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ABSTRACT. Analogues to the procedure adopted by Scherzer et.al (1993) for choosing the
regularization parameter in Tikhonov regularization of nonlinear ill-posed equations of the
form F(x) = y, Tautenhahn (2002) considered an a posteriori parameter choice strategy
for Lavrentiev regularization in the case of monotone F', and derived order optimal error
estimates under Hélder type source conditions. In this paper, we derive order optimal error
estimates under a general source condition so that the results are applicable for both mildly
and exponentially ill-posed problems. Results in this paper generalize results of Tautenhahn
(2002) and also extend results of Nair and Tautenhahn (2004) to the nonlinear case.
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1. INTRODUCTION

In this paper we are interested in finding a stable approximate solution for an
ill-posed equation
F(z) =y, (1.1)
where F' : D(F) C X — X is a nonlinear operator and X is a Hilbert space.
We shall denote the inner product and the corresponding norm X by (.,.) and ||.||
respectively.
We assume that (1.1) has a solution, say zt and for § >0, y‘s € X is an available
noisy data with
ly —°ll < 6. (1.2)
We also assume that the operator F' possesses a Fréchet derivative in a neighbour-
hood of xT, i.e, there exists 7 > 0 such that the Fréchet derivative F’(z) exists for
every z € B, (z") :={u€ X : |ju—=zf|| <r}.
Since (1.1) is ill-posed, the solution ' need not depend continuously on the data.
So, in order to obtain stable approximate solutions, it is required to regularize (1.1).
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Tikhonov regularization is one of the widely used regularization methods which

has been extensively studied in the literature (cf. [2], [3], [6], [7], [9], [13]). In this
method, the regularized solution is obtained by minimizing the Tikhonov functional
Jas5(2) = ||F(x) = y°|* + alle — z|?, =€ D(F), (1.3)

for each o > 0, where # € D(F) is a known initial approximation of 1. As the
given operator is Fréchet differentiable, a minimum for the functional J, s in (1.3),
if exists, is a solution of the associated Euler -Lagrange equation

F'(z)*(F(z) —y°) + a(z — ) =0, (1.4)

where F’(x)* is the adjoint of operator F”(z), the Fréchet derivative of F at z.
Now, suppose that the given operator F' is monotone, i.e.,

(F(z2) — F(z1),22 —21) >0 V1,22 € D(F). (1.5)

Then to get a regularized solution for (1.1), one can use an equation simpler than
(1.4), namely,

F(z)+ oz —T) =1°. (1.6)
This method, in which the regularized solution is obtained by solving the equation
(1.6), is known as Lavrentiev regularization. The existence and uniqueness of the
solution of (1.6) can be asserted from the proof of Theorem 11.2 in [1] by making
use of the hemicontinuity and the monotonicity of F'. Note that the equation (1.6)
does not involve Fréchet derivatives of F' at any point. However, for deriving the
error estimates, we shall make use of an equivalent form of (1.6), namely,

sci =T+ (Aas+ OJ)_l[y5 — F(xg) + Ai(gca,(; —z)], (1.7)

where A, 5 := F'(z2).

After getting a regularized solution by solving (1.6) for each a > 0, the next
important aspect is to choose the regularization parameter o := «(d) such that
x‘sa — ' as § — 0. This choice may be a priori or a posteriori. Due to the practical
applicability, a posteriori parameter strategy gains importance over a priori one.
One such procedure is proposed by Scherzer et.al (cf. [9]) for Tikhonov regular-
ization. For Lavrentiev regularization (1.7), Tautenhahn (cf. [11]) considered an

analogous a posteriori strategy in which « is required to satisfy the equation

| Ras[F(22) — y°]|| = ¢f, (1.8)

[

where R, s = a(F’(2) + al)~! and ¢ > 0 is an appropriate constant, and derived
an order optimal error estimate under the assumption that the solution satisfies
a Holder type source condition. It is to be mentioned that Hoélder type source
conditions, though considered in the literature are suitable for mildly ill-posed
problems, they are not applicable for many of the severely ill-posed cases where a
logarithmic type source condition is sometimes more suitable (See [4], [5]).

