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ABSTRACT. In this paper, we prove the existence of solutions for nonlinear neutral impulsive
evolution integrodifferential equations of Sobolev type with time varying delays. The results
are obtained by using semigroup theory and the Monch’s fixed point theorem. An application
of the same problem is discussed. An example is provided to illustrate the theory.
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1. INTRODUCTION

A large class of scientific and engineering problems is modelled by partial dif-
ferential equations, integral equations or coupled ordinary and partial differential
equations which can be described as differential equations in infinite dimensional
spaces using semigroups. In general functional differential equations or evolution
equations serve as an abstract formulations of many partial differential equations
which arise in problems connected with heat-flow in materials with memory, vis-
coelasticity and many other physical phenomena. Using the method of semigroups,
various solutions of nonlinear and semilinear evolution equations have been dis-
cussed by Pazy [27] and the nonlocal problem for the same equations has been
first studied by Byszewskii [11–13]. Because it is demonstrated that the nonlocal
problems have better effects in applications than the classical Cauchy problems.
Such problems with nonlocal conditions have been extensively studied in literature
[1, 5, 6, 31]. Balachandran et al. [8] studied the nonlocal Cauchy problem for de-
lay integrodifferential equations of Sobolev type in Banach spaces. Bahuguna and
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Shukla [9] established the approximation of solutions to nonlinear Sobolev type
evolution equations. Showalter [30] established the existence of solutions of semi-
linear evolution equations of Sobolev type in Banach spaces. This type of equations
arise in various applications such as in the flow of fluid through fissured rocks,
thermodynamics, and shear in second-order uids. For more details, we refer the
reader to [10, 21, 22].

A delay differential equation is a special type of functional differential equa-
tion. Delay differential equations are similar to ordinary differential equation, but
their evolution involves past values of the state variable. Time delay is inherently
the character of most dynamical systems to some extent. Particularly the delays
in many engineering systems such as power systems are often time-varying and
sometimes vary violently with time. Time delays are frequently encountered in var-
ious engineering systems such as aircraft, long transmission lines in pneumatic
models and chemical or process control systems. These delays may be the source
of instability and lead to serious deterioration in the performance of closed loop sys-
tems. Theory of neutral differential equations has been studied by several authors
in Banach spaces [15, 16, 18–20].

Consequently, it is natural to assume, in modeling these problems, that these
perturbations act instantaneously, that is in the form of impulses. The theory of
impulsive differential equations has become an active area of investigation due to
their applications in the field such as mechanics, electrical engineering, medicine
biology and so on. However, one may easily visualize that abrupt changes such as
shock, harvesting and disasters may occur in nature. These phenomena are short
time perturbations whose duration is negligible in comparison with the duration
of the whole evolution process. Consequently, it is natural to assume, in modeling
these problems, that these perturbations act instantaneously, that is in the form of
impulses. The theory of impulsive differential equation [23, 26, 29] is much richer
than the corresponding theory of differential equations without impulsive effects.
The impulsive condition

∆u(ti) = u(t+i )− u(t−i ) = Ii(u(t−i )), i = 1, 2, . . . ,m,

is a combination of traditional initial value problems and short-term perturbations
whose duration is negligible in comparison with the duration of the process. Lin
and Liu [24] discussed the iterative methods for the solution of impulsive functional
differential systems.

Measures of noncompactness are a very useful tool in many branches of math-
ematics. They are used in the fixed point theory, linear operators theory, theory of
differential and integral equations and others [3]. There are two measures which
are the most important ones. The Kuratowski measure of noncompactness σ(X)
of a bounded set X in a metric space is defined as infimum of numbers r > 0 such
that X can be covered with a finite number of sets of diameter smaller than r. The
Hausdorff measure of noncompactness χ(X) defined as infimum of numbers r > 0
such that X can be covered with a finite number of balls of radii smaller than r.
There exist many formula on χ(X) in various spaces [3, 4]. The notion of a mea-
sure of weak compactness was introduced by De Blasi [14] and was subsequently
used in numerous branches of functional analysis and the theory of differential and
integral equations. Several authors have studied the measures of noncompactness
in Banach spaces [2, 4].

Motivated by the above literature, the goal of this paper is to use the fixed point
theorem to obtain the existence of mild solution of sobolev type nonlinear neutral
impulsive integrodifferential evolution equations with time varying delays.
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2. PRELIMINARIES

In this section, we recall some definitions, notations and results that we need in
the sequel. Throughout this paper, (X, ‖ · ‖) is a Banach space and A(t) generates
the evolution operator in X. Also A(t), t ∈ I is closed linear operator defined on a
common domain D := D(A(t)), which is dense in X.

