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ABSTRACT. In this work, we consider and study new kinds of generalized mixed general
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1. INTRODUCTION

Variational inequalities were introduced and considered by Stampacchia [1] in the early
sixties. It has been shown that a wide class of linear and nonlinear problem arising in various
branches of mathematical and engineering sciences can be studied within the unified and
general framework of variational inequalities. Variational inequalities have been generalized
and extended in several directions by using novel techniques. In 1980, Giannessi [2] initiated
the vector variational inequality in finite dimensional Euclidean space. Since then, Chen et
al. [3], Lee et al. [4, 5], Khan and Salahuddin [6], Yang [7], Ding [8], Ding and Tarafdar
[9, 10], Peng [11], Usman and Khan [12], and Irfan and Ahmad [1 3] have investigated vector
variational inequalities in abstract spaces.

The variational-like inequality also known as the pre-variational inequalities is one of the
generalized form of variational inequalities. The variational-like inequalities and generalized
variational-like inequalities are powerful tools for studying nonconvex optimization problems
and nonconvex and nondifferentiable optimization problems respectively, see [2, 14].

In 1988, Noor [15] introduced and studied general variational inequality in Hilbert spaces
which can be used to study both odd-order and even-order free and moving boundary value
problems. Since then, many authors have further studied various generalizations of general
variational inequalities in Hilbert spaces and Banach spaces respectively. For example, see

[16-22].
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It is well known that the variational inequality theory and equilibrium problems have wide
applications in finance, economics, transportation, optimization and operation research, and
the solution sets for variational inequalities are of considerable interest [23-26].

Let X, Y be arbitrary real Hausdorff topological vector spaces. Let 2Y denotes the family
of all nonempty subsets of Y and L(X,Y) the space of all continuous linear mappings from
X to Y. Let K be a nonempty set of X, C' : K — 2 a set valued mapping such that for each
z € K,C(z) is proper closed convex pointed cone with apex at the origin and int C(z) # 0.
The mappings g: K — K, A: K xL(X,Y) - L(X,Y), T: K — 2¢XY) b KxK — Y
and n : K x K — K are given. For each x € K, we define the relations <¢(,) and £¢(q)
as follows:

(i) 2 <c@) yey—z€C),

(i) z Lc@ yey—2¢C).
Similarly we can define the relations <;,;c(z) and Z;n: ¢(s) if we replace the set C(z) by
intC(zx). If the mapping C(x) is constant, then we write C'(z) as C.

Inspired and motivated by recent works of authors see [27-30, 32-34], in this paper, we
consider the following generalized mixed general vector variational-like inequality problem
(GMGVVLIP): find T € K such that for each y € K, there exists 5§ € T(Z) satisfying

(A(%,3),n(y,9(7))) + h(g(Z),y) Lint c(z) O (1.1)

Such solution Z is called a weak solution of the GMGVVLIP (1.1). If 5 does not depend on y,
then GMGVVLIP (1.1) reduces to the following problem: find Z € K and 5§ € T(Z) such that

(A(Z,5),n(y,9(2))) + h(9(Z),y) Lint 0@ 0, Vy € K. (1.2)

Such solution Z is called a strong solution of the GMGVVLIP (1.2).

IfY =R and C(z) = (—00,0], then X* = L(X,R)and T : K — 2X" is a mapping
from K into 2% and the GMGVVLIP (1.1) reduces to the following generalized mixed general
variational-like inequality problem: find £ € K such that for each y € K, there exists
5 € T(z) satisfying

(A(Z,5),n(y, 9(2))) + h(9(Z),y) = 0. (1.3)
We remark that if 5 does not depend on y, then the solution of problem (1.3) is called strong
solution.
Definition 1.1 Let {2 be a vector space, X a topological vector space, K a nonempty convex
subset of Q,C : K — 2% a set-valued mapping such that for each z € K,C(z) is a
proper closed convex pointed cone with apex at the origin and intC(z) # @. For any
r e K,y : K — ¥ is said to be
(i) C(z)-convex iff
P(tzr + (1 — t)z2) <o) (1) + (1 — )Y (z2) for every 21,22 € K and ¢ € [0, 1],
(i) properly quasi C(z)-convex iff we have either
Y(tzr + (1 = t)z2) <c(a) ¢(21) or
P(tz1 + (1 — t)x2) <c(z) Y(2) for every z1,z2 € K and t € [0, 1].
Definition 1.2 Let {2 be a vector space, ¥ a topological vector space, K a nonempty convex
subset of Q,C : K — 2% a set-valued mapping such that for each z € K,C(z) is a proper
closed convex pointed cone with apex at the origin and intC(z) # (. Further, let A be a
nonempty subset of ¥, then for any fixed x € K,