In [8], Lavrentiev regularization for linear ill-posed problem is considered under
a general source condition and optimal error estimates are obtained under the
discrepancy principle of the form (1.8). Such general source conditions are useful
for mildly and severely ill-posed problems, in particular for both Hélder type and
logarithmic type source conditions. It is the purpose of this paper to extend the
above analysis to the case of nonlinear ill-posed problems so that the result can be
applied to a wider class of problems.

We note that for deriving the error estimates, Tautenhahn [1 1] used the assump-
tion that there exists a constant ky > 0 such that for every z € D(F') and v € X,
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there exists an element k(z, ', v) € X satisfying
(F'(@) - F'(a))o = Pz at,v), k@)l < kolvl. (1.9

However, for deriving an estimate for the error ||z, — zf|| , using the notation
M, = fol F'(x" + t(zo — 21))dt, the following relation has been used:

(Mo + D)7 F (@) = Ma)ul| < koll(Ma + 1)~ Ma]| |lull.

(cf. [11], step following (3.7) in the proof of Theorem 3.3). The above relation
does not seem to follow from the above assumption (1.9). What follows from the
assumption (1.9) is the relation

(Mo + 1)7HF' (") = Ma)ull < kol|(Ma + 1)7'F' ()] |ull.

It is also the purpose of this paper to fill the above apparent gap in the analysis
in [1 1] by using the following alternate assumption on the nonlinearity of F', which
has been used in [6], [7], [13] for Tikhonov regularization, so as to suit for analysis
under a general source condition as well.

Assumption 1.1. There exists a constant ky > 0 such that for every x,u € B, (CCT>
and v € X, there exists an element g(z,u,v) € X satisfying

(F'(z) = F'(w)v = F'(w)g(z,u,v), g, u, )|l < Kollv|l[lz — ul.

It is shown in [9] that some parameter identification problems and nonlinear
Hammerstein operator equation does satisfy Assumption 1.1.

2. ERROR ESTIMATE FOR LAVRENTIEV REGULARIZATION

Recall that, in Lavrentiev regularization, regularized solution x‘; is obtained by
solving the nonlinear equation (1.6). As we have already spelt out in the last section,
we shall assume that F is Fréchet differentiable in a neighbourhood B, (z), where
z! is a solution of (1.1), and F is also a monotone operator so that for every
x € B,(2"), F'(x) is a positive self adjoint operator and F’(z) + ol has continuous
inverse for every o > 0.

We derive bounds for the term ||z, — || under the following source condition:

Assumption 2.1. There exists a continuous, strictly monotonically increasing func-
tion ¢ : (0,a] — (0,00) witha > ||F'(x1)|| satisfying
i) li A) =0,
O lim o()
(ii) there exists c, > 0 such that

ap(N)
su
)\2% ()\ + a)

<cop(a) Yae (0,q],

(iii) there exist p > 0 and v € X with ||v|| < p such that
z—at = p(F' (z") ).

Assumption 2.1, known as a general source condition, is similar to the one
considered in [8] for linear case. It can be seen easily that it includes both the
well known source conditions namely, the Hélder type source condition, that is,
with p(A) = A, 0 < A < 1, and the logarithmic source condition, that is, with
@(A) = log(1/A)] 7", v > 0.
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2.1. General Error estimate. We find out error bound for ||, —z, | and ||z, —z1||
so that a bound for ||z%, — || is obtained by triangle inequality. First we quote a
result from [1 1] for the error bound for ||z}, — x|

Theorem 2.1. Let (1.5) hold and z., be the solution of the (1.6) with y in place of y‘;.
Then

M (|25 — zall < 6/a,
(i) [|zo — 2T < |7 — 21,
i) | F(ad) — F(za)|| < 6.

Remark 2.2. From the relation ||z}, — zf|| < ||, — 24| + ||#o — || and Theorem
2.1 we obtain that
0
5 _
lzg =o' < — + |z = 2]
Therefore, we see that equation (1.7) is meaningful if r in B, (z') satisfies the
relation

