX(0) = 0 and limε−→2− δX(ε) = 1− ε0/2
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(e) [||a− x|| ≤ r, ||a− y|| ≤ r and ||x− y|| ≥ ε] ⇒ ||a− (x + y)/2|| ≤ r(1− δX(ε/r)).

Recall that the normal structure coefficient N(X) of X is the number (see [3])

inf
ndiamK

rK(K)

o
,

where the infimum is taken over all bounded closed convex subsets K of X with more
than one member, and rK(K) and diam(K) are Chebyshev radius of K relative to it self
and the diameter of K, respectively, i.e., rK(K) = infx∈K supy∈K ||x − y|| and diamK =
supx,y∈K ||x−y||. A Banach space X is said to have uniform normal structure if N(X) > 1.
It is known that a Banach space with uniform normal structure is reflexive and that all
uniformly convex or uniformly smooth Banach spaces have uniform normal structure (see,

e.g., [35]). It is also been computed that N(H) =
√

2 for a Hilbert spaces H. The
computations of the normal structure coefficient N(X) for general Banach spaces look
however complicated. No exact values of N(X) are known except for some special cases
(e.g., Hilbert and Lp spaces). In general, we have the following lower bound for N(X) (see
[3, 21, 1])

N(X) ≥ 1

1− δX(1)
.

Other lower bounds for N(X) in terms of some Banach space parameters or constants
can be found in [17, 22].

Tan and Xu [25] have also proved that if X is uniformly convex and γ > 1 is the
unique solution of the equation (1.1), then N(X) > γ. Note that for a Hilbert space H,

we have N(H) =
√

2 and γ =
√

5/2.
Suppose X is uniformly convex Banach space. Then it is easily seen that the equation

α2δ−1
X (1− 1

α
) eN(X) = 1 (2.1)

has a unique solution α > 1, where eN(X) = 1/N(X). Tan and Xu [25] proved that if
γ > 1 and α > 1 are the solution of (1.1) and (2.1), respectively, then γ < α. Note that

γ =
√

5/2, and α = 1√√
3−1

> γ.

We need the notation of asymptotic centers, due to Edelstein [9]. Let C be a non-
empty closed convex subset of a Banach space X and let {xt : t ∈ G} be a bounded net of
elements of X. Then the asymptotic radius and asymptotic center of {xt}t∈G with respect
to C are the number

rC{xt} = inf
y∈C

lim sup
t

||xt − y||,

and respectively, the (possibly empty) set

AC({xt}) = {y ∈ C : lim sup
t

||xt − y|| = rC({xt}).

Lemma 2.1. (cf. [25]) If C is a nonempty closed convex subset of a reflexive Banach
space X, then for every bounded net {xt}t∈G of elements of X, AC({xt}) is a nonempty
bounded closed convex subset of C. In particular, if X is a uniformly convex Banach space,
then AC({xt}) consists of a single point.

The following lemma can be proved in exactly the same way as in Lim [20] for
sequences and the proof is thus omitted here.
Lemma 2.2.(cf. [25]) Suppose X is a Banach space with uniformly normal structure.
Then for every bounded net {xt}t∈G of elements of X there exists y ∈ co({xt : t ∈ G})
such that

lim sup
t

||xt − y|| ≤ eN(X)D({xt}),

where eN(X) = 1/N(X), and co(E) is the closure of the convex hull of a set E ⊂ X and
D({xt}) = lim

t
(sup{||xi − xj || : t ≤ i, j ∈ G}) is the asymptotic diameter of {xt}.

Lemma 2.3 (cf. [34]). Let X be a Banach space, C be a nonempty weakly compact
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separable subset of X, and T = {T (t) : t ∈ G} be a semigroup of mappings of C into it self

with k = lim infG3t−→∞

��� ||T (t)||
��� < +∞. Then there exists a positive sequence {tn} ⊂ G

such that for each x ∈ C, the sequence {T (tn)x} converges weakly.

3. ON GENERALIZED LIPSCHITZIAN MAPPING

The following lemma plays an important role in proving our results.
Lemma 3.1. If {Tsx0; s ∈ G} is bounded for some x0 ∈ C and τ = {Ts; s ∈ G} is a
k-uniformly generalized Lipschitzian semigroup of mappings on C, then {Tsx; s ∈ G} is
bounded for each x ∈ C.