The purpose of this paper is to prove the existence of mild solutions for a nonlin-
ear impulsive neutral delay integrodifferential equation of Sobolev type with nonlo-
cal conditions of the form

d

dt
[Bx(t) + e(t, x(σ1(t)))] +A(t)x(t)

= f(t, x(σ2(t))) +
∫ t

0

k(t, s)h(s, x(σ3(s)))ds, t ∈ I, t 6= tk, (2.1)

x(0) + g(x) = x0, (2.2)
∆x(tk) = Ik(xtk), k = 1, 2, . . . ,m (2.3)

where A(t), B are two closed operators such that −A(t) B−1 generates the strongly
continuous semigroup of bounded linear operators U(t, s) in a Banach space X
and I = [0, a]. The nonlinear operators f : [0, a] ×X → X, k : [0, a] × [0, a] → R,
h : [0, a] × X → X, e : [0, a] × X → X, g : PC([0, a], X) → D(B) and the delay
σi(t) ≤ t, i = 1, 2, 3 are given appropriate functions; x(t+k ) and x(t−k ) represent the
right and left limits of x(t) at t = tk, for 0 = t0 < t1... < tk < tk+1 = a.

Let (X, ‖.‖) be a real Banach space. {A(t) : t ∈ R} is a family of closed linear
operators defined on a common domain D which is dense in X and we assume
that the linear non-autonomous system

u′(t) = A(t)u(t), s ≤ t ≤ a,

u(s) = x ∈ X, (2.4)

has associated evolution family of operators {U(t, s) : 0 ≤ s ≤ t ≤ a}. In the next
definition, L(X) is a space of bounded linear operator from X into X endowed with
the uniform convergence topology.

Definition 2.1. A family of operators {U(t, s) : 0 ≤ s ≤ t ≤ a} ⊂ L(X) is called a
evolution family of operators for (2.4), if the following properties hold:

(i) U(t, s)U(s, τ) = U(t, τ) and U(t, t)x = x, for every s ≤ τ ≤ t and all x ∈ X;
(ii) For each x ∈ X, the functions for (t, s) −→ U(t, s)x is continuous and

U(t, s) ∈ L(X) for every t ≥ s and
(iii) For 0 ≤ s ≤ t ≤ a, the function t −→ U(t, s), for (s, t] ∈ L(X), is differen-

tiable with ∂
∂tU(t, s) = A(t)U(t, s).

We denote by PC([0, a], X) the space of X− valued continuous functions on
[0, a] with the norm ‖x‖ = sup{‖x(t)‖, t ∈ [0, a]} and by L1([0, a], X) the space of
X−valued Bochner integrable functions on [0, a] with the norm

‖f‖L1 =
∫ a

0

‖f(t)‖dt.

Let us recall the following definition.

Definition 2.2. A continuous solution x(t) of the integral equation

x(t) = B−1U(t, 0)B[x0 − g(x)] +B−1U(t, 0)e(0, x(0))

−B−1e(t, x(σ1(t)) +
∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds
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+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s))) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∑

0<ti<t

B−1U(t, tk)Ikx(tk) (2.5)

is said to be a mild solution of problem (2.1)− (2.3) on [0, a].
To prove our main theorem we assume certain conditions on the operators A(t)

and B. Let X and Y be Banach spaces with norm | · | and ‖ · ‖ respectively. The
operators A(t) : D(A(t)) ⊂ X −→ Y and B : D(B) ⊂ X −→ Y satisfy the following
hypothesis:

(A1) A(t) and B are closed linear operators;
(A2) D(B) ⊂ D(A(t)) and B is bĳective;
(A3) B−1 : Y → D(B) is continuous.

The hypothesis (A1)− (A3) and the closed graph theorem imply the boundedness
of the linear operator A(t)B−1 : X → X and −A(t)B−1 generates a uniformly con-
tinuous evolution operators U(t, s), t ≥ 0, of bounded linear operators on Banach
space X.

Next, we introduce the Hausdorff’s measure of noncompactness ψ(·) defined on
each bounded subset E of Banach space Y by

ψ(B) = inf{ε > 0; B has a finite ε− net in Y }.

