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ABSTRACT. In this article we show that the class of all compact convex sets of a real
nonarchimedean normed space can be embedded in a real nonarchimedean normed space.
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1. INTRODUCTION AND PRELIMINARIES

In [1], Radstrom showed that the class of all compact convex sets of a real
normed space can be embedded in a real normed space. In this article we give
a nonarchimedean counterpart for this fact. We start by recalling a few essential
concepts from [2].

Let K be a field. A nonarchimedean absolute value on K is a function |-| : K — R
such that, for any a,b € K we have

1. |a| >0,

2. |a| = 0 if and only if a = 0,

3. |ab| = |a| - b,

4. la + b| < max(|al, |b]).

The field K is called nonarchimedean if it is equipped with a nonarchimedean
absolute value such that the corresponding metric is complete.

Let X be a vector space over field K which is equipped with a nonarchimedean
absolute value (nonarchimedean vector space, for short). A nonarchimedean norm

|| - || on X is a function || - || : X — R such that
1. ||z|| = 0 implies that z = 0;
2. ||az| = |a| - ||z||, for any @ € K and z € X;

3. ||z + y|| < max(||z||, ||ly]|), for any z,y € X.
Moreover, a nonarchimedean vector space X equipped with a nonarchimedean
norm is called a nonarchimedean normed space. Nonarchimedean normed spaces
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over the nonarchimedean field R, will be called real nonarchimedean normed
spaces.

Throughout this paper we assume that K is a nonarchimedean field and X is a
nonarchimedean normed space over K. We set B=: {a € K : |a| < 1}.

A subset A C X is called convex if either A is empty or is of the form A = x + A
for some vector z € X and some B-submodule Ay C X. A lattice L in X is an
B-submodule which satisfies the condition that for any vector x € X there is a
nonzero scalar a € K such that ax € L. For more basic facts see [2].

2. MAIN RESULTS

For nonempty convex subsets A and B of X and scalar A € K, let A+ B =:
{r+y:x€Aye B}and AMA =: {\z: x € A}. Addition and scalar multiplication
satisfy (A+B)+C=A+ (B+C), A+ B=B+ A, and \(A+ B) = AA+ \B.

Lemma 2.1. Let A, B, and C' be subsets of a nonarchimedean normed space X,
where C' is closed and B is nonempty convex and bounded. Then A+ B C C + B
implies A C C.

Proof. Since B is convex, there exist a B-submodule By and b € X such that
B = b+ By. By assumption we have A + By C C' + By. Let a € A\C. There
is a lattice L such that (a + L) N (C) = (. Since L is B-submodule of X, (a +
L)N (C + L) = 0. Boundedness of B implies that By is bounded and so there
is @ € K such that By C «L. If |a| < 1, then (a + By) N (C + By) = () which
is a contradiction. If || > 1, then a = z + b, for some z € C and b € By. This
implies that (2 + b+ a~'By) N (C + a1 By) = 0, which is a contradiction since
(b—i—Oé_lBo)mOé_lBO 75@ [l

Lemma 2.1 implies that:

Corollary 2.2. Let A, B, and C be subsets of a nonarchimedean normed space
X, where A and C are closed and B is nonempty convex and bounded. Then
A+ B=C+ Bimplies A=C.

For subsets A and C of X, define
h(A,C) =:inf{e >0: C C N.(A),A C N (C)},

where N.(A) =: {z € X : d(z,A) < €} and d(z, A) denotes distance of z from A.
By convention inf ) = co. The extended real valued function h has the following
properties for each subset A, B, and C:
() h(A,B)>0and h(A,A) =0;

(i) h(A,B) =H(B,A);

(iii) h(A, B) < max(h(A,C), h(C, B))

(iv) h(A, B) = 0 if and only if A = B, where A denotes the closure of A4 in X.

The Proof of Properties 1 and 2 are easy and we just give the proof of Properties

3 and 4. By contradiction, let h(A, B) > max(h(A4,C),§(C, B)) for some subsets
A, B,C. Then there would be positive numbers \; and A\ where A\; < h(A, B),
A2 < h(A4,B), AC N,,(C),C C Ny, (A) and C C Ny, (B), B C N,,(C). Therefore
B C N)(A) and A C N,(B) where A = max(A1, A2). This is a contradiction since
A < h(A, B). To prove 4, let h(A, B) = 0 and = € A. For each v > 0 there exists
nonzero A > 0 such that A < v with B C N,(A4), A C N,(B) and Ny(z) N A # 0.
Since A C Ny (B) so Ny(z)N B # () and consequently N, (z)N B # (), thatis x € B.
By a similar way we have B C A. Conversely, if A = B and h(A, B) > 0, then there
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exists A > 0 such that either B ¢ N)(A) or A € N,(B). If z € A\N,(B), then
Ny (z) N B = . That is to say « is not an element of B, which is a contradiction.