We next present the first result of this paper which weakens the uniform convexity
assumption in Theorem 1.1.
Theorem 3.2. Suppose C be a nonempty closed convex subset of a real Banach space X
with N(X) > max(1, ε0), while τ = {Ts; s ∈ G} be a uniformly generalized Lipschitzian
(in short G3-Lipschitzian) semigroup of mappings on C with ρ < α∗ where ε0 is the
characteristic of convexity of X and

α∗ = sup
n

α : α2δ−1
X (1− 1

α
)N(X)−1 ≤ 1 and 4 1− 1

α
∈ (0, 1− 1

2
ε0)
o

. (3.1)

If {Tsx0 : s ∈ G} is bounded for some x0 ∈ C, then there exists z ∈ C such that Tsz = z
for all s ∈ G.
Proof. Put eN(X) = N(X)−1. Observe that the setn

α : α2δ−1
X (1− 1

α
)N(X)−1 ≤ 1 and 1− 1

α
∈ (0, 1− 1

2
ε0)
o
6= φ. (3.2)

Indeed, by properties (a),(b),(d) of the modulus δx of convexity of X, we see that the
mapping

δx : [ε0, 2) −→ δx([ε0, 2)) = [0, 1− 1

2
ε0)

is strictly increasing and continuous, and hence a bijection. Thus, we deduce that

lim
α−→1+

α2δ−1
X (1− 1

α
)N(X)−1 = δ−1

X (0) eN(X) = ε0
eN(X) < 1.

which amounts to say that there exists α0 > 1 such that α2
0δ
−1
X (1− 1

α0
) eN(X) < 1 and

1− 1

α0
∈ δx([ε0, 2)) = [0, 1− 1

2
ε0).

This verifies our assertion (5).
Since X has a uniform normal structure and X is reflexive, due to the boundedness of

{Tsx0 : s ∈ G} and Lemma 2.1, we conclude that AC({Ttx0}t ∈ G) is nonempty bounded
closed and convex subset of C. Then, we can choose x1 ∈ AC({Ttx0}t∈G) such that

lim sup
t

||Ttx0 − x1|| = inf
y∈C

lim sup
t

||Ttx0 − y||.

Since τ satisfies a k−uniformly generalized Lipschitzian property, owing to Lemma 3.1
Ttx1 remains bounded.
Consequently we can choose x2 ∈ AC({Ttx1}t∈G) such that

lim sup
t

||Ttx1 − x2|| = inf
y∈C

lim sup
t

||Ttx1 − y||.

Continuing this process, we can construct a sequence {xn}∞n=0 in C with the following two
properties:
(i) for each n ≥ 0, {Ttxn}t∈G is bounded;
(ii) for each n ≥ 0, xn+1 ∈ AC({Ttxn}t∈G); that is xn+1 is a point in C such that

lim
t
||Ttxn − xn+1|| = inf

y∈C
lim

t
||Ttxn − y||.
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Write rn = rC({Ttxn}t∈G). Then by Lemma 2.2 we have

rn = lim sup
t

||Ttxn − xn+1||

≤ eN(X)D({Ttxn}t∈G)

= eN(X) lim
t

(sup{||Tixn − Tjxn|| : t ≤ i, j ∈ G})

≤ eN(X)k lim
t

(supmax{||xn − Tj−ixn||,
1

2ρ
||xn − Tixn||,

1

2ρ
||Tjxn − Tj−ixn||,

1

2ρ
||xn − Tjxn||,

1

2ρ
||Tj−ixn − Tixn||}

≤ eN(X)k lim
t

(supmax{d(xn),
1

2ρ
d(xn),

1

ρ
d(xn),

1

2ρ
d(xn),

1

ρ
d(xn)}

≤ eN(X).k.d(xn),

that is,

rn ≤ eN(X).k.d(xn) ≤ ρ. eN(X).d(xn). (3.3)

where

d(xn) = sup{||xn − Ttxn|| : t ∈ G}.
We may assume that d(xn) > 0 for all n ≥ 0 (otherwise xn is a common fixed point of the
semigroup τ and the proof is over). Let n ≥ 0 be fixed and let ε > 0 be small enough. We
can choose j ∈ G such that

||Tjxn+1 − xn+1|| > d(xn+1)− ε

and then choose s0 ∈ G so large that

||Tsxn − xn+1|| < rn + ε ≤ ρ(rn + ε)

for all s ≥ s0. Now, for s ≥ s0 + j,

||Tsxn − Tjxn+1|| ≤ k max{||Ts−jxn − xn+1||,
1

2ρ
||Tsxn − Ts−jxn||,

1

2ρ
||xn+1 − Tjxn+1||,

1

2ρ
||Ts−jxn − Tjxn+1||,

1

2ρ
||xn+1 − Tsxn||}

≤ k max{||Ts−jxn − xn+1||,
1

2ρ
||Tsxn − Ts−jxn||,

1

2ρ
lim sup

t
||xn+1 − Tj+txn||,

1

2ρ
lim sup

t
||Ts−jxn − Tj+txn||,

1

2ρ
||xn+1 − Tsxn||}

≤ k max{rn + ε,
1

ρ
(rn + ε),

1

2ρ
(rn + ε),

1

ρ
(rn + ε),

1

2ρ
(rn + ε)}

so that

||Tsxn − Tjxn+1|| ≤ k(rn + ε) ≤ ρ(rn + ε).

