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ABSTRACT. In this paper, we deal with the minimax programming (P) under the differen-
tiable (G, a)-invexity which was proposed in [J. Nonlinear Anal. Optim. 2(2): 305-315].
With the help of auxiliary programming problem (G-P), some new Kuhn-Tucker necessary
conditions, namely for G-Kuhn-Tucker necessary conditions, is presented for the minimax
programming (P). Also G-Karush-Kuhn-Tucker sufficient conditions under (G, a)-invexity
assumptions are obtained for the minimax programming (P). Making use of these optimality
conditions, we construct a dual problem (DI) for (P) and establish weak, strong and strict
converse duality theorems between problems (P) and (DI).
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1. INTRODUCTION

Convexity plays a central role in many aspects of mathematical programming includ-
ing analysis of stability, sufficient optimality conditions and duality. Based on convexity
assumptions, nonlinear programming problems can be solved efficiently. There have been
many attempts to weaken the convexity assumptions in order to treat many practical prob-
lems. Therefore, many concepts of generalized convex functions have been introduced and
applied to mathematical programming problems in the literature [1, 2, 10]. One of these
concepts, invexity, was introduced by Hanson in [7]. Hanson has shown that invexity has a
common property in mathematical programming with convexity that Karush-Kuhn-Tucker
conditions are sufficient for global optimality of nonlinear programming under the invexity
assumptions. Ben-Israel and Mond [6] introduced the concept of pre-invex functions which
is a special case of invexity.

Recently, Antczak extended further invexity to G-invexity [3] for scalar differentiable
functions and introduced new necessary optimality conditions for differentiable mathemati-
cal programming problem. Antczak also applied the introduced G-invexity notion to develop
sufficient optimality conditions and new duality results for differentiable mathematical pro-
gramming problems. Furthermore, in the natural way, Antczak’s definition of G-invexity was
also extended to the case of differentiable vector-valued functions. In [4], Antczak defined
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vector G-invex (G-incave) functions with respect to 7, and applied this vector G-invexity to
develop optimality conditions for differentiable multiobjective programming problems with
both inequality and equality constraints. He also established the so-called G-Karush-Kuhn-
Tucker necessary optimality conditions for differentiable vector optimization problems under
the Kuhn-Tucker constraint qualification [4]. With this vector G-invexity concept, Antczak
proved new duality results for nonlinear differentiable multiobjective programming problems
[5]. A number of new vector duality problems such as G-Mond-Weir, G-Wolfe and G-mixed
dual vector problems to the primal one were also defined in [5].

Motivated by [4, 5, 9], we [12] presented the vector (G, «)-invexity concept. In this sequel,
we deal with nonlinear minimax programming problems with the vector (G, «)-invexity, and
the nonlinear minimax programming problem is presented as follows.

(P)  minsup ¢(z,y)
yey
subjectto g;(z) <0, jeM={1, -, m}

where Y is a compact subset of R?, ¢(+,-) : R® xRP - R, g;(-) : R® — R (5 € M). Let E be
the set of feasible solutions of problem (P); in other words, E = {x € R" | g;(x) < 0,57 € M }.
For convenience, let us define the following sets for every x € E.

J(x)={j € M| gj(z) =0}, Y(r) = {y €Y|p(z,y) = jlelgw(m,Z)}A

The rest of the paper is organized as follows. In Section 2, we present concepts regard-
ing to vector (G, a)-invexity. In Section 3, we present G-Karush-Kuhn-Tucker sufficient and
necessary optimality conditions for the minimax fractional mathematical programming prob-
lems. When the sufficient conditions are utilized, dual problem is formulated and duality
results are presented in Section 4.

2. VECTOR (G, )-INVEX FUNCTIONS

In this section, we provide some definitions and some results that we shall use in the
sequel. The following convenience for equalities and inequalities will be used throughout

the paper. For any © = (z1, 22, ,Zn) . ¥y = (Y1,¥2, - ,Yn)" » we define:
z>yifandonlyif x; > y;, fori =1,2,--- ,n;
x 2 yifand only if z; > y;, fori =1,2,--- | n;
x> yifand only if x; > y;, fori =1,2,--- ,n, but x # y;

x % y is the negation of z > y.

