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ABSTRACT. In this paper, at first we introduce C\, condition, which is weaker than o-
nonexpansivity and present some fixed point theorems for mappings satisfying this condi-
tion, in CAT'(0) spaces. Our results extend and improve some results in [6]. In the sequal,
we introduce fundamentaly nonexpansive mapping which generalizes the Suzuki’s general-
ized nonexpansive mapping and consequently we give some fixed point results for this kind
of mappings.
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1. INTRODUCTION

Fixed point theory for nonexpansive and related mappings has played a funda-
mental role in many aspects of functional analysis for many years. In this paper,
we apply generalized nonexpansive definitions which are strong enough to generate
a fixed point but do not force the map to be continuous in spite of this fact that in
most of the fixed point theorems in this field either continuity is explicitly assumed
or, the nonexpansive definitions themselves imply continuity. In 2008, Suzuki [13]
introduced condition C as below:

Let T be a mapping on a subset C' of a Banach space F. Then T is said to satisfy
condition (C’) (or Suzuki’s generalized nonexpansive) if

1 . .
Jlle =Tzl <llz —yll implies ||Tx - Tyl < |lz —yll,
forall x,y € C.

Proposition 1.1. Every nonexpansive mapping satisfies condition (C), but the in-
verse is not true (see [13] examplel).
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As can be seen, this condition does not force the map to be continuous. Let
(X, d) be a metric space. A geodesic path joining € X to y € X (or, more briefly,
a geodesic from z to y) is a map c from a closed interval [0,{] C R to X such that
c(0) = z,¢(l) = y and d(c(t), c(f)) = |t — {| for all ¢, € [0,]]. In particular, ¢ is an
isometry and d(x,y) = l. The image « of ¢ is called a geodesic (or metric) segment
joining x and y. When it is unique, this geodesic is denoted by [z, y]. The space
(X, d) is said to be a geodesic space if every two points of X are joined by a geodesic,
and X is said to be uniquely geodesic if there is exactly one geodesic joining z to y
for each x,y € X. Write ¢(a0 + (1 — a)l) = ax ® (1 — a)y for « € (0,1). The space
X is said to be of hyperbolic type [8] if it satisfies

d(pa oaxr @ (1 - O[)y) < ad(p7 l’) + (1 - Oé)d(p, y) Vp € X. (1.1)

Let v1,v2,...,vp, C X and Ag, Aa,...; Ay C (0,1) with Y | \; = 1. We write, by
induction,

i )\1 )\2 )\nfl
)\i i = 1_)\71 n— >\n n- 1.2
i@ vii=( GO 75,2 @ O gy, v A (1-2)

The definition of @ in (3.3) is an ordered one in the sense that it depends on the
order of points vy, ..., v,. Under (3.2) we can see that

i=1 =1

for each z € X. Asubset Y C X is said to convex if Y includes every geodesic
segment joining any two of its points. A geodesic triangle A(z1, 2, 23) in a geodesic
metric space (X, d) consists of three points in X (the vertices of /) and a geodesic
segment between each pair of vertices (the edges of /\). A comparison triangle for
geodesic triangle A(z1, 2o, z3) in (X, d) is a triangle A(xq, x2, x3) 1= A(27, T2, T3)
in the Euclidean plane E? such that dg:(&;,%;) = d(z;,z;) for i,j € {1,2,3}. A
geodesic metric space is said to be a C'AT(0) space [1] if all geodesic triangles
of appropriate size satisfy the following comparison axiom. Let A be a geodesic
triangle in X and let A be a comparison triangle for A. Then A is said to satisfy
the CAT(0) inequality if for all 2,4 € A and all comparison points Z,7 € A:

d(xvy) < dpg» (i'vg)

Lemma 1.2 ([1], see Proposition 2.2). Let X be a CAT(0) space. Then for each
p,q,T,8 € X and o € [0, 1],

dlap® (1 —a)g,ar ® (1 —a)s) < ad(p,r) + (1 — a)d(q, s).