(¢) a point z € A is called a minimal point A with respect to the cone C'(x) iff AN (z —
C(x)) = {z}; Min®® A is the set of all minimal points of A with respect to the
cone C(z);

(#¢) a point z € A is called a maximal point A with respect to the cone C(z) if AN (z+
C(x)) = {z}; Maz®® A is the set of all maximal points of A with respect to the
cone C(z);

(4it) a point z € A is called a weakly minimal point of A with respect to the cone C(x)
iff AN (z —intC(x)) = 0; Min$ ™ A is the set of all weakly minimal points of A
with respect to the cone C(z);
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(iv) a point z € A is called a weakly maximal point of A with respect to the cone C(z)

if AN (z+intC(x)) = 0; Maz$™ A is the set of all weakly maximal points of A
with respect to the cone C(z).

Definition 1.3 Let X, Y be real topological vector spaces. The set valued mapping 7' : X —
2Y is a closed mapping iff the following holds:
the net (za) — 20, (¥a) — Y0, Yo € T(za) = o € T(x0).

Lemma 1.1[35] Let K be a nonempty subset of a Hausdorff topological vector space X . Let
G : K — 2% be a KKM mapping such that for any y € K, G(y) is closed and G(y*) is compact
Jor some y* € K. Then there exists ©* € K such that ™ € G(y) forally € K.

Lemma 1.2[9] Let X and Y be Hausdorff topological vector spaces and L(X,Y) be the
topological vector space under the o-topology. Then, the bilinear mapping

() LX,Y)x X — Y

is continuous on L(X,Y) x X, where (I, z) denotes the evaluation the linear operator | €
L(X,)Y)atz € X.

Lemma 1.3[33] Let X, Y, Z be the real topological vector spaces, let K and C' be two nonempty
subsets of X and Y respectively. Let F : K x C — 22, T : K — 2" be the set valued
mappings. If both F' and T are upper semicontinuous with nonempty compact values, then
the multivalued mapping G : K — 2% defined by

Gx)= |J Fla,y) = F(z,T(z))
yeT(z)

is upper semicontinuous with nonempty compact values.

2. EXISTENCE OF WEAK SOLUTIONS FOR THE GMGVVLIP (1.1)

Theorem 2.1 Let X, Y be the real Hausdor{f topological vector spaces, K a nonempty closed
convex subset of X,C : K — 2Y a set-valued mapping such that for each x € K,C(x) is
a proper closed convex pointed cone with apex at the origin and int C(xz) # 0. Given the
mappings A: K X L(X,Y) = L(X,Y),h : KxK —-Y,n: K xK — K,g: K — K, T:
K =2l gndv: K x K =Y, suppose that

(1) 0<¢(@) v(z,z)forallz € K;
(i) foreachx € K, thereis an s € T(x) such that forally € K

v(z,y) — (A=, 5),n(y, 9(x))) + hg(2),y) <c(=) 0;
(t13) foreachz € K, theset{y € K : 0 £c(2) v(x,y)} is convex;
(iv) there is a nonempty compact convex subset D of K such that for every x € K\D,
there is ay € D such that for all s € T'(x)

(A(z, 5),n(y, 9(2))) + h(9(2), y) <intc(@) 0;
(v) foreachy € K, the set
{z € K: (A(z,5),n(y,9(x))) + hg(2),y) Sintc() 0, Vs € T(x)}
is open in K.
Then there exists T € K such that for eachy € K, there exists § € T(Z) satisfying
<A("Za 5)7 7](% g(‘i.)» + h(g(j)a y) ﬁintC(i) 0.
That is, T € K is a solution of the problem (1.1).