We say that a vector z € R" is negative if 2 < 0 and strictly negative if z < 0.

Let g = (g1, ,9m) : X — R™ be a vector-valued differentiable function defined on a
nonempty set X C R"; let I, (x) be the range of g;, that is, the image of X under g; for each
t € M. Further, suppose that G4 = (Gg,, -+ ,Gy,,) : R — R™ be a vector-valued function
such that Gy, : I, (X) — R is strictly increasing on I, (X) for each i € M. The following

Definition 2.1 is taken from [12]

Definition 2.1. Let g = (g1, - ,gm) : X — R™ be a vector-valued differentiable function
defined on a nonempty open set X C R"; let I, (x) be the range of g; for each ¢ € M. If
there exist a differentiable vector-valued function G, = (Gg,, -+ ,Gy,,) : R — R™ such
that any its component G, : I, (X) — R is strictly increasing on Iy, (X), a vector-valued
function 7 : X x X — R™ and real functions «; : X X X — Ry (i € M) such that, for all

z e X (z #u),
Goi(9i(x)) — Gy, (gi(w) > i@, u)Gy, (9i(u)) Vgi(w)n(w, u),i € M, 2.1)

then g is said to be a (strictly) vector (G, a)-invex function at u on X (with respect to 1) (or
shortly, (G, o)-invex function at u on X), where o := (a1, a2, -+, am)”. If (2.1) is satisfied
for each u € X, then g is vector (Gg4, a)-invex on X with respect to 7.
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Remark 2.2. In order to define an analogous class of (strictly) vector (Gg4, a)-incave func-
tions with respect to 7, the direction of the inequality in the definition of these functions
should be changed to the opposite one.

We note that the (G, a)-invex function is a generalization of a-invex and G4-invex func-
tion.
For convenience, we need the following nonlinear fractional programming problem (G-P).

(G-P) min sup Go(o(,y))

sit. Gag(x) := (G, (91(2)), Ggy (92(2)), - -+, Gy (g (2))) = Gy(0),
where G4(0) := (Gg,(0),Gg,(0), - -+ ,Gg,,(0)). We denote by Xg-p = {z € R" | Gyg(z) <
Gy(0)}, J'(Z) :={j € M : Gy,9;(%) = Gy,;(0)}. If function G, is strictly increasing on
Iy, (X) for each j € M, then Xp = X¢-p and J(Z) = J'(Z). So, we represent the set of all
feasible solutions and the set of constraint active indices for either (CVP) or (G-CVP) by the
notations F and J(Z), respectively.

Theorem 2.3. Let G be a strictly increasing function defined on I4(X,Y’), Gy; be a strictly
increasing function defined on Iy, (X) foreach j € M, and 0 € Iy,(X), j € M. ThenZ is an
optimal solution for (P) if and only if T is also an optimal solution for (G-P).

Proof “if” part, we prove that if Z is an optimal solution for (G-P), then T is an optimal
solution for (P). On the contrary, let Z be an optimal solution for (G-P) but not an optimal
solution for (P). Define

f(@) := sup ¢(z,y),

yey
Then there exists xo € F such that

f(zo) < f(2).
This means that
d(zo,y) < 6(Z,2),Vy € Y(x0),Vz € Y(T).
Note that the strictly monotonicity of G, we have

Gs(d(0,y)) < Gs(8(Z, 2),Vy € Y(x0),V 2 € Y ().

This contradicts to the assumption that Z is an optimal solution for (G-P).
The proof of “only if” part is similar to “if ” part, we omitted it.

3. OPTIMALITY CONDITIONS IN MINIMAX PROGRAMMING

In [4], Antczak introduced the so-called G-Karush-Kuhn-Tucker necessary optimality
conditions for differentiable multiobjective programming problem. Under G-invexity as-
sumptions, he considered also G-Karush-Kuhn-Tucker sufficient optimality conditions for
this kind of multiobjective programming problem. Here, we firstly present some G-Kuhn-
Tucker necessary optimality conditions for differentiable minimax programming problem
through an auxiliary programming problem. After that, we give some sufficient optimal-
ity conditions under (G, a)-invexity. We shall use the following Theorem 3.1 proved by
Schmitendrof in [13].

