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ABSTRACT. This paper is concerned with some nonlinear elliptic systems. Under suitable
conditions on the nonlinearities f and g, we obtain weak solution in Sobolev space H =
H1

0 (Ω)×H1
0 (Ω) by applying the Banach fixed point theorem.
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1. INTRODUCTION

We study the nonlinear elliptic system of the form:

8<
:

−∆u− div(h1(|∇u|2)∇u) = λf(x, u, v) in Ω
−∆v − div(h2(|∇v|2)∇v) = λg(x, u, v) in Ω
u = v = 0 on ∂Ω,

(1.1)

where Ω is a bounded smooth open set in RN , (N ≥ 3), λ is a real number, −∆u = div(∇u)
is the Laplacian of u, and h1, h2 ∈ C(R,R).

Theorems concerning the existence and properties of fixed point are known as fixed-
point theorems. Such theorems are the most important tools for proving the existence and
uniqueness of the solutions to various mathematical models( differential, integral and partial
differential equations, and variational inequalities, etc.) representing phenomena arising in
different fields, such as steady-state temperature distribution, chemical reactions, neutron
transport theory, economic theories, epidemics and flow of fluids. They are also used to
study the problems of optimal control related to this systems. For details, one can refer to
[1, 3].
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In recent years, many publications have appeared concerning quasilinear elliptic systems
which have been used in a great variety of applications, we refer the readers to [5, 6, 7, 8, 9]
and the references therein. J. Zhang and Z. Zhang [11] used variational methods to obtain
weak solution of semilinear elliptic system and quasilinear elliptic system.

Motivated by [4], in this paper, we will discuss problem (1.1). Under the suitable condi-
tion on the nonlinearities f(x, u, v) and g(x, u, v), using Banach fixed point theorem ( see
[10]), we show that system (1.1) has a unique weak solutions.

Throughout this paper for (u, v) ∈ R2, denote |(u, v)|2 = |u|2 + |v|2. We assume that f
and g are L2 functions which are Lipschitz continuous with respect to the second variable,
i.e., there exist constants c1, c2 > 0 such that for a.e. x ∈ Ω and for any (u, v), (u1, v1) ∈ R2

|f(x, u, v)− f(x, u1, v1)| ≤ c1|(u, v)− (u1, v1)| (1.2)

|g(x, u, v)− g(x, u1, v1)| ≤ c2|(u, v)− (u1, v1)|. (1.3)
We assume that h1 and h2 are the continuous and nondecreasing functions satisfying the
following growth conditions:
There exist β1, β2 and M1,M2 > 0 such that

0 < h1(t) ≤ β1 0 < h2(t) ≤ β2. (1.4)
and

|h′1(t)| ≤
M1

1 + t
|h′2(t)| ≤

M2

1 + t
(1.5)

for all t ∈ R.
Let λ1 be the first eigenvalue of Dirichlet problem −∆u = λu. The main result of this

paper is as follows:

Definition 1.1. We say that (u, v) ∈ H is a weak solution of (1.1) ifZ
Ω

[∇u∇ξ +∇v∇η + h1(|∇u|2)∇u∇ξ + h2(|∇v|2)∇v∇η] dx

−λ
Z

Ω

[f(x, u, v)ξ + g(x, u, v)η] dx = 0

for all (ξ, η) ∈ H

Theorem 1.2. Suppose that conditions (2)− (5) hold. For any λ ∈ (0, λ1
c1+c2

) there exists a
unique weak solution of (1.1).

This paper is organized as follows. In section 2, we present some relevant lemmas. We
reserve the section 3 for the proof of the main result.

2. Preliminary lemmas

Given a bounded smooth open set Ω ⊂ RN . Let us consider the Hilbert space H =
H1

0 (Ω)×H1
0 (Ω) and 〈 , 〉L2 the inner product in L2(Ω). The norm on H is given by

‖(u, v)‖ = (

Z
Ω

(|∇u|2 + |∇v|2) dx)
1
2

and the norm on L2(Ω)× L2(Ω) is given by

‖(u, v)‖L2×L2 = (

Z
Ω

(|u|2 + |v|2) dx)
1
2 .