Lemma 2.3. [3] Let Y be a real Banach space and C,E ⊆ Y be bounded, with the
following properties:

(i) C is pre-compact if and only if ψY (B) = 0.
(ii) ψY (C) = ψY (C̄) = ψY (conC), where C̄ and conC mean the closure and

convex hull of C respectively.
(iii) ψY (C) ≤ ψY (E), where C ⊆ E.
(iv) ψY (C + E) ≤ ψY (C) + ψY (E), where C + E = {x+ y : x ∈ C, y ∈ E}.
(v) ψY (C ∪ E) ≤ max{ψY (C), ψY (E)}.
(vi) ψY (λC) ≤ |λ|ψY (C), for any λ ∈ R.
(vii) If the map F : D(F) ⊆ Y → Z is Lipschitz continuous with constant r,then

ψZ(FB) ≤ rψY (B), for any bounded subset B ⊆ D(F), where Z be a
Banach space.

Before we prove the existence results, we need the following Lemmas.

Lemma 2.4. [3] If W ⊆ PC([0, a], X) is bounded, then ψ(W(t)) ≤ ψc(W) for all
t ∈ [0, a], where W(t) = {u(t);u ∈ W} ⊆ X. Furthermore if W is equicontinuous on
[0, a], then ψ(W(t)) is continuous on [0, a] and ψc(W) = sup{ψ(W(t)), t ∈ [0, a]}.

Lemma 2.5. [17, 25] If {un}∞n=1 ⊂ L1([0, a], X) is uniformly integrable, then the
function ψ({un(t)}∞n=1) is measurable and

ψ
{(∫ t

0

un(s)ds
)∞
n=1

}
≤ 2

∫ t

0

ψ({un(s)}∞n=1)ds. (2.6)

The following fixed point theorem, a nonlinear alternative of Monch type, plays a key
role in our existence of mild solutions for nonlocal Cauchy problem (2.1)− (2.3).

Theorem 2.6. Let Y be a Banach space, U an open subset of Y and 0 ∈ U . Suppose
that F : U → Y is a continuous map which satisfies Monch’s condition (that is, if
D ⊆ U is countable and D ⊆ co(0 ∪ F (D)), then D is compact) and assume that

x 6= λF (x), for x ∈ ∂U and λ ∈ (0, 1) (2.7)
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holds. Then F has a fixed point in U.

3. MAIN RESULTS

In this section, we study the existence of mild solutions of neutral impulsive
evolution integrodifferential equations of Sobolev type.

To prove our existence results, we assume the following hypotheses:
(M1) A(t) generates a family of evolution operator U(t, s), when t > s > 0, of

C0− semigroups on X and there exists a constant M > 0 such that

‖U(t, s)‖ ≤M, for 0 ≤ s ≤ t ≤ a.

(M2) (i) The nonlinear function e : [0, a]×X → X, for a.e t ∈ [0, a], the function
e(·, x) is continuous and for all x ∈ X, the function e(·, x) : [0, a] → X
is measurable, for all x ∈ X.

(ii) There exist functions φ0, φ1, φ2 ∈ L1([0, a],R+) and nondecreasing
continuous functions Ωe,ΩAe : R+ → R+ such that for every x ∈ X,
we have

‖e(t, x)‖ ≤ φ1(t) Ωe‖x‖, a.e. t ∈ [0, a]
‖A(t)e(t, x)‖ ≤ φ2(t) ΩAe‖x‖, a.e. t ∈ [0, a]

‖e(0, x)‖ ≤ φ0, a.e. t ∈ [0, a].

(iii) There exist functions γ0, γe, γAe ∈ L1([0, a],R+) such that for every
bounded D ⊂ X, we have

ψ(e(t,D)) ≤ γe(t)ψ(D), a.e. t ∈ [0, a]
ψ(A(t)e(t,D)) ≤ γAe(t)ψ(D), a.e. t ∈ [0, a]

ψ(e(0, D)) ≤ γ0, a.e. t ∈ [0, a].

(M3) (i) The nonlinear function f : [0, a]×X → X, for a.e t ∈ [0, a], the function
f(·, x) is continuous and for all x ∈ X, the function f(·, x) : [0, a] → X
is measurable for all x ∈ X.

(ii) There exists a function, φ3 ∈ L1([0, a],R+) and a nondecreasing con-
tinuous function Ωf : R+ → R+ such that for every x ∈ X, we have

‖f(t, x)‖ ≤ φ3(t)Ωf‖x‖, a.e t ∈ [0, a].