Theorem 3.1. Let z* be an optimal solution to the minimax problem (P). Moreover, the
vectors Vg;(z*), j € J(z*), are linearly independent. Then there exist positive integer ¢* and
vectors y; € Y (z*) together with scalars A > 0 (i =1, ..., ¢") and puj > 0 (j € M) such
that

q" m
DONVadla" y) + 3w Vas(aT) =0,
=1

=1

pigi(z*) =0,5 € M,

=1
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Furthermore, if « is the number of nonzero \;, and 3 is the number of nonzero u;, then
I1<a+pB<n+1

Theorem 3.2 (G-Karush-Kuhn-Tucker necessary optimality conditions). Let z* be an op-
timal solution to the minimax problem (P). Suppose that G4 is a differentiable and strictly
increasing function definedonI4(X,Y), G g; is adifferentiable and strictly increasing function
defined on I,;(X) for each j € M. Moreover, the vectors Gy (g;(z*))Vg;(z*), j € J(z"),
are linearly independent. Then there exist positive integer ¢* (1 < ¢* < n + 1) and vectors

yi € Y (x™) together with scalars \] >0 (i =1, ..., ¢*) and uj > 0 (j € M) such that
o
> NGB, v))Vad(z, yi +Zuj z*)Vg;(x") =0,  (B.1)
i=1
15 (G, (95(2")) = Gy;(0) = 0,5 € M7 (3.2)

.
oA=L (3.3)
i=1

Proof Since z* is an optimal solution to the minimax problem (P), we can choose y; €
Y(z*),s = 1,---,q¢" such that they satisfy Theorem 3.1. For each y;, we consider the
programming problem (P,,) as follows.

(Py;) min  ¢(z, yi)
subject to g;(z) <0, e M={1,---, m}.

It is evident that 2* is an optimal solution to (P,,). Using similar arguments as in the proof
of Theorem 2.3, we can prove that z* is an optimal solution to (G-Py,)

(G-Py,) min Gg(d(z,y:))
s.t. Gog(z) := (Ggy (91(2)), Ggy (92()), - -+, Gy, (gm(2))) = G4(0).
Thus, there exist A\; > 0, pj; > 0 (j € M) such that

AiVa (Go(p(z™, y1))) + Z,Unv 9; (9i(z ))) =0, (3.4)

Hji (ng (gj (m*)) - ng (0)) =0, € M.
Note that

Va (G¢(¢($*7 yl))) = G;)(()ZS(Z'*, y’b))viﬂ()b(‘r*a yi)7

V (Gy,(gi(x7))) = Gy, (95(x7)Vg;(z"),j € M,
One obtains from (3.4) that

NGy (G(a",y))Vad(@™,yi) + Y 1iGy, (95 (x")) Vg5 (") =0, (3.5)
=1

Therefore, one obtains from (3.5) that

2 NGO ) Vadle"s ) + 3 | 3ot | V(G a5(a) =0

or
q* A\, 1L
7 !/ 1= i *
> i Gulela” ) Vel ) Y ( L1y ) Y (Gy (g5(2))) = 0.
i=1 Zaj=1"\ J=1 —1 A
q .
Let A\j = qf"' v and pu; = % in the above equation. Then we can deduce the
j=1"7 i=1 "t

required results
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Theorem 3.3 (G-Karush-Kuhn-Tucker necessary optimality conditions). Let x* be an op-
timal solution to the minimax problem (P). Suppose that G is a differentiable and strictly
increasing function defined on I4(X,Y), G, is a differentiable and strictly increasing function
defined on Iy, (X) such that Gy (g;(")) > 0 for each j € M. Moreover, the vectors Vg;(z"),
j € J(z*), are linearly independent. Then there exist positive integer ¢* (1 < ¢* <n-+1) and

vectors y; € Y (x*) together with scalars A > 0 (i =1, ..., ¢") and pj > 0 (j € M) such
that

-

D NG (b, y)) V(@ s +Zu1 @"))Vg;(z") =0,

i=1

3G, (95(")) = G, (0),5 € M,
.