Proof Define a set-valued mapping Q2 : K — 2 by
Q(y) = {:L‘ €D:3ds¢ T(l‘) such that <A(a773),77(y,9(w))> + h(g(l‘%y) ﬁintc(a:) 0}7
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for all y € K. From condition (v), we know that for each y € K, the set Q(y) is closed in K
and hence it is compact in D because of the compactness of D. Next we claim that the fam-

ily {Q(y) : y € K} has the finite intersection property, then whole intersection [\ Q(y) is
yeK
nonempty and any element in the intersection (] €(y) is a solution of (1.1). For any given
yeK
nonempty finite subset N of K, let Dy = conv{D U N}, the convex hull of D U N. Then
Dy is a compact convex subset of K. Define the set-valued mappings S, R : Dy — 2PN

respectively by

S(y) = {z € Dn : 3 s € T'(z) such that (A(z, s),n(y, 9(z))) + h(g(z),y) Lintc(x) 0},
R(y) ={z € Dn : 0 <¢(s) v(z,y)}, for each y € Dy.
From the conditions (i) and (ii), we have

0 <¢() v(y,y) forally € Dy, (2.1)
and for each y € K there is an s € T'(y) such that

v(y,y) = (Ay, $),1(y, 9W))) + Mg(y),y) <c() 0
Hence
0 <c) (Aly,s),n(y,9(¥))) + h(g(y),v)

and then y € S(y) for all y € Dy. We can easily see that S has closed value in Dy.
Since for each y € Dn,Q(y) = S(y) N D. If we prove that whole intersection of the family
{S(y) : y € Dn} is nonempty, we can deduce that the family {Q(y) : y € K} has the finite
intersection property because N C Dy and due to the condition (iv). In order to deduce the
conclusion of our theorem we can apply Lemma 1.1 if we claim that S is a KKM-mapping.
Indeed if S is not a KKM- mapping neither is R since R(y) C S(y) for each y € Dy, then
there is a nonempty finite subset M of Dy such that

conv M ¢ U R(u).

ueM

Thus there is an element @ € conv M C Dy such that @ ¢ R(u) for all w € M, that is
0 Le(@) v(a,u), forallu € M.

By (iii) we have

a € convM C {y € K:0 Lc@) v(a,y)}
and hence

0 ﬁc(ﬂ) U(ﬂ, ﬂ),

which contradicts (2.1). Hence R is a KKM-mapping and so is S. Therefore there exists
Z € K such that for each y € K, there exists 5 € T'(Z) satisfying

. That is, T € K is a solutions of the problem (1.1). This completes the proof.

If we further assume that h : K x K — Y is continuous on K,7n : K X K — K is also
continuous, let the mappings A : K x L(X,Y) — L(X,Y),g : K — K be continuous and
T: K — 28XY) pe upper semicontinuous with nonempty compact values. Then, by using
Lemma 1.2 and Lemma 1.3, we can prove that the condition (v) of Theorem 2.1 is satisfied.
Hence we have the following result.

Theorem 2.2 Let X,Y be real Hausdorff topological vector spaces, K a nonempty closed
convex subset of X,C : K — Y a set valued mapping such that for each x € K,C(x)
is a proper closed convex pointed cone with apex at the origin and intC(z) # 0. Let the
mappings A : K x L(X,)Y) - L(X,)Y),h: KX K -Y,n: KxK > Kandg: K - K
be continuous. Let T : K — 2XX5Y) pe the upper semicontinuous with nonempty compact
values and v : K x K — Y. Suppose that

(i) the conditions (i)-(iv) of Theorem 2.1 hold;
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(ii) the mapping W : K — 2Y defined by W (z) = Y \ (—intC(z)), V x € K is upper
semicontinuous.

Then there exists T € K such that for eachy € K, there exists § € T(Z) satisfying

(A, 3),n(y, 9())) + h(9(Z),y) Lintc() 0.
That is, T € K is a solution of the problem (1.1).