First, we define the operator a : H ×H → R by

a((u, v), (ξ, η)) =

Z
Ω

∇u∇ξdx+

Z
Ω

∇v∇ηdx+

Z
Ω

h1(|∇u|2)∇u∇ξdx
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+

Z
Ω

h2(|∇v|2)∇v∇ηdx,

respectively bλ : H ×H → R by

bλ((u, v), (ξ, η)) = λ[

Z
Ω

f(x, u, v)ξdx+

Z
Ω

g(x, u, v)ηdx].

We point out certain properties of the operators a, respectively bλ.

Lemma 2.1.The operators a and bλ satisfy the following properties:

(A1) for each (u, v) ∈ H, the application (ξ, η) 7→ a((u, v), (ξ, η)) is linear and continu-
ous.

(A2) a((u, v), (u, v)− (u1, v1))− a((u1, v1), (u, v)− (u1, v1)) ≥ ‖(u, v)− (u1, v1)‖2

for all (u, v), (u1, v1) ∈ H.
(A3) there exist M > 0 such that

| a((u, v), (ξ, η))− a((u1, v1), (ξ, η))| ≤M‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖
for all (u, v), (u1, v1), (ξ, η) ∈ H.

(B1) for each (u, v) ∈ H, the application (ξ, η) 7→ bλ((u, v), (ξ, η)) is linear and continu-
ous.

(B2) bλ((u, v), (u, v)−(u1, v1))−bλ((u1, v1), (u, v)−(u1, v1)) ≤
λ(c1 + c2)

λ1
‖(u, v)−(u1, v1)‖2

for all (u, v), (u1, v1) ∈ H.
(B3) there exist N = N(λ) > 0 such that

| bλ((u, v), (ξ, η))− bλ((u1, v1), (ξ, η))| ≤ N‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖
for all (u, v), (u1, v1), (ξ, η) ∈ H.

Proof. (A1) We fix (u, v) ∈ H. It is clear that (ξ, η) 7→ a((u, v), (ξ, η)) is linear. On the
other hand, using Holder’s inequality we have

|a((u, v), (ξ, η))| = |
Z

Ω

∇u∇ξdx+

Z
Ω

∇v∇ηdx+

Z
Ω

h1(|∇u|2)∇u∇ξdx

+

Z
Ω

h2(|∇v|2)∇v∇ηdx|

≤ (β1 + 1)‖(u, v)‖ ‖(ξ, η)‖+ (β2 + 1)‖(u, v)‖ ‖(ξ, η)‖
= (β1 + β2 + 2)‖(u, v)‖ ‖(ξ, η)‖.

It follows that (ξ, η) 7→ a((u, v), (ξ, η)) is continuous.
(A2) we have

a((u, v), (u, v)− (u1, v1))− a((u1, v1), (u, v)− (u1, v1))

= ‖(u, v)− (u1, v1)‖2 + [

Z
Ω

(h1(|∇u|2)|∇u|2 + h1(|∇u1|2)|∇u1|2 − h1(|∇u|2)∇u∇u1

−h1(|∇u1|2)∇u∇u1) dx] + [

Z
Ω

(h2(|∇v|2)|∇v|2 + h2(|∇v1|2)|∇v1|2 − h2(|∇v|2)∇v∇v1

−h2(|∇v1|2)∇v∇v1) dx]
on the other hand we have

h1(|∇u|2)|∇u|2 + h1(|∇u1|2)|∇u1|2 ≥ h1(|∇u|2)∇u∇u1 + h1(|∇u1|2)∇u∇u1. (2.1)

Indeed, it is sufficient to show that

h1(|∇u|2)|∇u|2 + h1(|∇u1|2)|∇u1|2 ≥ |h1(|∇u|2)∇u∇u1 + h1(|∇u1|2)∇u∇u1|
or

h1(|∇u|2)|∇u|2 + h1(|∇u1|2)|∇u1|2 ≥ h1(|∇u|2)|∇u.∇u1|+ h1(|∇u1|2)|∇u.∇u1|.
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So we shall prove that

h1(|∇u|2)|∇u|2 + h1(|∇u1|2)|∇u1|2 ≥ h1(|∇u|2)|∇u||∇u1|+ h1(|∇u1|2)|∇u||∇u1|
or

(h1(|∇u|2)|∇u| − h1(|∇u1|2)|∇u1|) (|∇u| − |∇u1|) ≥ 0 (2.2)
we define the auxiliary function ψ1 : [0,∞) → R by ψ1(t) = h1(t

2)t. Obviously ψ1 is
increasing on [0,∞) which implies

[ψ(t1)− ψ(t2)] (t1 − t2) ≥ 0 ∀t1, t2 ∈ [0,∞).