DN =

i=1

Proof Since G (g;(z*)) > 0 for each j € M, and the vectors Vg;(z"), j € J(z"), are
linearly mdependent Then we can deduce that the vectors Gy (g;(z"))Vg;(z*), j € J(z"),
are linearly independent. Now, from Theorem 3.2, we obtain the required results.

Next, we establish the sufficient optimality conditions for the minimax programming
problems (P). In the following theorem, we assume that functions constituting the considered
nonlinear optimization problem (P) are (G, a)-invex, and we prove that a feasible point T,
at which the G-Karush-Kuhn-Tucker necessary optimality conditions are fulfilled, is an
optimal solution.

Theorem 3.4. Letx™ be a feasible point for (P), G4 be a differentiable and strictly increasing
JunctiondefinedonI,(X,Y), Gg4 ; be adifferentiable and strictly increasing function defined on
Iy, (X) foreach j € M. Suppose that G-Karush-Kuhn-Tucker necessary optimality conditions
(3.1)-(8.3) are satisfied at =*. Further, assume that ¢(-,y;) is (G, a;)-invex with respect to n
atz* onX fori=1,---,q", g is vector (Gg, B)-invex with respect to the same functionn at «*
on X. Then z* is an optimal solution to (P).

Proof Suppose, contrary to the result, that ™ is not an optimal solution for (P). Hence, there
exists o € X such that

sup ¢(‘CE07 ) < d)(x*myi)ai = 17' : ‘7q*'

yeY
Thus,
¢(x07yi) < ¢($*,yz)71 = 17 g

Since G is strictly increasing on I, (X,Y’), then

By the generalized invexity assumptions of ¢(-,y;) and g;, we have

G¢(¢(x07yl)) - G¢(¢(‘r*7yl)) Z al(x07x*)G:P(¢(m*7yl)) 1¢( 7y7«) (ZC(),{E*),i = 17 o '7q*7
(3.7)

Gy, (95(0)) = Gy, (g5(x7)) = Bj(wo, z") Gy, (g5 (z")) Vg (x")n(xo,27),j € M (3.8)
Multiplying (3.7) and (3.8) by Af and pu fori =1,---,¢" and j € M, respectively, we get

m

PIRYCACCNMINLICRT Z o, (95 () vg;(2") | n(zo,2") <0

which contradicts the GG-Karush-Kuhn-Tucker necessary optimality condition (3.1). Hence,
™ is an optimal solution for (P), and the proof is complete.
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4. DUALITY THEOREMS

Making use of the optimality conditions of the preceding section, we present dual problem
(D]) to the minimax problem (P), and establish weak, strong and strict converse duality
theorems. For convenience, we use the following notation.

K(x) :{(q7 AP ENXRE XxR™MI<g<n+1L,A=(\1,..., ) €RL
with > A =1, §=(y1, ..., yg) withy; € Y(2),i=1, ..., q}.
Hi(q, A, §) denotes the set of all triplets (z, u,v) € R" X R} X R, satisfying

q m
D NGBz, y))Vab(zu:) + Y 3Gy, (95(2))Vg;(2) =0, (4.1)
gt et

d(z,y:) 2v,i=1,2,---,q, 4.2)
Mygj( ) >0,j€M, 4.3)

Our dual problem (DI) can be stated as follows.

(D)  max sup v
(2, X, DEK(2) (2,p4,0)€Hq (q, X\, )
Note that if Hi (g, A, §) is empty for some triplet (¢, A, §) € K(z), thensup(, , ,)cm, (4, 1, 5) ¥
—0Q.

Theorem 4.1 (Weak duality). Let z and (z, u,v, q, A, i) be (P)-feasible and (DI)-feasible,
respectively; let G4 be a differentiable and strictly increasing function defined on I4(X,Y),
and G4, be a differentiable and strictly increasing function defined on I, (X) foreachj € M.
Suppose that (-, y:) is (G, a;)-invexat z fori = 1,...,q, gj is (Gg;, B;)-invexat z for j € M.
Then

sup ¢(z, y) = v
yey

Proof Suppose to the contrary that sup ¢(z, y) < v. Therefore, we obtain
yey

Pz, y) <v < @(z,u:), Vy ey
Thus
¢(z,y1) < ¢(z,9i), i=1,....q
Note that
9i(x) <0, pjgi(z) 20, p; 20, j€M.
By the increase of G and G, we obtain