In particular, (3.2) holds in C AT (0) spaces. Let X be a complete C AT (0) space
and (z,,) be a bounded sequence in X. For x € X set:

r(x, (z,)) = limsup,,_, ., d(z,x,).
The asymptotic radius r((z,)) of (x,) is given by
r((z,)) = inf{r(z, (x,)) : x € X},
and the asymptotic center A((z,,)) of (z,,) is the set:
A((zn)) ={z € X : r(x, (zn)) = r((zn))}-

It is known that in a CAT(0) space, A((z,)) consists of exactly one point [4],
and distance function in CAT(0) spaces, is convex (see page 159 of [1]). Also
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every CAT(0) space has the Opial property, i.e. if (z,) is a sequence in K and
A —limz,, = z, then for each y(# ) € K we have
limsup d(zy, z) < limsup d(zy,y)
n n
Definition 1.3. (see[11], Definition 3.1) A sequence (z,,) in X is said to A-converge
to z € X if x is the unique asymptotic center of (u,,) for every sequence (u,,) of
(zy,). In this case, we write A — lim,, x,, = z and call « the A — lim of (x,,).

We also need the following theorem which is presented in [12] (see Corollary 2.8).

Theorem 1.1. Let K be a bounded closed convex subset of a complete C AT (0)
space X. If T : K — K satisfies condition (C) then F(T') ( the set of fixed points of
T) is nonempty, closed and convex.

2. GENERALIZED (-NONEXPANSIVE MAPPINGS

Recently, in 2010, the authors in [6] proved some fixed point theorems for a-
nonexpansive mappings introduced by Goebel and Pineda [9] as follows :
A mapping T on a nonempty closed convex subset C' of a Banach space X is said to
be a-nonexpansive if for given multiindex o = (o, @, ..., v, ) satisfies a; > 0,4 =
1,2,..,nand Y ., &; = 1 we have

n
Y aillT'e =Tyl < |le = yl|, Yo,y €C.
i=1
The above definition generalizes the nonexpansive one. Now, we are going to gen-
eralize a-nonexpansivity by Suzuki’s method:

Definition 2.1. Let C' be a nonempty closed convex subset of a Banach space
X. For a given multiindex o = (a1, o, ..., ;) satisfies oy > 0,4 = 1,2,....,n and
Sty =1,pe{l1,2,..,n}, amapping T : C — C is said to satisfy condition
Cy if

1 P _ . . P _ _
lle =D aiT'a|| <l =yl implies Y ol T'x —T'yl| <[]z —yll, @)
i=1 i=1

forall z,y € C.

In the case p = n, it is easy to show every a-nonexpansive mapping satisfies
condition Cy, but the converse is not necessarily true.

Example 2.2. Define a mapping T on [0, co] by Tw = [£]. Then for o = (1, £, 15, &5, 2)
and x = 3k,y = 3k — p for 0 < p < 1 (for example let x = 729 and y = 728.5, there-
fore Te = 243,T%x = 81,73z = 27,T*x = 9,T%°z = 3 and Ty = 242, T%y =

80, T3y = 26, T*y = 8, Ty = 2) we have

5
Y @d(T'z, T'y) £ d(z,y)
i=1

thus 7' is not a-nonexpansive, but 7" satisfies condition C,,.

For technical reason we always assume that the first coefficient o; is nonzero.
If T satisfies condition C\, then

1 P ;
§Hx—zaiT z|| < ||z -yl

i=1
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implies

p
Yo aillT'z =Ty < |z — yll,

i=1

on the other hand
p } p ) p ) )
1> aiTie = a;Tlyl| <Y o[ TPz — Thy|.
=1 =1 =1

So if we set T, , v = Z?:l a;T'z for all x € C then it follows that the mapping 7, ap
satisfies condition C. However, we can’t imply that if 7, , satisfies condition C then
T satisfies condition C,, because it is much weaker.

3. FIXED POINT THEOREMS

In this section, we prove some fixed point theorems for mapping satisfying con-
dition C,, in a CAT(0) space. First, we mentioned the definition of condition C,, in
CAT(0) spaces as follow:

Definition 3.1. Let C be a nonempty bounded, closed and convex subset of a
CAT(0) space X. For a given multiindex o = (ay, ag, ..., ap,) satisfies a; > 0,7 =
1,2,..,nand >, o; =1, p € {1,2,...,n}, amapping T : C — C is said to satisfy
condition C,, if

1 T i . - i, i
id(z, @aiT x) <d(z,y) implies Zl a;d(T'z, T"y) < d(zx,y), (38.1)
forall z,y € C.

Theorem 3.1. Let K be a bounded closed convex subset of a complete C AT (0)
space X. If T : K — K satisfies condition C,, and for alln € N, a = (a1, ag, ..., )
be such that o; > 0,71 = 2,...,n,aq > %12 and Y1 a; =1, then F(T) = F(T,,)
Jorallp € {1,...,n}.