(iii) There exists a function, γf ∈ L1([0, a],R+) such that for every bounded
D ⊂ X, we have

ψ(f(t,D)) ≤ γf (t)ψ(D), a.e t ∈ [0, a].

(M4) (i) The nonlinear function h : [0, a]×X → X, for a.e t ∈ [0, a], the function
h(·, x) is continuous and for all x ∈ X, the function f(·, x) : [0, a] → X
is strongly measurable, for all x ∈ X.

(ii) There exists a function, φ4 ∈ L1([0, a],R+) and a nondecreasing con-
tinuous function Ωh : R+ → R+ such that for every x ∈ X, we have

‖h(t, x)‖ ≤ φ4(t)Ωh‖x‖, a.e t ∈ [0, a].

(iii) There exists a function, γh ∈ L1([0, a],R+) such that for every bounded
D ⊂ X, we have

ψ(h(t,D)) ≤ γh(t)ψ(D), a.e t ∈ [0, a].
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(M5) The function k : [0, a]× [0, a] → R is measurable function such that there
exist a constant K such that

‖k(t, s)‖ ≤ K, for s, t ∈ I.
(M6) (i) Ik : X −→ X is continuous. There exists a nondecreasing continuous

function ΩI : R+ → R+ such that for every x ∈ X, we have

‖Ik(x(tk))‖ ≤ ΩI‖x‖, where k = 1, 2, 3, . . . ,m.

(ii) There exists a function, γI ∈ L1([0, a],R+) such that, for every bounded
D ⊂ X, we have

ψ(Ik(D)) ≤ γI(t)ψ(D), k = 1, 2 . . . ,m.

(M7) The function g : PC([0, a], X) → D(B) is continuous compact map such
that ‖g(x)‖ ≤ c‖x‖+d, for all x ∈ PC([0, a], X), for some positive constants
c and d.

Now, we give the existence results for (2.1)− (2.3).

Theorem 3.1. Assume that the conditions (M1) − (M7) are satisfied. Then, for
every x0 ∈ D(B) the impulsive nonlocal problem (2.1) − (2.3) has at least one mild
solution [0, a] provided that there exists a constant N > 0 with

(1− αβMc)N
αβM(d+‖x0‖)+αφ1Ωe(N )+αM [φ0+φ2ΩAe(N )+φ3Ωf (N )+Kφ4Ωh(N )+ΩI(N )]

>1

(3.1)

and that

2α[‖γe‖+M{‖γ0‖+ ‖γAe‖+ ‖γf‖+K‖γh‖+ ‖γI‖}] < 1. (3.2)

Proof. We consider the operator F : PC([0, a], X) → PC([0, a], X) defined by

(Fx)(t) = (F1x)(t) + (F2x)(t) (3.3)

with

(F1x)(t) = B−1U(t, 0)B[x0 − g(x)] (3.4)
(F2x)(t) = B−1U(t, 0)e(0, x(0))−B−1e(t, x(σ1(t))

+
∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s))) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∑

0<ti<t

B−1U(t, tk)Ikx(tk), for all t ∈ [0, a]. (3.5)

It is easy to see that the fixed point of F is the mild solutions of impulsive nonlocal
problem (2.1)−(2.3). Subsequently, we will prove that F has a fixed point by using
Theorem 2.6.

First, we claim that the operator F is continuous on PC([0, a], X). For this
purpose, we assume that xn → x in PC([0, a], X). Then by (M2− (ii)) we get that

e(t, xn(σ1(t))) → e(t, x(σ1(t))), a.e. t ∈ [0, a]

A(s)e(s, xn(σ1(s))) → A(s)e(s, x(σ1(s))), a.e. s ∈ [0, a].
By the same reason (M3− (ii)) and (M4− (ii)) we get

f(s, xn(σ2(s))) → f(s, x(σ2(s))), a.e. s ∈ [0, a]
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h(τ, xn(σ2(τ))) → h(τ, x(σ2(τ))), a.e. τ ∈ [0, a].
Since (M4 − (ii)), (M5) hold, by the dominated convergence theorem, for every
s ∈ [0, a] we have∫ s

0

k(s, τ)h(τ, xn(σ3(τ)))dτ →
∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ, (n→ +∞).