Then owing to property (e), it follows that

||Tsxn −
1

2
(xn+1 + Tjxn+1)|| ≤ ρ(rn + ε)

�
1− δX

�d(xn+1 − ε)

ρ(rn + ε)

��

for s ≥ s0 + j and hence

rn ≤ lim sup
s

||Tsxn −
1

2
(xn+1 + Tjxn+1)|| ≤ ρ(rn + ε)

�
1− δX

�d(xn+1 − ε)

ρ(rn + ε)

��
.

Taking the limit as ε −→ 0, we obtain

rn ≤ ρrn

�
1− δX

�d(xn+1)

ρrn

��

which implies that

δX

�d(xn+1)

ρrn

�
≤ 1− 1

ρ
(3.4)
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or

d(xn+1) ≤ ρrnδ−1
X (1− 1

ρ
). (3.5)

Indeed, if d(xn+1)/(ρrn) ∈ [0, ε0), then noticing that δX : [ε0, 2) −→ [0, 1 − ε0/2) is
a bijection and that 1 − 1

ρ
lies in [0, 1 − ε0/2). By assumption k < ρ < α∗, we have

δ−1
X (1− 1

ρ
) ≥ ε0; hence d(xn+1)/(ρrn) ≤ δ−1

X (1− 1
ρ
) and (3.5) follows. If d(xn+1)/(ρrn) ∈

[ε0, 2], then it is clear that d(xn+1)/(ρrn) ≤ δ−1
X (1− 1

ρ
). This also shows that (3.5) is true.

Therefore, utilizing (3.3) and (3.5), we obtain

d(xn+1) ≤ ρ2 eN(X)δ−1
X (1− 1

ρ
)d(xn). (3.6)

Write A = ρ2 eN(X)δ−1
X (1 − 1

ρ
). Then A < 1. Indeed, from the assumption that ρ < α∗ it

follows that there exists an α̃ > ρ such that

α̃2 eN(X)δ−1
X (1− 1

α̃
) ≤ 1 and (1− 1

α̃
) ∈ δX((ε0, 2)).

It then turns out that δ−1
X (1− 1

ρ
) < δ−1

X (1− 1
α̃
), and

A = ρ2 eN(X)δ−1
X (1− 1

ρ
) < α̃2 eN(X)δ−1

X (1− 1

α̃
) ≤ 1.

Hence, it is follows from (3.6) that

d(xn) ≤ Ad(xn−1) ≤ ... ≤ And(x0). (3.7)

Since

||xn+1 − xn|| ≤ lim sup
t

||Ttxn − xn+1||+ lim sup
t

||Ttxn − xn||

≤ rn + d(xn) ≤ 2d(xn).

We get from (3.7) that
P∞

n=1 ||xn+1 − xn|| < ∞, and hence {xn} is a norm-Cauchy. Let
z = ||.|| − limn xn. Finally, we have for each s ∈ G,

||z − Tsz|| = lim
n−→∞

||xn − Tsxn||

≤ lim
n−→∞

d(xn) = 0

so that Tsz = z for all s ∈ G. This completes the proof of the theorem.

Corollary 3.4. Suppose that X is a real Banach space with N(X) > max(1, ε0), and C
is a nonempty closed convex subset of X, while τ = {Ts; s ∈ G} is a uniformly general-
ized Lipschitzian (in short G2-Lipschitzian) semigroup on C with ρ < α∗. Also, ε0 is the
characteristic of convexity of X and

α∗ = sup
n

α : α2δ−1
X (1− 1

α
)N(X)−1 ≤ 1 and 1− 1

α
∈ (0, 1− 1

2
ε0)
o

.

If {Tsx0 : s ∈ G} is bounded for some x0 ∈ C, then there exists z ∈ C such that Tsz = z
for all s ∈ G.