Proof. 1t is clear that F(T') C F(T,,). Next, we show that F'(T,,) C F(T). Since T’
satisfies condition Cy, for € F/(T,,) and for all k € {1,2,...,m} we have

1 T i k
0= id(m, @O@T x) <d(xz, T x),

let  # Tz, then for all m € {1,2,...,n} we can write

d(T™z,Tz) < d(T™ 'z, z)

< L@m1e,T2) + d(Ta, )
< Hd(T 2, x) + a%d(Ta:,x)
1
< %(d(Tm*Qx,Tz) +d(Tz,x)) + a%d(T;v,:v)
< (g et gr +a)d(Ta, ).
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So one can write

d(z,Tx) = d(To,v,Tx)
= d@)_, Tz, Tx)
< aod(T?*z,Tx) + azd(T?z,Tz) + ... + apd(TPx, Tx)
< STz, x) + (53 + §2)d(Tw, x) + .. + (a‘gzl +..+ Z—’% + 52)d(Tz, )
tas+...+ 3+ +
= (TR 4t a,oljil)d(Tz,x)
i e Lgf‘ll)d(x,Tx)
-1
_ 1;;@’1 d(z, Tx).
-1
Since aq > %12 > p%\l/i this implies that 1;:;;1 < 1 which lead to a contradic-

1
tion, therefore x = Tz and this complete the proof. (]

Corollary 3.2. Let K be a bounded closed convex subset of a complete C AT(0)
space X. If T : K — K satisfies condition C, and for alln € N, a = (a1, aa, ..., o)
be such that o; > 0 fori = 2,...,n,a7 > %12 and Z?:l a; = 1 then F(T) is
nonempty closed and convex.

Proof. Since Ty, satisfies condition C, it follows by Theorem 1.1 and Theorem 3.1
that F(T') is nonempty closed and convex. O

Therefore the existence problem of a fixed point of mapping 7' : K — K sat-
isfying condition C, can be directly obtained by the existence of a fixed point of
mapping 7, which satisfies condition C'. Next, we show that the approximate fixed
point sequences for these two mappings are the same.

Theorem 3.2. Letn € N and @ = (ay, s, ...,a,) be as in Theorem 3.1. Let
K be a bounded closed convex subset of a complete CAT(0) space X and T :
K — K satisfies condition C,,. Suppose (z,,) be a bounded sequence in K and
ard(T" .y, T" Y ay,) < d(T"2p, T '2,,). Then d(x,, Tx,) — 0 if and only if
d(2m; Ta,Tm) — 0 as m — oo.

Proof. Let d(xy,, Tx,,) — 0. Since ayd(T" Ty, T 2,,) < d(T"2p,, T ta,,) one
can write

d(T*zp, 2 d(T* @, TF Y 20) + oo + d(T? 20, T) + d(T T, o)

<
< (ﬁ + ot =+ D)A(Tom, 2m).

So d(T*z,,,7m) — 0 as m — 0 for all k € {1,2,...,n}. Thus by the above
equation

d(Tapl‘m,J?"L) d(@le O‘iTixmyxm)

le a;d(T'xp,, ) — 0, as m — oo.

IN

Again we can write

d(T*p,, T2, d(T*zy, T*Yz) + . + d(T? 20, T yy)

(ﬁ + oot ) ATz, ).

INIA
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Now, conversely, assume that d(;zcm, Tap ZTm) — 0 as m — oo. Since

d(@m, T2m) < d(Tm, Ta,Tm) + d(Tapavm7 Txm)
- ('Tma T(xpzm) (691 1 azT Tmy,s Tan)
< d(@m, To,2m) + a2d(T?wp, T2 + ... + apd(Tpxm, Tx,)
< d(xm Tapxm) 2 (T, Tm) + - +( it et )T, )
= d(zpy, Tap:vm) (2 2 V(T Ty Tim)
< d(@m, Toym) + (3522 4+ 1581 + ERE ) d(@m, )
= d(zp, Tapxm) = al . (xm,Txm)

and 3, = = al < 1, hence

(1 - 6p)d(xma sz) < d(ﬁCm, Tapxm)-

Which implies that d(z,,, Tz,,) — 0 as m — oo. O

Remark 3.3. Note that if K is a bounded closed convex subset of a strictly convex
Banach space and T' : K — K satisfies condition C,then F(T') is closed and
convex [13]. Hence if we use this, instead of Theorem 1.1, then we can write all
the above results in the setting where Chakkrid Klin-eam and Suthep Suantai [6]
worked in and generalize all their mentioned results.