Proof For each fixed y € K, define the mappings F : L(X,Y)x K — Y and G : K — 2%
by
F(s,x) = (s,1(y,9(x))) + h(g(x),y) and
Ga)= |J F(sx).
seT(x)

It follows from the continuity of the mapping A, h, 7, g and Lemma 1.2 that the mapping F’
is continuous. Since 7' is upper semicontinuous with nonempty compact values, it follows
from Lemma 1.3 that G is also upper semicontinuous on K with nonempty compact values.
We claim that for each y € Y, the set M = {z € K : G(z) € (—intC(x))} is closed in
K. Let {xx}xreca be a net in M and 5 — xo. Then we have z) € K, 2o € K and
G(zx) € (—intC(x)) for each A € A. Hence, for each A € A, there exists ux € G(z\)
such that uyx ¢ (—intC(x)) and hence uy € K \ (—intC(z)). Noting that the set L =
{za}rea U{zo} is compact and G upper semicontinuous with compact values we have
G(L) is compact. Since {ux}rea € G(L), without any loss of generality, we can assume
ux — Uo. By the upper semicontinuous of the mappings G and W, we have u, € G(z,)
and so u, € (—intC(x,)). Hence G(z,) € (—intC(x,)), xo € M and M is a closed set. It
follows that the set

{z € K: (A=, 5),n(y,9(x))) + h(9(2),y) Sintc() 0, Vs € T(x)}
={z e K:G(z) C—intC(x)} =K\ M

is open in K. Then all the conditions of Theorem 2.1 hold. By Theorem 2.1, there exists
Z € K such that for each y € K, there exists § € T(Z) satisfying

<A(:Z'a 5)7 77(% g(‘i')» + h(g(j?), y) ﬁintC(i) 0.
That is, T € K is a solutions of the problem (1.1).

Theorem 2.3 Let X, Y, K,C, A, h,n, g, T be the same as in Theorem 2.1. Assume that
Joreachz € K, h is C(x)-convex in K such that

(i) foreachz € K, h is C(x)-convex in the second argument;
(#4) m is affine at first argument;
(tit) foreachx € K thereis ans € T(x) such that
(A(z,5),n(z,9(x))) + h(g(2), ) Lintc(a) 0;

(iv) there is a nonempty compact convex subset D of K such that for every x € K\D
there isy € D such that

<A(I, 5)7 77(% g(x)» + h(g(l’), y) SintC’(z) 07 Vse€ T(I)v
(v) foreachy € K, the set
{.’L’ e K: <A($73)777(y7g(17))> + h(g(l’),y) SintC(z) Ov Vse T({B)}
is open in K.
Then, there exists T € K such that for eachy € K, there exists § € T(Z) satisfying
<A(i'7 5)7 7](% g(i)» + h‘(g(a_:)7 y) fmzc(i) 0.
That is, T € K is a solutions of the problem (1.1).

Proof For any given nonempty finite subset N of K let Dy = conv(D U N). Then Dy is a
nonempty compact convex subset of K. Define Q : K — 2P and S : Dy — 2PV as in the
proof of Theorem 2.1. We note that for each x € Dy, S(x) is nonempty and closed since
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x € S(z) by conditions (iii) and (v). For each y € K, (y) is nonempty and compact in D.
Next we claim that S is a KKM-mapping. Indeed if not there is a nonempty finite subset M
of Dy such that

conv M ¢ U S(z).
reM

Then there is an z* € convM C Dy such that
(A@", 5),m(z, g(z"))) + h(g(z"), 2) Sintc@+) 0, Vo € M, s € T(z").
Since 7 is affine in the first argument and h is C'(z*)-convex in the second variable, the

mapping
z — (A(z", s),n(z, g(2"))) + h(g(z"), ), ¥s € T(z")

is also C'(z*)-convex on Dx. Hence we can deduce that
(A(z™, s),n(z", g(z™))) + h(g(z™), ") <intc@) 0, forall s € T'(z").