0
r>—+ ||z — 2.
a

Our next result deals with error bound for ||z, — x'||. We shall denote
A= F'(zh), Ay = F'(z4).
Theorem 2.2. Let the Assumption 1.1, 2.1 and (1.5) hold, and let ko||Z — z'|| < 2.
Then
2o = 2Tl < Gop(e)p, 2.1
where &, = ¢, (1+ kol|Z — () /(1 = ko|z — 27[|/2).
Proof. Denote A, := F'(z,) and A := F'(z"). From (1.6), we have
To =T+ (Aq +al) Hy — Fza) + Aa(2a — T)].
We observe that
o —x! = ZT—al +(As+al) y — Flzy) + Aa
= Z—a' +(Aa+al) Yy — F(za) + Aa(zq — 2" + 27 — 7))
= a(Aa+al) Nz —2") + (Aa + al) T [F(z') — F(za) + Aa(za — 27)]
= a(Ay +al) Nz —z") + (A +al) T F(2") — F(za) + Aa(z4 — 21)]
= a(A+al) Yz -2 +a((Aa +al)"t = (A4 ol) N (z — zT)
+(Ag +al) T F(z") = F(za) + Aa(za — 21)]
= o+ (Ag +al) HA = Ay)vg
+(Ag + al)F(z") = F(za) + Aa(za — 21)]

To — T))

(
(

where v, := a(A + al)~}(Z — 27). From Assumption 2.1, we have

[vall = la(A + o) p(A)]v]| < cppp(a). (2.2)
Thus,
20 — || < cpopp(a) + aa + ba, 2.3)
aa = [(Aq+al) A= Ay)va

bo = [[(Aa+al) ' [F(a?) = F(za) + Aa(za — 2]
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Now, let us find estimates for the quantities a, and b,. By Assumption 1.1, we
have (A — Ay)ve = Aug(zl, 74, v4), with
||g(3;‘T,a?a,va)H < kollza — QTTHC(/,/)QD(O[).
Thus,
o = |[(Aa + aI)il(A —Aa)vall < [[(Aa + QI)ilAag(xTvmaava)”
< kollzt — zallegpp(a).

For obtaining a bound for b, we first observe from fundamental theorem of calculus
and the Assumption 1.1 that

1
F(xT) — F(zq) + Ao(zo — zT) = /0 [F'(zq + t(xT —4)) — Aa](xJr — 14)dt

1
= Aa/ g2 + t(aiT — xa),xa,xT — x4)dt,
0
(2.4)

where
lg(za + t(IT - Za), ;z:a,xt —2a)|| < kollwa — er||2t-
Using (2.4), we get

1
k
be = ||(Aa + aI)flAa/ g(xa + 15(1’Jr - za),xa,ﬂ —xq)dt|| < ?OHxa — mT||2.
0

Hence, we get
kollza — |
lza — 2T < cpp(@)p + cokollza — allo(a)p + 5 .

Using ||z — 2| < ||z — 2t

, we get

kol 7 — 2T |||l — 27|
5 :

20 — 2T < cpop(a)p + cphol|T — ¥ [|o(e)p +

1+I€0H5€—$T||
_ 27 <

Hence,

O

Combining Theorem 2.1 and Theorem 2.2 we obtain a bound for ||z% — x| as in
the following theorem.

Theorem 2.3. Under the assumptions of Theorem 2.2,
)
ot = ol < e (24 po(@).
where ¢, = maz{é,, 1}.

2.2. A priori parameter choice. We note that
° (a) <= ’ P(p(a))
- = Q@ - = @
o py Py ¥ )

where ¢ : (0, 0(a)] — (0, ap(a)] is defined as
Y(A) =A™ (),

for A € (0,¢(a)]. Our next theorem gives error bound for ||z — x| under an
a-priori parameter choice.
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Theorem 2.4. Let the assumptions of Theorem 2.2 be satisfied. If the regularization
parameter is chosen as a = ¢~ =1 (§/p) with ¢ defined by (X\) := A\p~1()\) for
A € (0,¢(a)], then

2o — 2|l < éopv=1(8/p), (2.5)
where ¢, := max{¢y, 1}.

3. ERROR ESTIMATE UNDER AN A POSTERIORI CHOICE OF PARAMETER

Throughout this section we assume that the regularization parameter is chosen
according to the discrepancy principle (1.8). The following lemma, proved in [11]
ensures the existence of the regularization parameter o for which (1.8) holds.

Lemma 3.1 ([11], Proposition 4.1). Let the monotonicity property (1.5) be satisfied
and ||F(z) — y°|| > ¢6 with ¢ > 1. Then there exists an a > [y := (c — 1)§/||z — z'||
satisfying (1.8).