Theorem 3.5. Let C be a nonempty bounded subset of a uniformly convex Banach
space X, and τ = {Ts : s ∈ G} be a k-uniformly generalized Lipschitzian (in short G3-
Lipschitzian) semigroup of mappings on C such that

ρ <
p

γ0N(X), where γ0 = inf{γ ≥ 1 : γ(1− δX(1/γ)) ≥ 1/2. (3.8)

Also, there exists a nonempty bounded closed convex subset E of C with the following
property (R):
(R) x ∈ E implies ww(x) ⊂ E.
Then there exists z ∈ E such that Tsz = z for all s ∈ G.
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Proof. Take an x0 ∈ E and, consider for t ∈ G, the bounded net {Tsx0 : t ≤ s ∈ G}.
Owing to Lemma 2.2, we have a yt ∈ co{Tsx0 : t ≤ s ∈ G} such that

lim sup
s

||Tsx0 − yt|| ≤ eN(X)D({Tsx0}t ≤ s ∈ G), (3.9)

where eN(X) = 1/N(X) and D({Tsx0}t ≤ s ∈ G) denotes the asymptotic diameter of the
net {zl} i.e, the number

lim
t

(sup{||zi − zj || : t ≤ i, j ∈ G}).

Since X is reflexive, {yt} admits a subnet {ytβ} converging weakly to some x1 ∈ X. From
(3.9) and the weak lower semicontinuity of the functional lim supt ||Ttx0 − y||, it follows
that

lim sup
t

||Ttx0 − x1|| ≤ eN(X)D({Ttx0}t ∈ G). (3.10)

It is also seen that x1 ∈
T

t∈G co{Tsx0 : t ≤ s ∈ G} and

||z − x1|| ≤ lim sup
t

||z − Ttx0|| for all z ∈ X. (3.11)

Owing to Property (R) and the fact that
T

t∈G co{Tsx0 : t ≤ s ∈ G} = co{ww(x0)} which
is easy to prove by using the Separation Theorem (see [2]). As, we know that x1 lies in E,
we can repeat the above process and obtain a sequence {xn}∞n=0 in E with the properties:
(for all nonnegative integers n ≥ 0),

lim sup
t

||Ttxn − xn+1|| ≤ eN(X)D({Ttxn}t ∈ G) (3.12)

and

||z − xn+1|| ≤ lim sup
t

||z − Ttxn|| for all z ∈ X. (3.13)

Write rn = lim supt ||Ttxn − xn+1|| and d(xn) = sup{||xn − Ttxn|| : t ∈ G}. Thus in view
of (3.12), we have

rn = lim sup
t

||Ttxn − xn+1||

≤ eN(X)D({Ttxn}t∈G)

= eN(X) lim
t

(sup{||Tixn − Tjxn|| : t ≤ i, j ∈ G})

≤ eN(X)k lim
t

(supmax{||xn − Tj−ixn||,
1

2ρ
||xn − Tixn||,

1

2ρ
||Tjxn − Tj−ixn||,

1

2ρ
||xn − Tjxn||

,
1

2ρ
||Tj−ixn − Tixn||}

≤ eN(X)k lim
t

(supmax{d(xn),
1

2ρ
d(xn),

1

ρ
d(xn),

1

2ρ
d(xn),

1

ρ
d(xn)}

≤ eN(X).k.d(xn),

so that

rn ≤ eN(X).k.d(xn) ≤ ρ. eN(X).d(xn). (3.14)

We may assume that d(xn) > 0 for all n ≥ 0. Let n ≥ 0 be fixed and let ε > 0 be small
enough. First choose j ∈ G such that

||Tjxn+1 − xn+1|| > d(xn+1)− ε

and then choose s0 ∈ G so large that

||Tsxn − xn+1|| < rn + ε ≤ ρ(rn + ε)

for all s ≥ s0. Now, for s ≥ s0 + j,

||Tsxn − Tjxn+1|| ≤ k max{||Ts−jxn − xn+1||,
1

2ρ
||Tsxn − Ts−jxn||,

1

2ρ
||xn+1 − Tjxn+1||,
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1

2ρ
||Ts−jxn − Tjxn+1||,

1

2ρ
||xn+1 − Tsxn||}

≤ k max{||Ts−jxn − xn+1||,
1

2ρ
||Tsxn − Ts−jxn||,

1

2ρ
lim sup

t
||xn+1 − Tj+txn||,

1

2ρ
lim sup

t
||Ts−jxn − Tj+txn||,

1

2ρ
||xn+1 − Tsxn||}

≤ k max{rn + ε,
1

ρ
(rn + ε),

1

2ρ
(rn + ε),

1

ρ
(rn + ε),

1

2ρ
(rn + ε)}.

so that

||Tsxn − Tjxn+1|| ≤ k(rn + ε) ≤ ρ(rn + ε)

Then, it follows from property (e) that (for s ≥ s0 + j),

||Tsxn −
1

2
(xn+1 + Tjxn+1)|| ≤ ρ(rn + ε)

�
1− δX

�d(xn+1 − ε)

ρ(rn + ε)

��
.