Thus

‖Fxn −Fx‖ ≤ αβM‖g(xn)− g(x)‖+ α‖e(t, xn(σ1(t)))− e(t, x(σ1(t)))‖

+αM
∫ t

0

‖A(s)e(s, xn(σ1(s)))−A(s)e(s, x(σ1(s)))‖ds

+αM
∫ t

0

‖f(s, xn(σ2(s)))− f(s, x(σ2(s)))‖ds

+αM
∫ t

0

∫ s

0

‖k(s, τ)h(τ, xn(σ3(τ)))dτ − k(s, τ)h(τ, x(σ3(τ)))dτ‖ds

+αM
∑

0<ti<t

‖Ikxn(tk)− Ikx(tk)‖

→ 0 as n→∞. (3.6)

That is F is continuous.

Next, we claim that the Monch’s condition holds.
Suppose that D ⊆ Br is countable and D ⊆ co(0∪F(D)), we show that ψ(D) = 0,
where Br is the open ball of the radius r centered at the zero in PC([0, a], X).
Without loss of generality, we may suppose that D = {xn}+∞n=1. By using the con-
dition (M1) − (M7), we can easily verify that {Fxn}+∞n=1 is equicontinuous. So,
D ⊆ co(0 ∪ F(D)) is also equicontinuous.

Now, from the Lemma 2.3, 2.4, 2.5 and the continuity of B−1U(t, 0)B, it follows
that

ψ({Fxn}+∞n=1) ≤ sup
t∈[0,a]

ψ({B−1U(t, 0)Bg(xn)}+∞n=1) + ψ({B−1U(t, 0)e(0, x(0))})

+ψ
(
{B−1e(t, xn(σ1(t)))}+∞n=1

)
+ψ

(
{
∫ t

0

U(t, s)A(s)B−1e(s, xn(σ1(s)))ds}+∞n=1

)
+ψ

(
{
∫ t

0

U(t, s)B−1f(s, xn(σ2(s)))ds}+∞n=1

)
+ψ

(
{
∫ t

0

∫ s

0

U(t, s)B−1k(s, τ)h(τ, xn(σ3(τ)))dτds}+∞n=1

)
+ψ

(
{

∑
0<ti<t

B−1U(t, tk)Ikxn(tk)}+∞n=1

)
≤ 2αMγ0 + 2αγe(t)ψ({xn(σ1(t))}+∞n=1)

+2αM
∫ t

0

γAe(s)ψ({xn(σ1(s))}+∞n=1)ds

+2αM
∫ t

0

γf (s)ψ({xn(σ1(s))}+∞n=1)ds

+2αMK

∫ t

0

∫ s

0

γh(s)ψ({xn(σ3(τ))}+∞n=1)dτds



212 B.RADHAKRISHNAN ET AL./JNAO : VOL. 4, NO. 2, (2013), 205-218

+2αMγIψ({xn(tk)}+∞n=1)

≤ 2α
[
‖γe‖+M{‖γ0‖+‖γAe‖+‖γf‖+K‖γh‖+‖γI‖}

]
ψ({xn}+∞n=1).

Thus, we get that

ψ(D) ≤ ψ(co(0 ∪ F(D)))
= ψ(F(D))

≤ 2α
[
‖γe‖+M{‖γ0‖+ ‖γAe‖+ ‖γf‖+K‖γh‖+ ‖γI‖}

]
ψ(D)

which implies that ψ(D) = 0, since the condition (3.2) holds.
Now let λ ∈ (0, 1) and x = λF(x). Then, for t ∈ [0, a]

x(t) = λB−1U(t, 0)BE[x0 − g(x)] + λB−1U(t, 0)e(0, x(0))

−λB−1e(t, x(σ1(t)) + λ

∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+λ
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s)) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+λ
∑

0<ti<t

B−1U(t, tk)Ikx(tk)

and one has

‖x(t)‖ ≤ αβM(‖x0‖+ c‖x‖+ d) + αMφ0 + αφ1(t)Ωe‖x‖

+αM
∫ a

0

φ2(s)ΩAe‖x‖ds+ αM

∫ a

0

φ3(s)Ωf‖x‖ds

+αM
∫ a

0

Kφ4(s)Ωh‖x‖ds+ αMΩI‖x‖

≤ αβM(‖x0‖+ c‖x‖+ d) + α‖φ1‖L1Ωe‖x‖

+αM
[
‖φ0‖+‖φ2‖L1ΩAe‖x‖+‖φ3‖L1Ωf‖x‖+K‖φ4‖L1Ωh‖x‖+ΩI‖x‖

]
.