As in the last section, we use the notations A := F'(zf) and A, := F'(z,). We
shall also use the notations

Ry = a(Ay +al)™t, R} = a(AS +al)™t
For obtaining the main result of this section, we first prove some lemmas.

Lemma 3.2. Let the Assumption 1.1 and assumptions in Lemima 3.1 hold and o :=
a(9) is chosen according to (1.8). Then

Ja(A +an) ™ (Flea) - )] > £22 .1
where ky = koc||Z — zT||/(c — 1).
Proof. By (1.8), we have
(A2, + al) " (F(25) — y°)|| = 6.
Now consider
|ed — al|(A2 + al) " (F(za) = )l
= la(Aq + o) (F (@) = )l = la( A5 + o) "M (F(za) = y)l]
< a4 +al) T HE(w) —y° — (Fza) =)
< |F@) = Flza)l +lly* = yll-
Using (1.2) and Theorem 2.1 we get
|6 — al|(Ag + )" (F(za) — )|l < 26
which gives
(c—2)6 < [|a( A + al) " (F(za) = y)ll < (¢ +2)8. (3.2)
Now let
a = [la(A} +al) " (F(za) = )|
b= lla(A+al) " (F(za) — )]
Then

b+ (A% + D) = (A+al) ") (F(za) —v)||

b+ [I(A) + al) M (A= AD)a(A+ al) " (F(za) — y))||
b+ [|(A) + al) T AL g(al, 20, (A + o) (F(za) — )|
b+ kollzd, — a'[[[|a(A + oI) " (F(za) — y)||

(1+ k)b

(VAN VAN VANNR VAR VAN
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where ki = koc||Z — z||/(c — 1). Now (3.2) gives
(c=2)0 < (1+kp)b
which in turn implies
(c—2)8

a4 +an)™ (Flaa) ~ 9)] = 52

(3.3)

Lemma 3.3. Let assumptions of Theorem 2.2 and Lemma 3.1 hold. Then
0 a(A+al)~H(F(za) = )| < pop(a)p.
(i) o> 'Y= (Ed/p).
where i = ¢, (14 kol|Z — 27||/2) withé, as inTheorem2.2and § = (¢ — 2) /(1 + k1) p.

Proqf. By Assumption 1.1, we know that for every =, z € B,.(z') and u € X,

Floyu=F'(2)ut+ F'(z)g(x,z,u)], gz, z,u)| < kollullllz — 2|
Hence,
1
F(z,) — F(zh) = / Fl(zt + t(xy — 21))(xo — zT)dt
0
1
= Az, —2z') —|—/ Ag(a + t(xq — 21, 2", 24 — 2T)dt
0
1
= A ((xa —zh) —|—/ gzt +t(zg — 2,2, 24 — xT)> dt.
0
Hence,
la(A+al)™H(F(za) — F(z1))]
1
= Jla(A+al)™tA <(9:a —zh) +/ gzt +t(zg — 2,2, x4 — a:T)) dt||
0
1
< ala+anal (oo ol + [ lofa' + ttan — a1, ol 2o~ ')t
0
—_ xt2
< « (Hwa — 2t + W)
-
< allz, — a:T|| (1 4 W) .

Using Theorems 2.1 and 2.2, we have

z—af
-+ an) (o) - ) < ¢ (1+ 22220 agta,

where ¢, = ¢, (1 + ko||z — 2]])/(1 — ko||Z — 2T||/2). Thus,

la(A + )" (F(za) = F(zh))|| < pap(a)p, (3.4)
where ;1 = ¢, (1 + kol|Z — 27||/2). In view of the relation (3.1), we get
(c—2)6
<
Ty pap(a)p
which implies, using the definition of 1,
(c—2)8 &
Y(p(a)) = ap(a) > ———— = —.
(el @) (I +k)up — p
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Thus,
a>e Tl (E/p).
This completes the proof. O

Lemma 3.4. Let Assumption 1.1 be satisfied and ko||Z — z'|| < 1. Then for all

0< (67)) S [0
||Ra(F(xa) B y)H

e = 2ol < T gol17 ooy 69

Proof. From (1.6) we know that
(F(ra) —y) + (e —2) =0 (3.6)
(F(zay) —y) + a0(2a, — ) =0. (3.7)