Taking t1 = |∇u|, t2 = |∇u1| the inequality (7) follows.

Similarly by auxiliary function ψ2 : [0,∞) → R by ψ2(t) = h2(t
2)t we obtain

h2(|∇v|2)|∇v|2 + h2(|∇v1|2)|∇v1|2 − h2(|∇v|2)∇v∇v1 − h2(|∇v1|2)∇v∇v1 ≥ 0.

Hence

a((u, v), (u, v)− (u1, v1))− a((u1, v1), (u, v)− (u1, v1))

≥ ‖(u, v)− (u1, v1)‖2, ∀(u, v), (u1, v1) ∈ H.
(A3)

| a((u, v), (ξ, η))− a((u1, v1), (ξ, η))| = |
Z

Ω

(∇u−∇u1)∇ξdx+

Z
Ω

(∇v −∇v1)∇ηdx

+

Z
Ω

[h1(|∇u|2)∇u− h1(|∇u1|2)∇u1]∇ξdx+

Z
Ω

[h2(|∇v|2)∇v − h2(|∇v1|2)∇v1]∇ηdx|

≤ 2‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖+

Z
Ω

ΣN
j=1 |h1(|∇u|2)

∂u

∂xj
− h1(|∇u1|2)

∂u1

∂xj
| | ∂ξ
∂xj

|

+

Z
Ω

ΣN
j=1 |h2(|∇v|2)

∂v

∂xj
− h2(|∇v1|2)

∂v1
∂xj

| | ∂η
∂xj

|

on the other hand we have

|h1(|∇u|2)
∂u

∂xj
− h1(|∇u1|2)

∂u1

∂xj
| ≤ (β1 +M1(N + 1))|∇u−∇u1|

and
|h2(|∇v|2)

∂v

∂xj
− h2(|∇v1|2)

∂v1
∂xj

| ≤ (β2 +M2(N + 1))|∇v −∇v1|.

Indeed let x ∈ Ω be fixed and Hi : RN → R be defined by

Hi(ξ) = h1(|ξ|2)ξi ∀ξ ∈ RN , ∀i ∈ {1, 2, ...N}.
Using the mean value theorem we deduce that

|Hi(ξ)−Hi(η)| ≤ |ξ − η| sup
θ∈[ξ,η]

|∇Hi(θ)|

where [ξ, η] is the line segment in RN between the point ξ and η, i.e., [ξ, η] = {tξ + (1 −
t)η : t ∈ [0, 1] }. But

|∇Hi(θ)| = (ΣN
j=1 (

∂Hi(θ)

∂θj
)2)

1
2 ≤ ΣN

j=1 |
∂Hi(θ)

∂θj
|. (2.3)

For j 6= i
∂Hi(θ)

∂θj
= 2 h′1(|θ|2) θi θj

and for j = i
∂Hi(θ)

∂θi
= h1(|θ|2) + 2 h′1(|θ|2) θ2i .

Thus by (4), (5), (8), we find

|∇Hi(θ)| ≤ ΣN
j=1 |

∂Hi(θ)

∂θj
| ≤ h1(|θ|2) + 2 |h′1(|θ|2)| ΣN

j=1|θiθj |

≤ h1(|θ|2) + 2 |h′1(|θ|2)|ΣN
j=1

θ2i + θ2j
2
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≤ β1 + 2|h′1(|θ|2)|
N + 1

2
|θ|2

≤ β1 +M1(N + 1).