This contradict the condition (iii). Therefore S is a KKM-mapping by Lemma 1.4, we have

ﬂ S(x) #£ 0.

zeD N

Note that for any v € (| S(x), we have u € D by condition (iv). Hence, we have
ze€D N

) 2w = () (Sw)ND)#0

yeN yeN

for each nonempty finite subset N of K. Therefore the whole intersection () Q(y) is
yeK
nonempty. Let Z € (| Q(y). Then (Z, 3) is a solution of problem (1.1).
yeK

3. EXISTENCE OF STRONG SOLUTIONS FOR THE GMGVVLIP (1.2)

Theorem 3.1 Let X be a real Banach space, Y, K,C,n, A, h,g and v be the same as in
Theorem 2.2. Under the assumptions of Theorem 2.2, we have a weak solution T of the
GMGVVLIP (1.1) with § € T(Z). In addition, if K is compact, x — Y \{—intC(z)} a closed
mapping on K, T(Z) is convex, h is C(T)-convex in the second argument and continuous on
K, the mappings A : K X L(X,Y) — L(X,Y),g: K — K are continuous, n : K x K — K
is continuous and affine in the first argument, T : K — 2F (XY) g upper semicontinuous
with nonempty compact values and the mapping s — —(A(z, s),n(x, g(Z))) is properly quasi
C(x)-convex on T'(Z) for each x € K. Assume that

(L") Maz®® | Ming™ | {(A@@,5),n(x, 9(2))) + h(g(),2)} C

seT(x) zeK

Ming™ | {{A(z, 5),n(z, 9(2))) + h(g(z),2)} + C(3),Vs € T(z).
Assume also that

(3) forany fixedx € K, if

5 € Max®® | J {(A@,9),n(x,9(2))) + h(9(2), )}
seT(z)

and § can not be compared with
(A(z,5),n(z,9(7))) + h(g(2), =)

which does not equal to §, then

0 Zintc(z) 0,
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(ii)
Maxc(i) U Ming(i) U {(A(‘is)an(wvg(i‘)» + h(g(j)7x)} C Y\(—zntC(i)),
s€T(2) zeK
there exists an s € T'(Z) such that
Ming™ ) {(A@, 5),n(z, 9(2))) + h(g(z),2)} C Y\(~intC(x)).
zeK

Then T is a strong solution of the GMGVVLIP (1.2), that is there exists 5§ € T'(Z) such
that

(A(z,5),n(z, 9(7))) + h(9(Z), 2) ZLinto@) 0, Vo € K.

Furthermore, the set of all strong solutions of problem (1.2) is compact.

Proof Since 7 is affine in the first argument and h is C'(Z)-convex in the second argument
on K, the mapping

x — (A(Z, s),n(z, 9(z))) + h(g(Z), z)
is also C'(Z)-convex on K. Since the mapping
§— _<A(j7 5)7 77(96’: g(i‘)»
is properly quasi C(Z)-convex on T'(T) for each T € K, it follows that the mapping
s — —(A(%, s),n(z,9(2))) + h(g(Z),z), for each z € K

is also properly quasi C'(Z)-convex on T'(Z) for each T € K. From Theorem 2.1, we know
that Z € K such that (1.1) holds for all z € K and for some § € T'(Z). Then

vy € Min® | Maz®® ) {(A(,9),n(z,9(2))) + hlg(@),2)},

€K sET(2)
by (i), we have
Y Lintc(z) 0.
From condition (L), the convexity of T(Z), and the Ferro Minimax Theorem [27] we have,
for every
aeMax®@ | ] Min@ | {(A@,5),n(z,9(2))) + h(g(7),0)}, @ Linio) O-
seT(x) zeK

This implies that
Max“@ | ] Ming® | {(A(z, 5), n(x, 9(2))) + h(g(7), )} C Y\(=intC(7)).

seT(z) zEK

From (ii) there is an 5 € T'(Z) such that
Ming ™ | {(A(, 5),1(z, 9(2))) + h(g(z), x)} C Y\(=intC(Z)).
rzeK
Hence we know that
Vp e |J {(A@z,5),n(z, 9(2))) + h(g(x),2)},
rzeK
therefore
p Lint c(@) 0.
Hence there exists 5§ € T'(Z) such that
<A(j7 5)7 7](% g(f))) + h<g(j)7 J}) fimc@) 07 forall x € K7

such that z is a strong solution of the GMGVVLIP (1.2).
Finally to see that the solution set of the GMGVVLIP (1.2) is compact, it is sufficient to show
that the solution set is closed due to the coercivity condition (iv) of Theorem 2.1. To this end
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let I' denote the solution set of the GMGVVLIP (1.2). Suppose that a net {x>\} C I’ which
converges to p. Fix any y € K, for each ), there is sy € T'(x) such that
<A(:E)\, 5>\)7 n(y7 g(£>\))> + h(g(ab\)v y) ﬁintC(Z)\) 0. 3.1