Hence from (3.13) (taking z := (xn+1 + Tjxn+1)/2), we obtain

1

2
(d(xn+1 − ε)) < ||1

2
(Tjxn+1 − xn+1)||

≤ ||Tjxn+1 −
1

2
(xn+1 + Tjxn+1)||

≤ lim sup
t

||Ttxn −
1

2
(xn+1 + Tjxn+1)||

≤ ρ(rn + ε)
�
1− δX

�d(xn+1 − ε)

ρ(rn + ε)

��
. (3.15)

Taking the limit as ε −→ 0, we have

1

2
d(xn+1) ≤ ρrn

�
1− δX

�d(xn+1)

ρrn

��
. (3.16)

On the other hand, using (3.13)we easily find (for each j ∈ G),

||Tjxn+1 − xn+1)|| ≤ lim sup
t

||Tj+txn − xn+1|| = rn ≤ ρrn.

It turns out that

d(xn+1) ≤ ρrn (3.17)

Combining (3.16) and (3.17) and using the definition of γ0 in (3.8), we infer that (ρrn)/d(xn+1) ≥
γ0. It turns out from (3.14) that

d(xn+1) ≤
ρ

γ0
rn ≤

ρ2

γ0N(X)
d(xn).

Consequently, we obtain
d(xn) ≤ Ad(xn−1 ≤ And(x0)),

where A = ρ2[γ0N(X)]−1 < 1 by assumption. Noticing that

||xn+1 − xn|| ≤ lim sup
t

||Ttxn − xn+1||+ lim sup
t

||Ttxn − xn||

≤ rn + d(xn)

≤ (1 + k eN(X))d(xn)

≤ (1 + k eN(X))And(x0),

so that the series
P∞

n=1 ||xn+1 − xn|| is convergent. This implies that {xn} is strongly
convergent. Let z = ||.|| − limn xn. Then, we have (for each s ∈ G)

||z − Tsz|| = lim
n−→∞

||xn − Tsxn||

≤ lim
n−→∞

d(xn) = 0

so that Tsz = z for all s ∈ G and this concludes the proof.
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Corollary 3.6. Let C be a nonempty bounded subset of a uniformly convex Banach
space X and τ = {Ts : s ∈ G} be a k-uniformly generalized Lipschitzian (in short G2-
Lipschitzian) semigroup of mappings on C such that

ρ <
p

γ0N(X), where γ0 = inf{γ ≥ 1 : γ(1− δX(1/γ)) ≥ 1/2.

Suppose that there exists a nonempty bounded closed convex subset E of C with the fol-
lowing property (R):
(R) x ∈ E implies ww(x) ⊂ E.
Then there exists z ∈ E such that Tsz = z for all s ∈ G.

4. ON EXPANSIVE LIPSCHITZ CONSTANT

We prove our final result as follows.
Theorem 4.1. Let C be a nonempty convex weakly compact subset of a Banach

space X equipped with weak uniform normal structure and T = {T (t) : t ∈ G} be an
asymptotically regular k−uniformly Lipschitzian semigroup of mappings on C such that

lim inf
G3t−→∞

��� ||T (t)||
��� = lim

G3t−→∞

��� ||T (t)||
��� = k < WCS(X)µ0,

where µ0 = inf{µ ≥ 1 : µ(1− δX(1/µ)) ≥ (1/2)}.
If each T (t) is weakly continuous, then F (t) is nonempty.
Proof. Firstly, let us choose a sequence of positive real numbers {tn} ⊂ G which increase
monotonically to +∞ such that

lim inf
t−→∞

��� ||T (t)||
��� = lim

n−→∞

��� ||T (tn)||
��� = k < WSC(X).

Since one can construct (cf. [23]) a nonempty convex closed separable subset C0 of C
which is invariant under T (tn) (i.e., (T (tn)C0 ⊂ C0 ∀ n = 0, 1, 2, ...)), we may assume
for a while that C itself is separable. In view of lemma 2.1, by passing to a subsequence
it is possible to assume that for each x ∈ C the sequence {T (tn)x} is weakly convergent.
Now we define a sequence {xn}∞n=1 in C as

x0 ∈ C arbitrary, xm+1 = w − lim
n−→∞

T (tn)xm, m ≥ 0.