Hence,
00(Ta — Tap) = (@ — @) (T — o) + 00(T — Toy) — (T — 24)-

Using (3.6) and (3.7), we get

o —

(F(wa) - y) + F((an) - F(!Ea).
Adding A, (x4 — Z4,) on both sides of the above equation, we get

(F(7a) = y) + (F(Tay) — F(za) + Aa(Ta — Tay))

ap(To — Toy) =

o — Qg
which implies
o — _ _
To—Tay = T(Aa—l-aof) YF(20)—y)+(Aatao]) " H(F(ay)—F(2a) A0 (Ta—Tay))-
We first observe from fundamental theorem of calculus and the Assumption 1.1
that

1
F(2ay) — F(a) + Aa(ta — Tay) = / [F/ (20 + (Tay — Ta)) — Al (Tas — za)dt

1
Aa / g(Ia + t(xao - 3304), Loy Ty — xa)
0
dt. (3.8)
Thus,

B (Au+ D) N (F(xa) = y)] + Cas

[0 = Zaoll < |

where
1
co = |[(Aa + aOI)_lAa/ 9( o + H(Tag — Ta), Ta, Tag — Ta)dt]).
0

Using the estimate (A, + agl) "t A, || < 1 and again Assumption 1.1, we have

1
Ca < / 19(Ta + tHTay — Ta); Tas Tay — Ta)||dE
0
1
< / kollZa, — oot dt
0
< kOHxao - xaHQ

2
Since ||z — zf|| < ||z — 2'|| and

|Zao = Zall < llzag — 2" + [l2" — zall < 2/|z - 27,
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we have
Ca < kol|Z = 2|[|Zay — 2al-
Thus,

a — Qo

0 — Tall < 19=22(Aq + aoD) " (F(2a) — 9)ll + kol — 220y — 2l

We observe that
a— o 1 -1
| (Ao +aol)” (F(za) =yl < [[(Aa+ o)™ (F(za) =y

1
= —lleo(da+aoD) Ry B (Flra) - )]

NIRRT}

< flao(Aa + a0l
Qg
Note that ()\ )
1y ag(A + «a
ao(Aa + aol) PRI < sup —A——.
[[evo( ol) | S S ST o)
But

ag(A+ ) ol + apo

< =1
aA+ag) ~ a(A+ apl)

Thus, we have

+kollz = 2|l zay — zal

HRa(F(xa) — y)H
- <
l|7a xocoH = o

so that using the assumption kq||Z — 27| < 1, we obtain

[Ra(F(za) =yl
ao(1 = kol|z — T[])

[Za = Tap | <

Next lemma gives a bound for ||R,(F(z4) — y)||.
Lemma 3.5. Let assumptions of Lemma 3.3 hold. Then
[Ra(F(za) = y)ll < B9,
where 3 = (¢ + 2)[1 + kol|lz — 2| /(c — 1)].
Proqf. Let a = |[Ro(F(7,) — )| and b = || RS (F(z4) — y)||. We note that
a < |Ro(F(za) =yl + I(Ra — R)[F(za) — 9]l
= b+ [[(Aa +al) (A — Aa)a(Ag + al) " (F(za) - F(ah)]
= b+ kol — zalll|R2(F(za) —y)Il.
Using |28 — 24| < §/a, we get
a < (14 Fkod/a)b
and using Lemma 3.1, we have
7 — ot
a< (1 + IM) b. (3.9
c—1
We observe that
b = |R(F(za) —y)l
= |Ra(F(za) —9° +y° =)l
IR (F(za) = 9°) |l + I1y° = yll-

IN
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From (1.2), (1.8), we get
IRY(F(za) = y)ll < (c+2)6. (3.10)
Using (3.9) and (3.10), we obtain

o= IRa(Flea) )] < (e 2) (14 =) 5

We now give our main result.

Theorem 3.1. Let assumptions of Lemma 3.3 hold. If, in addition, ko||Z — zT| <1,

then 5
22, — 2F|| < ke (np) 2 (3.11)

where
kp = (1= kollz —at|) ™" + &, +1/€)
andn = maz{3, £} with Cp. &, B, as in Theorem 2.2, Lemma 3.3 and 3.5 respectively.