Since T is upper semicontinuous with nonempty compact values and the set {zx} U {p} is
compact, it follows that T'({z,, } U {p}) is compact. Therefore, without loss of generality, we
may assume that the sequence {s,} converges to some s. Then s € T'(p) and

h(g(zx),y) = (A2, 85),1(y, 9(21))) & intC(xx).
This implies that

h(g(zx),y) — (A, 1), 1(y, g(22))) € Y\(—intC ().
By the continuity of A, 7, g and h and Lemma 1.2, we have

h(g(p),y) — (A(z, s),n(y, 9(p)))
= lim h(g(zn),y) — (A(@n, 5n),n(y, 9(xn))) € Y\(=intC(p)).

Then we obtain

(A(z, s),n(y, 9(p))) + h(9(p),y) Lintcp) O-
Hence p € I" and T is closed.

Theorem 3.2 Let X be a real Banach space, let Y, K,C, A, h,g,n and T be as in Theorem
2.2. Under the assumption of Theorem 2.2, we have a weak solution T of the problem (1.1)
with § € T(z). In addition, if T(Z) is convex, h is C(Z)-convex with respect to the first
variable, ¢ — Y\ (—intC(z)) a closed mapping on K and the mappings A : K x L(X,Y) —
L(X,Y),g: K — K,h: KxK — Y are continuous. Suppose thatT : K — 2L(XY) s upper
semi continuous with nonempty compact values and the mapping s — —(A(z, s),n(z, g(Z)))
is properly quasi C(T)-convex on T'(Z) for each x € K. Assume for any nonempty compact
subset M of K :

(L") Maz®® | Ming™ | J {(A(z,5),n(x, 9(2))) + h(g(),2)}

seT(z) zEK

Ming™ | J {(A(@, 5),n(z,9(2))) + h(g(z),2)} + C(2),Vs € T(z).
Assume also that

(3) for any fixed x € M, if
6 € Maz®® | ] {(Az,5),n(x,9(2))) + h(g(),)}

SET(z)
and § can not be compared with
(A(z,8),n(z, 9(7))) + h(g(7), z),
which is not equal to §, then
0 Lint c(z) 0,
(i)
Maz®® | ) MinG™ | {(A@, ), n(x,9(2))) + h(9(®), 2)} C Y\(~intC(x)).
SET(z) TeEM
Then (Z, §) is a strong solution of the problem (1.2), that is there exists § € T(Z) such that
(A(Z,8),n(z, 9(7))) + h(g(T), ) Lintc(z) 0, forallz € K.
Furthermore, the set of all strong solutions of the problem (1.2) is compact.
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proof Let B(0,7) = {z € X : ||z|| < r} for each 7 > 0, then the set K, = B(0,7) N K is
compact in X. If K, # ?® and we replace K by K, in Theorem 3.1, all the conditions of
Theorem 3.1 hold. Hence by Theorem 3.1 there exists § € T(Z) such that

(A(z,5),n(2,9())) + h(9(Z), 2) Lint c(z) 0, forall z € K. (8.2)

Let us choose r > ||g(Z)||. Since g is continuous and convex for any = € K, choose t € (0, 1)
small enough such that (1 — ¢)Z + tx € K,. Putting z = (1 — ¢)Z + tz in (3.3), we have

(A, 8), n((1 = )T + tx, g(2))) + h(g(Z), (1 — )T + tx) Lintc(z) 0-
We note that
t(A(z, 5),n(z, 9(2))) + h(g(z), (1 — )T + tx)
<c@) HA(Z, 8),n(z, 9(2))) + (1 — t)h(g(Z), ) + th(g(Z), x)
= t{(A(z, 5),n(z, 9(2))) + h(9(T), )},

which implies that
(A(2,5), n(x, 9())) + h(g(®), 2) Zintc(n) 0, forall z € K.
This completes the proof.
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