Lemma 2.3. If A and C' are convex sets in a nonarchimedean normed space, then
for each nonempty convex and bounded set B we have

h(A,C)=hH(A+ B,C + B).
Proof. If C C N, (A) and A C N,(C), for some A > 0, then C + B C N)(4A + B)

B+Nyx(A), A+B C Ny(C+B) = B+N,(C). Therefore h(A+B,C+B) < f)( C).
The inverse inequality is obtained by Lemma 2.1. ]
By part A of Theorem 1 in [1], if M is a commutative semigroup with the law

of cancellation, then M can be embedded in a group N. Also, if G is a group in
which M is embedded, then N is isomorphic to a subgroup of G containing M.
Therefore, by Corollary 2.2, the semigroup of all nonempty compact convex subsets
of a nonarchimedean normed space can be embedded in a minimal group NV as a
semigroup.

Hereafter let R be equipped with a nonarchimedean absolute value | - |.

Theorem 2.4. Let M be an additive commutative semigroup with the law of cancel-
lation. If a multiplication by real scalars is defined on M which satisfies

AMA+B)=MAAB, A +A)A=MNA+XA4, A(AA) =X -\A, 1A=A4A,

forevery A, B € M and A\, \1, A2 € R, then M can be embedded in a minimal real
nonarchimedean vector space N.
Moreover, if a metric d is given on M with

d(A+C,B+C)=d(A,B), d\A,\B)=\d(A,B),

forevery A, B € M and A € R and the operations addition and scalar multiplication
are continuous in the topology induced by d, then a nonarchimedean norm can be
defined on N which makes it as a real nonarchimedean normed space.

Proof. Following to the proof of Theorem 1 in [1], consider the equivalence relation
~ defined as (A,B) ~ (C,D) ifand only if A+ D = B+ C, for A,B,C,D € M.
By [A, B] denote the equivalence class containing the pair (4, B). The set N shall
consist of equivalence classes [A, B|, where A and B are elements of M. Addition
and scalar multiplication in N are defined by [A, B] + [C, D] = [A+ C, B+ D] and
AA, B] = [AA,AB] for A\ € [0,+00), otherwise A[4, B] = [-AB,—\A]. Obviously
the given operations are well defined and NV constitutes a nonarchimedean vector
space. For some B € M define f : M — N by f(A) = [A+ B, B] for each A € M.
The mapping f is well defined and embeds M in the nonarchimedean vector space
N. Clearly, for A € R and A € M the scalar product AA coincides with the one
given on M.

Let d be a nonarchimedean metric on M satisfying the assumptions of theorem.
Define dy on N x N as

do([A, B],[C,D]) = d(A+ D, B + C).

Let [A, B],[C,D] € N and dy([A, B],[C,D]) = 0. So d(A+ D, B + C) = 0 which
implies that A+ D = B+C, thatis (A, B) ~ (C, D). Conversely, if (A, B) ~ (C, D),
then dy([A, B], [C, D]) = 0. Obviously

dO([Av B]a [Cv D]) = dO([C’ D]’ [A7B])
Also
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do([A, B],[C, D)) d(A+D,B+C)

max(d(A+ F+E+D,B+E+E+D),d(B+E+F
+C,B+ E+E + D))
max(d(A+ F, B+ E),d(E + D, F + C))

= max(do([AvB]v [EvF])»dO([EvF]ﬂ [C> D]))

IN

Since nonarchimedean metric dj is invariant under translation, so the function
| -1l : N — R, where ||[4, B] — [C,D]|| =: do([4, B], [C, D]) is a nonarchimedean
norm on N. Therefore addition and scalar multiplication are continuous opera-
tions, and if A, B € M, the distance between A and B equals d(A4, B). O

By Corollaries 2.2 and 2.3 and Theorem 2.4, we have the following.

Theorem 2.5. Let M be a class of nonempty closed, bounded convex subsets of X
which is closed under addition and scalar multiplication and equipped with a nonar-
chimedean metric. Then M can be isometrically embedded in a real nonarchimedean
normed space N. In particular the operations addition and scalar multiplication of
M are induced by the operations of N.

Moreover, if H is a nonarchimedean normed space in which M is embedded in
the above way, then H contains a subspace containing M and isometric to N.

It is worth mentioning that the class of all nonempty compact convex sets of a
real nonarchimedean normed space satisfies Theorem 2.5.
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