S 3, Ga602,0)) — Gl ) +Z Coln)=Cull) o

a(z, z) Bi(z, 2)

Similar to the proof of Theorem 3.4, by [4.4) and the generalized invexity assumptions of
¢(-,y;) and g; fori =1,---,g and j € M, we have

q m
(Z NGy (82, 4)) V=02, 4:) + Y 13 Gy, (95(2)) Vg, (Z)) n(z,z) < 0.

i=1 j=1
Thus, we have a contradiction to (4.1). So sup ¢(z, y) > v

yey

Theorem 4.2 (Strong duality). Let z* be an optimal solution of (P). Suppose that G is a
strictly increasing differentiable function defined on I4(X,Y), G g; s a strictly increasing dif-
ferentiable function defined on I, (X) foreachj € M. Moreover, the vectors Gy (g;(z*))Vg;(z”),
j € J(x*), are linearly independent. If the hypothesis of Theorem 4.1 holds for all (DI)-
Sfeasible points (z, u, v, q, A, §), thenthereexists (¢*, \*, §*) € K, (z*, p*, v*) € H1(¢", \*, §")
such that (¢*, \*, §*, =%, p*, v*) is a (DI) optimal solution, and the two problems (P) and
(DI) have the same optimal values.
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Proof By Theorem 3.2, there exists v* = ¢(z*, y;) (i = 1, -+, ¢*), satisfying the require-
ments specified in the theorem, such that (¢*, A", §*, z*, u*, v*) is a (D]) feasible solution
and v* = ¢(x*, y; ), then the optimality of this feasible solution for (D]) follows from Theorem
4.1.

Theorem 4.3 (Strict converse duality). Let Z and (z, u, v, q, A\, § ) be optimal solutions of
(P) and (DI), respectively. Suppose that G, is a differentiable and strictly increasing function
defined on 14(X,Y’), Gy, is adifferentiable and strictly increasing function defined on I, (X')
Joreach j € M. Suppose that ¢(-,y:) is (G, a;)-invex at z fori = 1,...,q, g; is (Gg;, B5)-
invex at z for j € M. ThenT = z; that is, z is a (P)-optimal solution and sup, ¢y ¢(%, y) = v.

Proof Suppose to the contrary that Z # z. Using similar arguments as in the proof of
Theorem 3.4, we have

0= (Z NGy (92,9 Vad(z,p) + D 1iGly, (gj(Z))ng(Z)) (%, 2)

j=1

< i £, Go(0(@:90) — Gold(z,m) | i“d Gy, (9i(7)) — Gy, (95(2))

=1 ai(iv”:) 6.7'(jzz)
and
Z’”: i Gy, (9;(%)) — Gy (95(2)) <.
= Bi(Z, 2)
Therefore,
q _
PRy — > 0.
2 (T, 2)
From the above inequality, we can conclude that there exists a certain iop € {1,...,q}, such
that

It follows that

sup ¢(Z, y) > d(Z, yig) > (2, 4i0) > V. (4.5)
yey

On the other hand, we know from Theorem 4.1 that
sup (3, y) = v.
yeyYy

This contradicts to (4.5).

5. CONCLUSION

This paper deals with the minimax programming under (G, a)-invexity assumptions
which was introduced in [12]. Note that this invexity unifies the G-invexity and a-invexity
presented in [4] and [9], respectively. By constructing auxiliary mathematical program-
mings (G-P), we have discussed the relations between programming problems (G-P) and (P).
We have proved G-Karush-Kuhn-Tucker necessary optimality conditions for differentiable
minimax programming problem (P). We pointed out that our statement of the so-called G-
Kuhn-Tucker necessary optimality conditions established in this paper is more general than
the classical Kuhn-Tucker necessary optimality conditions found in the literature. Also, we
have proved the sufficiency of the introduced G-Karush-Kuhn-Tucker (G-Kuhn-Tucker) nec-
essary optimality conditions for minimax programming problem (P) involving (G, «)-invexity.
Making use of the optimality conditions presented in Section 3, we present dual problem (DI)
to the minimax problem (P), and establish weak, strong and strict converse duality theorems.
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