Now, it is easy to show that xm+1 = w − limj−→∞ T (tj + s)xm ∀ s ∈ G, m ≥ 0. Define

Rm = lim sup
j−→∞

||T (tj)xm − xm+1|| ∀ m ≥ 0.

Now, we prove that Rm ≤ WCS(X)−1D[(T (tn)xm)] ∀ m ≥ 0. Indeed, let Rm 6= 0, and
let {tni} be a subsequence of {tn} such that

Rm = lim sup
n−→∞

||T (tn)xm − xm+1|| = lim
j−→∞

||T (tnj )xm − xm+1||,

Also, define a sequence {yj} as

yj = (T (tnj )xm − xm+1)/Rm ∀ j ≥ 1

then ||yj || −→ 1 and yj −→ 0.
Owing to Lemma 2.1, we have

WCS(X) = β(X) ≤ D[(yj)] = lim sup
j−→∞

lim sup
i−→∞

||
T (tnj )xm − xm+1

Rm
− T (tni)xm − xm+1

Rm
||

≤ 1

Rm
lim sup
j−→∞

lim sup
i−→∞

||T (tnj )xm − T (tni)xm||

≤ 1

Rm
D[(T (tnj )xm)] ≤ 1

Rm
D[(T (tn)xm)]

so that

Rm ≤ WCS(X)−1D[(T (tn)xm)]. (4.1)
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Let n ≥ 0 be fixed and ε > 0 be small enough. Choose ts, ta ∈ {tn} such that

||T (tn)xm+1 − T (ta)xm+1|| > D[(T (tn)xm+1)]− ε,

so that for every s > n,

||T (ts)xm − w − limn−→∞ T (tn)xm+1|| = w − lim
n−→∞

||T (tn)T (ts − tn)xm − T (tn)xm+1||

≤ w − lim
n−→∞

��� ||T (tn)||
��� ||T (ts − tn)xm − xm+1||

≤ (k + ε)(Rm + ε).

Also; for all s > a,

||T (ts)xm − w − lima−→∞ T (ta)xm+1|| ≤ w − lim
a−→∞

��� ||T (ta)||
��� ‖T (ts − ta)xm − xm+1‖

≤ (k + ε)(Rm + ε).

Then; in view of the property (e):

w − limn,a−→∞ ||T (ts)xm −1

2
(T (ta)xm+1 + T (tn)xm+1)||

≤ (k + ε)(Rm − ε)
h
1− δX(

D[(T (tn)xm+1)]− ε

k(Rm − ε)
)
i
.(4.2)

Since, each T (t) is weakly continuous,

1
2
(D[(T (tn)xm+1)]− ε) < ||1

2
(T (tn)xm+1 − T (ta)xm+1)||

≤ ||T (tn)xm+1 −
1

2
(T (tn)xm+1 + T (ta)xm+1)||

≤ lim
l−→∞

||T (tn + tl)xm − 1

2
(T (tn)xm+1 + T (ta)xm+1)|| (4.3)

so that in view of (4.2) and (4.3), we have

1
2
(D[(T (tn)xm+1)]− ε) ≤ (k + ε)(Rm − ε)

h
1− δX(

D[(T (tn)xm+1)]−ε

(k+ε)(Rm−ε)
)
i
.

Taking the limit as ε −→∞, we have

1
2
D[(T (tn)xm+1)] ≤ kRm

h
1− δX(

D[(T (tn)xm+1)]

kRm
)
i
. (4.4)

Since, each T (t) is weakly continuous, therefore T (ti)xm = w − liml−→∞ T (ti + tl)xm−1

for all i ≥ 1, so that

D[(T (tn)xm+1)] = lim sup
n−→∞

lim sup
l−→∞

||T (tn)xm+1 − T (tl)xm+1||

≤ lim sup
n−→∞

lim sup
l−→∞

lim
i−→∞

||T (tn + ti)xm − T (tl)xm+1||

≤ k lim sup
n−→∞

lim sup
l−→∞

lim
i−→∞

||T (tn + ti − tl)xm − xm+1||

≤ kRm. (4.5)

Combining (4.4) and (4.5) and using the definition of µ0, we get (kRm)/D[(T (tn)xm+1)] ≥
µ0. Owing to (4.1), we have

D[(T (tn)xm+1)] ≤ k

µ0
Rm

≤ k

µ0WCS(X)
D[(T (tn)xm)]