Consequently,
(1− αβMc)‖x‖

αβM(d + ‖x0‖) + αφ1Ωe‖x‖+ αM [φ0 + φ2ΩAe‖x‖+ φ3Ωf‖x‖+ Kφ4Ωh‖x‖+ ΩI‖x‖]
.

Then by (3.1) there exists N such that ‖x‖ 6= N . Set

U = {x ∈ PC([0, a], X) : ‖x‖ < N}.

From the choice of U there is no x ∈ ∂U such that x = λF(x), for some λ ∈ (0, 1).
Thus we get a fixed point of F in U due to Theorem 2.6, which is a mild solution to
(2.1)− (2.3). The proof is completed. �

Now, we will give the existence for (2.1)− (2.3) when the nonlocal item g has no
compactness. Assume the following holds:

(M8) The function g : PC([0, a], X) → D(B) is Lipschitz continuous with con-
stant L.

Theorem 3.2. Assume that the conditions (M1) − (M6) and (M8) are satisfied.
Then for every x0 ∈ D(B)the impulsive nonlocal problem (2.1) − (2.3) has at least
one mild solution [0, a] provided that there exists a constant N > 0 with

(1− αβML)N
αβM(‖g(0)‖+‖x0‖)+αφ1Ωe(N )+αM [φ0+φ2ΩAe(N )+φ3Ωf (N )+Kφ4Ωh(N )+ΩI(N )]

>1

(3.7)
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and that

αβML+ 2α
[
‖γe‖+M{‖γ0‖+ ‖γAe‖+ ‖γf‖+K‖γh‖+ ‖γI‖}

]
< 1. (3.8)

Proof. On account of Theorem 3.1, we can prove that operator F defined by (3.3)
is continuous on PC([0, a], X).

We prove that F satisfies the Monch’s condition holds.
For this purpose, Let D ⊆ Br is countable and D ⊆ co(0∪F(D)), we show that

ψ(D) = 0. Without loss of generality, we may suppose that D = {xn}+∞n=1. By using
the condition (A1)− (A3), we can easily verify that {F2xn}+∞n=1 is equicontinuous.
Moreover, F1 : D → PC([0, a], X) is Lipschitz continuous with constant αβML
due to the condition (M8). In fact, for x, y ∈ D, we have

‖R1x−R1y‖ = sup
t∈[0,a]

‖B−1U(t, 0)Bg(x)−B−1U(t, 0)g(y)‖

≤ αβM‖g(x)− g(y)‖
≤ αβML‖x− y‖.

So, from (M2 − (iii)), (M3 − (iii)), (M4 − (iii)), (M8) and Lemma 2.3, 2.4, 2.5 it
follows that

ψ({Fxn}+∞n=1) ≤ ψ({F1xn}+∞n=1) + ψ({F2xn}+∞n=1)

ψ({Fxn}+∞n=1)

≤ αβMLψ({xn}+∞n=1) + sup
t∈[0,a]

ψ({B−1U(t, 0)e(0, x(0))})

+ψ
(
{B−1e(t, xn(σ1(t)))}+∞n=1

)
+ψ

(
{
∫ t

0

U(t, s)A(s)B−1e(s, xn(σ1(s)))ds}+∞n=1

)
+ψ

(
{
∫ t

0

U(t, s)B−1f(s, xn(σ2(s)))ds}+∞n=1

)
+ψ

({ ∫ t

0

∫ s

0

U(t, s)B−1k(s, τ)h(τ, xn(σ3(τ)))dτds
}+∞
n=1

)
+ψ

(
{

∑
0<ti<t

B−1U(t, tk)Ikxn(tk)}+∞n=1

)
≤ αβMLψ({xn}+∞n=1)

+2α
[
‖γe‖+M{‖γ0‖+ ‖γAe‖+ ‖γf‖+K‖γh‖+ ‖γI‖}

]
ψ({xn}+∞n=1)

≤
{
αβML+2α[‖γe‖+M{‖γ0‖+‖γAe‖+‖γf‖+K‖γh‖+‖γI‖}]

}
ψ({xn}+∞n=1).