Similarly for Gi(ξ) = h2(|ξ|2)ξi we have |∇Gi(θ)| ≤ β2 +M2(N + 1).
Hence

|a((u, v), (ξ, η))− a((u1, v1), (ξ, η))| ≤ 2‖(u, v)− (u1, v1‖ ‖(ξ, η)‖

+(β1 +M1(N + 1))

Z
Ω

ΣN
j=1 |∇u−∇u1| |

∂ξ

∂xj
|dx

+(β2 +M2(N + 1))

Z
Ω

ΣN
j=1 |∇v −∇v1| |

∂η

∂xj
|dx

≤ 2‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖+ (β1 +M1(N + 1))N(

Z
Ω

|∇u−∇u1|2dx)
1
2 (

Z
Ω

|∇ξ|2dx)
1
2

+(β2 +M2(N + 1))N(

Z
Ω

|∇v−∇v1|2dx)
1
2 (

Z
Ω

|∇η|2dx)
1
2 ≤M‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖

where M = 2 +N(β1 + β2 + (N + 1)(M1 +M2)).

(B1) We fix (u, v) ∈ H. Obviously, the application (ξ, η) 7→ bλ((u, v), (ξ, η)) is linear.
Using Holder’s inequality, we have

|bλ((u, v), (ξ, η))| = |λ
R
Ω
[f(x, u, v)ξ + g(x, u, v)η]dx|

≤ λ(
R
Ω
|f(x, u, v)|2dx)

1
2 (
R
Ω
|ξ|2dx)

1
2 + λ(

R
Ω
|g(x, u, v)|2dx)

1
2 (
R
Ω
|η|2dx)

1
2

≤ K‖(ξ, η))‖,
where K is positive constant.

(B2) By (2), (3) we have

bλ((u, v), (u, v)− (u1, v1))− bλ((u1, v1), (u, v)− (u1, v1))

= λ
R
Ω
[f(x, u, v)− f(x, u1, v1)](u− u1)dx+ λ

R
Ω
[g(x, u, v)− g(x, u1, v1)](v − v1)dx

≤ λc1(
R
Ω
|u− u1|2 + |v − v1|2)dx)

1
2 (
R
Ω
|u− u1|2dx)

1
2

+λc2(
R
Ω
|u− u1|2 + |v − v1|2)dx)

1
2 (
R
Ω
|v − v1|2dx)

1
2

≤ λc1‖(u, v)− (u1, v1)‖2L2×L2 + λc2‖(u, v)− (u1, v1)‖2L2×L2

= λ(c1 + c2)‖(u, v)− (u1, v1)‖2L2×L2

≤ λ(c1+c2)
λ1

‖(u, v)− (u1, v1)‖2.

(B3) Using Holder’s inequality and (2), (3) we obtain

|bλ((u, v), (ξ, η))− bλ((u1, v1), (ξ, η))|
= |λ

R
Ω
[f(x, u, v)− f(x, u1, v1)]ξdx+ λ

R
Ω
[g(x, u, v)− g(x, u1, v1)]ηdx|

≤ λc1‖(u, v)− (u1, v1)‖L2×L2 (
R
Ω
|ξ|2dx)

1
2 + λc2‖(u, v)− (u1, v1)‖L2×L2 (

R
Ω
|η|2dx)

1
2

≤ λ(c1 + c2)‖(u, v)− (u1, v1)‖L2×L2‖(ξ, η)‖L2×L2

≤ λ(c1+c2)
λ1

‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖
= N‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖,

where N = λ(c1+c2)
λ1

.

3. Proof of main theorem

In this section we give the proof of theorem 1.2.

Proof of theorem 1.2. Let λ ∈ (0, λ1
c1+c2

) be arbitrary but fixed. By Lemma 2.1(A1) and
the Riesz theorem ( see e.g. Brezis [2], Theorem V.5) we deduce that for each (u, v) ∈ H
there exists a unique element denote by A(u, v) ∈ H such that

a((u, v), (ξ, η)) = 〈A(u, v), (ξ, η)〉.
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Thus we can define the operator A : H → H. Using Lemma 2.1(A2) it follows that

〈A(u, v)−A(u1, v1), (u, v)− (u1, v1)〉 ≥ ‖(u, v)− (u1, v1)‖2 (3.1)

for all (u, v), (u1, v1) ∈ H i.e., A is strongly monotone.
Lemma 2.1(A3) yields

|〈A(u, v), (ξ, η)〉 − 〈A(u1, v1), (ξ, η)〉| ≤M‖(u, v)− (u1, v1)‖ ‖(ξ, η)‖
for all (u, v), (u1, v1), (ξ, η) ∈ H. Hence,

‖A(u, v)−A(u1, v1)‖ = sup
‖(ξ,η)‖≤1

|〈A(u1, v1), (ξ, η)〉| ≤M‖(u, v)− (u1, v1)‖ (3.2)

i.e., A is Lipschitz continuous.