≤ A.D[(T (tn)xm)] ≤ ... ≤ Am.D[(T (tn)x0)]

where A = k
µ0WCS(X)

< 1 by assumption. It follows from the weak lower semicontinuity

of the norm ||.|| of X that,

||xm+1 − xm|| ≤ lim sup
j−→∞

h
||xm − T (tj)xm||+ ||T (tj)xm − xm+1||

i

≤ lim sup
j−→∞

lim inf
i−→∞

||T (ti)xm−1 − T (tj)xm||+ Rm
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≤ lim sup
j−→∞

lim inf
i−→∞

||T (tj)T (ti − tj)xm−1 − T (tj)xm||+ Rm

≤ lim sup
j−→∞

lim sup
i−→∞

||T (tj)T (ti − tj)xm−1 − T (tj)xm||+ Rm

≤ lim sup ||T (tj)|| lim sup
j−→∞

lim sup
i−→∞

||T (ti − tj)xm−1 − xm||+ Rm

≤ kRm−1 + Rm

≤ k
D[(T (tn)xm−1)]

WCS(X)
+

D[(T (tn)xm)]

WCS(X)

≤ kAm−1 + Am

WCS(X)
D[(T (tn)x0)].

Hence, {xm} is a Cauchy sequence. Let x∞ = lim
m−→∞

xm. Then, x∞ ∈ C, and

||T (tj)x∞ − x∞|| = ||T (tj)x∞ − lim
m−→∞

xm||

≤ lim
m−→∞

lim sup
k−→∞

||T (tj)xm − T (tk)xm−1||

≤ ||T (tj)|| lim
m−→∞

lim sup
k−→∞

||xm − T (tk − tj)xm−1||

≤ ||T (tj)|| lim
m−→∞

Rm−1 = 0.

Obviously, T (tj)x∞ = x∞ for all j ≥ 1. Now we prove that T (s)x∞ = x∞ for all s ∈ G,

||T (s)x∞ − x∞|| = lim
m−→∞

||T (s)xm − xm||

≤ lim
m−→∞

lim
j−→∞

||T (s + tj)xm−1 − xm||

≤ lim
m−→∞

lim
k−→∞

||T (tk)xm−1 − xm||

≤ lim
m−→∞

Rm−1 = 0

so that T (s)x∞ = x∞. This completes the proof.
Acknowledgments. The second author is very grateful to Prof. Dr. Anthony To-
Ming Lau (University of Alberta, Edmonton, Alberta, Canada) with whom he had fruitful
discussions on the theme of this work.

References

[1] A. G. Aksoy and M. A. Khamsi, Nonstandard methods in fixed point theory, Springer, New

York, (1990).
[2] R. E. Bruck, On the almost-convergence of iterates of a nonexpansive mappings in Hilbert

space and the structure of the weak-limit set, Israel J. Math. 29 (1978), 1-16.

[3] W. L. Bynum, Normal structure coefficients for Banach spaces, Pacific J. Math. 86 (1980),

427-436.
[4] E. Casini and E. Maluta, Fixed points of uniformly Lipschitzian mappings in spaces with

uniformly normal structure, Nonlinear Anal. 9 (1985),103-108.

[5] L.C. Ceng, H. K. Xu and J.C. Yao, Uniformly normal structure and uniformly Lipschitzian
semigroups, Nonlinear Anal. (2010), doi:10.1016/j.na. 2010.07. 044.

[6] T. Dominguez Benavides, Weak uniform normal structure in direct-sum spaces, Studia Math.,
103 (1992), 283-290.

[7] T. Dominguez Benavides, A. G. Lopez and H. K. Xu, Weak uniform normal structure and
iterative fixed points of nonexpansive mappings, Colloq. Math., LXVIII, (1995) 17-23.

[8] T. Dominguez Benavides, Fixed point theorem for uniformally Lipschitzian mappings and

asymptotically regular mappings, Nonlinear Analysis, 32, (1998) 15-27.

[9] M. Edelstein, The construction of an asymptotic center with a fixed point property, Bull.
Amer. Math. Soc. 78 (1972), 206-208.

[10] K. Goebel, Convexity of balls and fixed point theorems for mappings with nonexpansive

square, Compos. Math. 22 (1970), 269-274.
[11] K. Goebel and W. A. Kirk, A fixed point theorem for transformations whose iterates have

uniform Lipschitz constant, Studia Math. 47 (1973), 135-140.



ON GENERALIZED LIPSCHITZIAN MAPPING AND EXPANSIVE LIPSCHITZ CONSTANT25

[12] K. Goebel and S. Reich, Uniform convexity, hyperbolic geometry and nonexpansive mappings,

in: pure and Applied Math.,A series of Monoghraph and Textbooks,83, Marcel Dekker, New
York, (1984).