Thus, we get that

ψ(D) ≤ ψ(co(0 ∪ F(D)))
= ψ(F(D))

≤ α
{
βML+ 2[‖γe‖+M{‖γ0‖+ ‖γAe‖+ ‖γf‖+K‖γh‖+ ‖γI‖}]

}
ψ(D)

which implies that ψ(D) = 0, since the condition (3.8) holds.
Now with analogous arguments as in the proof of theorem 3.1, we can get an

open ball U by the condition of (3.7), and there is no x ∈ ∂U such that x = λF(x)
for some λ ∈ (0, 1). Thus we get a fixed point of F in U due to Theorem 2.3, which
is a mild solution to (2.1)− (2.3). The proof is completed. �
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4. APPLICATION

The notion of controllability is of great importance in mathematical control the-
ory. Many fundamental problems of control theory such as pole-assignment, stabi-
lizability and optimal control may be solved under the assumption that the system
is controllable. It means that it is possible to steer any initial state of the system
to any final state in some finite time using an admissible control. During the last
few decades, several authors have discussed the existence, uniqueness, and as-
ymptotic behavior of the solution of these systems. Apart from these, the study of
controllability and observability properties of a system in control theory is certainly,
at present, one of the most active interdisciplinary areas of research. Control the-
ory arises in most modern applications. On the other hand, control theory has
remained a discipline where many mathematical ideas and methods have fused to
produce a new body of important mathematics. In control theory, one of the most
important qualitative aspects of a dynamical system is controllability. As far as
the controllability problems associated with finite-dimensional systems modelled
by ODEs are concerned, this theory has been extensively studied during the last
decades. In the finite-dimensional context, a system is controllable if and only if
the algebraic Kalman rank condition is satisfied. According to this property, when
a system is controllable for some time, it is controllable for all the time. But this is
no longer true in the context of infinite-dimensional systems modelled by PDEs.

As an application of Theorem 3.1 we shall consider the system (2.1)− (2.3) with
a control parameter such as

d

dt
[Bx(t) + e(t, x(σ1(t)))] +A(t)x(t)

= f(t, x(σ2(t))) + Cu(t)+
∫ t

0

k(t, s)h(s, x(σ3(s)))ds, t 6= tk, (4.1)

x(0) + g(x) = x0 (4.2)
∆x(tk) = Ik(xtk), k = 1, 2, . . . ,m (4.3)

where A,B, f, g, e, h and Ik are as before and C is a bounded linear operator from
a Banach space U into X and u ∈ L2([0, a], U). The mild solution of (4.1)− (4.3) is
given by

x(t) = B−1U(t, 0)B[x0 − g(x)] +B−1U(t, 0)e(0, x(0))

−B−1e(t, x(σ1(t)) +
∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s))) + Cu(s) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∑

0<ti<t

B−1U(t, tk)Ikx(tk). (4.4)

Definition 5.1 ([7, 28]) System (4.1)−(4.3) is said to be controllable on the interval
[0, a], if for every x0, x1 ∈ X, there exists a control u ∈ L2(I, U) such that the mild
solution u(·) of (4.1)− (4.3) satisfies x(b) = x1.

To study the controllability result we need the following additional condition:
(M8) The linear operator W : L2(I, U) → X, defined by

Wu =
∫ a

0

B−1U(a, s)Cu(s)ds
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induces an inverse operator W−1 defined an L2(I, V )/kerW and there exists a
positive constant M1 > 0 such that ‖CW−1‖ ≤ M1.

Theorem 4.1. If the assumptions (M1)−(M8) are satisfied, then the system (4.1)−
(4.3) is controllable on I.

Proof. Using the assumption (M8), for an arbitrary function u(·), define the control

u(t) = W−1
[
x1 −B−1U(t, 0)B[x0 − g(x)] +B−1U(t, 0)e(0, x(0))

−B−1e(t, x(σ1(t)) +
∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s)))+Cu(s) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∑

0<ti<t

B−1U(t, tk)Ikx(tk)
]
(t).

We shall show that when using this control, the operator H : Z → Z defined by

(Hu)(t)
= B−1U(t, 0)B[x0 − g(x)] +B−1U(t, 0)e(0, x(0))

−B−1e(t, x(σ1(t)) +
∫ t

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s))) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∫ t

0

U(t, s)B−1CW−1
[
x1 −B−1U(t, 0)B[x0 − g(x)] +B−1U(t, 0)e(0, x(0))