By Lemma 2.1(B1) and the Riesz theorem we deduce that for each (u, v) ∈ H there exists
a unique element Bλ(u, v) ∈ H such that

bλ((u, v), (ξ, η)) = 〈Bλ(u, v), (ξ, η)〉, ∀(ξ, η) ∈ H.
Thus, we can also define the operator Bλ : H → H which satisfies

〈Bλ(u, v), (u, v)− (u1, v1)〉 − 〈Bλ(u, v), (u, v)− (u1, v1)〉 ≤
λ(c1 + c2)

λ1
‖(u, v)− (u1, v1)‖2.

(3.3)
Using Lemma 2.1(B3) we find

‖Bλ(u, v)−Bλ(u1, v1)‖ = sup |〈Bλ(u, v), (ξ, η)〉 − 〈Bλ(u1, v1), (ξ, η)〉|
= sup

‖w‖≤1

|bλ((u, v), (ξ, η))− bλ((u1, v1), (ξ, η))| ≤ N‖(u, v)− (u1, v1)‖ (3.4)

we define the operator T : H → H by

T (u, v) = (u, v)− t(A(u, v)−Bλ(u, v))

where t ∈ (0,
2(1−λ(c1+c2)

λ1
)

(N+M)2
). The relation (9)-(12) shows that for each (u, v), (u1, v1) ∈ H

we have

‖T (u, v)− T (u1, v1)‖2 = 〈T (u, v)− T (u1, v1), T (u, v)− T (u1, v1)〉
= 〈(u, v)− t(A(u, v)−Bλ(u, v))− (u1, v1) + t(A(u1, v1)−Bλ(u1, v1)),

(u, v)− t(A(u, v)−Bλ(u, v))− (u1, v1) + t(A(u1, v1)−Bλ(u1, v1))〉
= ‖(u, v)− (u1, v1)‖2 − 2t〈A(u, v)−A(u1, v1), (u, v)− (u1, v1)〉

+2t〈Bλ(u, v)−Bλ(u1, v1), (u, v)− (u1, v1)〉 − 2t2〈A(u, v)−A(u1, v1),

Bλ(u, v)−Bλ(u1, v1)〉+ t2‖A(u, v)−A(u1, v1)‖2 + t2‖Bλ(u, v)−Bλ(u1, v1)‖2

≤ ‖(u, v)− (u1, v1)‖2 − 2t‖(u, v)− (u1, v1)‖2 + 2tλ(c1+c2)
λ1

‖(u, v)− (u1, v1)‖2

+2t2(M‖(u, v)− (u1, v1)‖) (N‖(u, v)− (u1, v1)‖) + t2M2‖(u, v)− (u1, v1)‖2

+t2N2‖(u, v)− (u1, v1)‖2

= [1− 2t(1− λ(c1+c2)
λ1

) +M2t2 +N2t2 + 2NMt2] ‖(u, v)− (u1, v1)‖2

= β‖(u, v)− (u1, v1)‖2,
where

β = 1− 2(1− λ(c1 + c2)

λ1
)t+ (M +N)2t2 ≥ 0.

If t = 0 or t =
2(1−λ(c1+c2)

λ1
)

(M+N)2
then β = 1. This implies that

√
β < 1 for all t ∈ (0,

2(1−λ(c1+c2)
λ1

)

(M+N)2
).

Hence
‖T (u, v)− T (u1, v1)‖ ≤

p
β‖(u, v)− (u1, v1)‖, ∀ (u, v), (u1, v1) ∈ H

i,e., T is
√
β- contractive with

√
β < 1. By Banach fixed point theorem ( see Zeidler [10],

section 1.6) it follows that there is a unique solution (u, v) ∈ H of problem T (u, v) = (u, v)
i.e., the problem A(u, v) = Bλ(u, v) has a unique solution (u, v) ∈ H. It follows that

〈A(u, v), (ξ, η)〉 = 〈Bλ(u, v), (ξ, η)〉, ∀ (ξ, η) ∈ H
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a((u, v), (ξ, η)) = bλ((u, v), (ξ, η)).

Thus the proof of Theorem 1.2 is complete.
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