4. FUNDAMENTALLY NONEXPANSIVE MAPPINGS

In this section, we want to generalize Suzuki’s generalized nonexpansive map-
pings in another manner as follow:

Definition 4.1. Let X be a CAT'(0) space and K be a bounded closed convex
subset of X. A mapping 7' : K — K is said to be fundamentally nonexpansive if
d(T%z,Ty) < d(Tw,y),

forall z,y € K.

Proposition 4.2. Every mapping which satisfies condition (C) is fundamentally
nonexpansive, but the inverse is not true.

Proof. By taking & = Tz,y = y, we see that every nonexpansive mapping is fun-
damentally nonexpansive. So by Lemma 3.4 part (7i7) in [13] the desired result is
obtained. 0

Example 4.3. Define a mapping T on [0, 2] by
0 ifzx+#2,

1 ifr=2.

T(z) =

By taking x = 2,y = 1.5 we have
1

but

d(T(2),T(1.5)) £ d(2,1.5).
Therefore T is fundamentally nonexpansive, but 7' is not nonexpansive or even
satisfies condition (C).
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Theorem 4.1. Let K be a bounded closed convex subset of a complete C AT (0)
space X. LetT : K — K be fundamentally nonexpansive and F(T) # (), then F(T)
is A-closed and convex set.

Proof. Suppose (z,,) is a sequence in F'(T') which A-converges to some y € K. We
want to show y € F'(T). In order to prove this, one can write

therefore

lim sup d(xy,, Ty) < limsup d(x,,y).

By the uniqueness of asymptotic center, we obtain T'y = y.
F(T) is convex: let z, z € F(T'), then we have:

d(z,Ty) = d(T°x,Ty) < d(Tz,y) = d(z,y),
and
d(z,Ty) = d(T?z,Ty) < d(Tz,y) = d(z,y).
For y € [z, 2], we have d(z,y) + d(y, z) = d(z, 2)
d(z,z) < d(z,Ty) +d(Ty, z) < d(z,y) + d(y, z) = d(z, z).

Therefore d(z, Ty) = d(z,y) and d(Ty, z) = d(y, z), because if d(z, Ty) < d(z,y)
or d(Ty, z) < d(y, z), then we obtain the contradiction d(x, z) < d(z, z), therefore
Ty € [z,z] and Ty = y, which means [z, z] C F(T). O

Lemma 4.4. [7] Let (z,) and (w,) be bounded sequences in K and A € (0,1).
Suppose that z,+1 = Aw,, + (1 — A)z, and d(wp41,wy) < d(zp+1, 2n) foralln € N.
Then lim sup,, d(wp, z,) = 0.

Lemma 4.5. Let K be a bounded closed convex subset of a complete C AT (0) space
X. LetT : K — K be fundamentally nonexpansive, then always there exists an
approximate fixed point sequence for T'.

Proof. Define a sequence (z,,) in K by z; € K and
Tnt1 = Tz, ® (1 — a)x,
for n € N, where « is a real number belonging to [0, 1]. Then we have
d(Tzpy1,Tx,) = ad(TmeTmn) < ad(Tzy,,zn) = d(Tpt1, Tn)-

for n € N, hence
d(Txpi1,Txn) < d(Tnt1,Tn).
So by Lemma 4.4,
lim d(x,,Tz,) =0

n—oo

holds. O

Lemma 4.6. [5] Let (x,,) be a bounded sequence in K, then the asymptotic center
of (z,) isin K.

Theorem 4.2. Let K be a bounded closed convex subset of a complete C AT (0)
space X. Let T : K — K be fundamentally nonexpansive, then F(T') is nonempty.
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Proof. By Lemma 4.6, the asymptotic center of any bounded sequence is in K,
particularly, the asymptotic center of approximate fixed point sequence for 7' is in
K. Let A((z,)) = {y}, we want to show that y is a fixed point of 7. In order to
prove this, one can write

d(x’m Ty) = d(T2$na TZ/) < d(TJJn, y) = d(l‘n, y)

therefore
lim sup d(x,, Ty) < limsup d(z,,y).
n n

By the uniqueness of the asymptotic center Ty = y. O

Corollary 4.7. Let K be a bounded closed convex subset of a complete C AT(0)
space X. If T : K — Kis fundamentally nonexpansive, then F(T) is nonempty,
A-closed and convex.
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