[13] J. Gornicki, Fixed points of asymptotically regular semigroups in Banach spaces. Rend. Circ.

Mat. Palermo., 46, 367-372 (1997).
[14] H. Ishihara and W. Takahashi, Fixed point theorems for unformly Lipschitzian semigroups in

Hilbert spaces, J. Math. Anal. Appl. 127 (1987), 206-210.
[15] A. Jimenez-Melado, Stability of weak normal structure in James quasi reflexive space, Bull.

Austral Math. Soc., 46, 367-372 (1992).

[16] J. S. Jung and B.S. Thakur, Fixed point theorems for generalized Lipschitzian semigroups,

International journal of mathematics and mathematical sciences, 28 (2001), 41-50.
[17] M. Kato, L. Maligranda, and Y. Takahashi, On James and Jordan-von Neumann constants

and normal structure coefficient in Banach spaces, Studia Math. 144 (2001), no. 3, 275-293.
[18] T. Kuczumow, Opial’s mudulus and fixed points of semigroups of mappings, Proc. Amer.

Math. Soc., 127,2671-2678 (1999).

[19] E. A. Lifschits, Fixed point theorems for operators in strongly convex spaces, Voronez Gos.
Univ. Trudy Math. Fak. 16 (1975), 23-28.

[20] T. C. Lim, On the normal structure coefficient and the bounded sequence coefficient, Proc.

Amer. Math. Soc. 88 (1983) 262-264.
[21] E. Maluta, Uniform normal structure and related coefficients, Pacific J. Math. 111 (1984),

357-369.
[22] S. Prus and M. Szczepanik, New coefficients related to uniform normal structure, Nonlinear

and Convex Anal. 2 (2001), no. 3, 203-215.

[23] P. M. Soardi, Schauder bases and fixed points of nonexpansive mappings. Pacific J. Math.,

101 (1982), 193-198.
[24] A. H. Soliman, A fixed point theorem for semigroups on metric spaces with uniform normal

structure, Scientiae Mathematicae Japonicae, 69 (3) (2009), 323-328.
[25] K. K. Tan and H. K. Xu, Fixed point theorems for Lipschitzian semigroups in Banach spaces,

Nonlinear Anal. 20 (1993), 395-404.
[26] X. Wu J. C. Yao and L. C. Zeng, Uniformly normal structure and strong convergences the-

orems for asymptoticlly pseudocontractive mapping, J. Nonlinear convex Anal. 6 (3) (2005),

453-463.
[27] H. K. Xu, Fixed point theorems for uniformly Lipschitzian semigroups in uniformly convex

spaces, J. Math. Anal. Appl. 152 (1990), 391-398.
[28] J. C. Yao and L. C. Zeng, a fixed point theorem for asymptotically regular semigroups in

metric spaces with uniform normal structure, J. Nonlinear convex Anal. 8 (1) (2007), 153-
163.

[29] L. C. Zeng, Fixed point theorems for nonlinear semigroups of Lipschitzian mappings in uni-

formly convex spaces, Chinese Quart. J. Math. 9 (4) (1994), 64-73.
[30] L. C. Zeng, On the existence of fixed points and nonlinear ergodic retractions for Lipschitzian

semigroups without convexity, Nonlinear Anal. 24 (1995), 1347-1359.
[31] L. C. Zeng, Fixed point theorems for asymptotically regular Lipschitzian semigroups in Ba-

nach spaces, Chinese Ann. Math. 16A (6) (1995), 744-751.

[32] L. C. Zeng Y. L. Yang, On the existence of fixed points for Lipschitzian semigroups in Banach
spaces, Chinese Ann. Math. 22B (3) (2001), 397-404.

[33] L. C. Zeng, Fixed point theorems for asymptotically regular semigroups in Banach spaces,

Chinese Ann. Math. 23A (6) (2002), 699-706.
[34] L. C. Zeng, Weak uniform normal structure and fixed points of asymptotically regular semi-

groups, Acta. Math. Sin. (English Series) 20 (6) (2004), 977-982.

[35] L. C. Zeng, Uniform normal structure and solutions of Reich’s open question, Appl. Math.
Mech. 26 (9) (2005), 1204-1211.


	1. INTRODUCTION
	2. PRELIMINARIES
	3. ON GENERALIZED LIPSCHITZIAN MAPPING 
	4. ON EXPANSIVE LIPSCHITZ CONSTANT
	References