−B−1e(t, x(σ1(t)) +
∫ a

0

U(t, s)A(s)B−1e(s, x(σ1(s))ds

+
∫ t

0

U(t, s)B−1

[
f(s, x(σ2(s))) + Cu(s) +

∫ s

0

k(s, τ)h(τ, x(σ3(τ)))dτ
]
ds

+
∑

0<ti<t

B−1U(t, tk)Ikx(tk)
]
(t) +

∑
0<ti<t

B−1S(t− tk)Ikx(tk)

has a fixed point. This fixed point is, then a solution of (4.1) − (4.3). Clearly,
(Hu)(a) = x(a) = x1, which means that the control u steers the system (4.1)−(4.3)
from the initial state x0 to the final state x1 at time a, provided we can obtain a
fixed point of the nonlinear operator H. The remaining part of the proof is similar
to Theorem 3.1 and hence, it is omitted. �

5. EXAMPLE

Consider the partial integrodifferential equation of neutral type

∂

∂t

[
z(t, x)− zxx(t, x) +

∫ t

−∞
b(s− t)b1(s, z(sin s, x))ds

]
= −a(t, x) ∂

2

∂y2
z(t, x) + b2(t, z(sin t, x))

+
sin z(t, x)

(1 + t)(1 + t2)

∫ t

0

k(t, s)e−z(sin s,x)ds,

0 ≤ x ≤ π, t ∈ I (5.1)
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z(t, 0) = z(t, π) = 0, t ≥ 0 (5.2)

z(0, x) +
m∑
i=1

eiφti(s, x) = z0(x) ∈ PC, 0 ≤ x ≤ π (5.3)

∆z|t=ti = Ii(z(x)) = (γi(z(x)) + ti)−1, z ∈ X, 1 ≤ i ≤ m, (5.4)

where a(t, x) is continuous on 0 ≤ y ≤ π, 0 ≤ t ≤ a and the constant ei, γi are small
and b1(t, s) is continuous such that ‖k(t, s)‖ ≤ KB. Let us take X = U = L2[0, π]
endowed with the usual norm | · |L2 . Put x(t) = z(t, x) is continuous norm ‖ · ‖L2

and let

e(t, ψ)(x) =
∫ π

0

b1(s− t)ψ(s, x)ds;

f(t, ψ)(x) = b2(t, ψ(sin t, x));

h(s, ψ)(x)ds =
sinψ(t, x)

(1 + t)(1 + t2)

∫ t

0

e−ψ(sin s,x)ds;

Ii(ψ)(x) = (γi|ψ(x)|+ ti)−1;

g(ψ)(x) =
m∑
i=1

eiφti(s, x).

Define the operator A : D(A) ⊂ X −→ X and B : D(B) ⊂ X −→ X by

Az = −zxx, Bz = z − zxx,

where each domain D(A) and D(B) is given by

{z ∈ X : z, zx are absolutely continuous, zxx ∈ X, z(0) = z(π) = 0}.
Then A and B can be written, respectively, as

Az =
∞∑
n=1

n2〈z, zn〉zn, z ∈ D(A)

Bz =
∞∑
n=1

(1 + n2)〈z, zn〉zn, z ∈ D(B),

where zn(x) =
√

2/π sin(nx), n = 1, 2, . . . , is the orthogonal set of vectors of A.
Furthermore for z ∈ X, we have

B−1z =
∞∑
n=1

1
1 + n2

〈z, zn〉zn;

−AB−1z =
∞∑
n=1

−n2

1 + n2
〈z, zn〉zn;

S(t)z =
∞∑
n=1

exp
( −n2t

1 + n2

)
〈z, zn〉zn.

It is easy to see that AB−1 generates a strongly continuous semigroup S(t) on
Y and S(t) is compact such that |S(t)| ≤ e−t for each t > 0. Now we define
the operator A(t) : D(A) ⊂ X −→ X by A(t)z = a(t, x)Az(x). By assuming that
x −→ a(t, x) is continuous in t and there exist ρ > 0 such that a(t, x) ≤ −ρ for all
t ∈ I, x ∈ [0, π], it follows that the system

z′(t) = A(t)z(t), t ≥ s,

z(s) = x ∈ X,
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generates an evolution system U(t, s) as U(t, s)z = T (t− s) exp(
∫ t
s
a(τ, x)dτ)z, for

z ∈ X and ‖U(t, s)‖ ≤ e−(1+ρ)(t−s), for every t ≥ s.
With this choice of A(t), e, f, h, g and Ii, we see that (5.1)−(5.4) can be written

in the abstract formulation of (2.1)− (2.3). So all the conditions of the Theorem 3.1
are satisfied. Hence the equation (5.1)− (5.4) has a mild solution.
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