Proof. Let ®(A\) := ¢~ 19~1()\) and ap = ®(36/p) with 3 = (c + 2)[1 + ko||Z —
2|/ (c = 1)].
First consider the case when a(d) < ag. We have
g = 2™l < llzg, = @all + lza — 2.

Using Theorem 2.1 and 2.2, we have

)
5 ~
laf, = 'l < 2 + (),

6
zd — 2| < -t éop(ao)p. (3.12)

Next assume that a(d) > «ap. In this case, using Lemma 3.4, Theorem 2.1 and 2.2
in
g, — 2 < ll2f, — wall + lra — 2o |l + 120y — 2",

we get

6 R, (F(xs) —
||$6a o .’L‘T” <24 [ Ra( (_ ) Ty)ll
o T L= kol — 2Tas
Since the error bound in (3.12) is smaller than the error bound in (3.13), the error
bound for the latter case will be the error bound for the |5 — |, for any o € (0, a].

Using Lemma 3.5, we get

+ Coo(ag)p. (8.13)

. 5 36
g T
o —x'| < —+
I = a (1= kollz — =)o
Using Lemma 3.3 in the first term of right hand side and using the value of «( in
the second and last term, we obtain

+ Cop(n)p-

) 36 N A1)
S _ gt < + + EL1p 1() : (3.14)
|2, — 2| o) =) <%> Cp o )r
But, since ¢! (X) = $9(A), we have ®(\) = o 19 1(A) = A/~ () so that

s iy o Y& p)p Y=(B8/p)p . (B
”xa € ”S 5 +(1_k0”j_xf”)+%¢ ! P P

o= (e e ) (7)
1< (g + g + &) v (3)2

Hence,
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where = max{f,£}. Thus,
_ 4
ot = 'l < ot (25

with k, := (1 — ko||Z — 2T||) 7! + &, + 1/¢. O
4. EXAMPLE
Here we give an example, taken from [10], of a nonlinear ill-posed operator

equation for the purpose of illustration of the Assumption 1.1 which is a modified
form of a condition considered by Tautenhan [11].
For z € L?(0,1), let

(F(2)](t) = /0 k(s )23 (s)ds, ¢ € (0,1),
where

k(t,5) = (1—-t)s, 0<s<t<1
A=)t 0<t<s<1.

Then for all z,y € L?(0,1) with x(t) > y(¢) for t € (0,1), we have

)~ F) e -0 = [ ([ ke -6 - oo

Thus the operator F' is monotone. The Fréchet derivative of F' is given by

1

[F'(z)v](t) = 3/0 k(t,s)z?(s)v(s)ds, x,v€ L*(0,1), te€ (0,1).

Now, let us restrict the domain of F' to
D(F):={zx € L*(0,1): 2 > c ae. }
for some constant ¢ > 0. Then for u € D(F) and v,w € L?(0, 1), we have

! 22(s) — (s
[(F'(z) — F'(u))v](t) = 3/0 k(t,s)uz(s)Wv(s)ds, t e (0,1).

Thus, for z,u € D(F) and v € L?(0, 1),
[F'(z) = F'(u)]v = F'(u)g(x,u, v),

where

9(x,u,v)(s) = ug—(s)ﬂ(s) = u2(s) v(s).
Observe that
1
lg(v, u,w)l2 < Sllz +ull2llz = ull2l|v]]2.

So Assumption 1.1 is satisfied if ky > 0 is taken such that

M <ky forall z,yc B.(z).
c
If we take 5
6 sin(7t) + sin” (wt)
£) = . te(0,1),
() s 0.1

then the exact solution is z'(t) = sin(rt), t € (0,1). If we use
3(tn? — 1272 + sin’(nt))

t) = si t
xo(t) = sin(wt) + i
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as the initial guess, then z¢ — & = p(F'(z1)) 1 with ¢(\) = A.
5. CONCLUDING REMARKS

Laverntiev regularization of nonlinear ill-posed operator equation F(z) = y is
considered when F' is monotone and Fréchet differentiable in the neighbourhood
of a solution z'. Order optimal error estimates are derived under a general source
condition by choosing the regularization parameter a priori and a posteriori man-
ners. The results of this paper generalize the results in [11], [12], fills an apparent
gap in the analysis in [1 1] by using an alternate assumption on the nonlinearity of
F, and extend the results in [3] to nonlinear case.
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