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ABSTRACT. We present a unifying semi-local convergence analysis of two-step Newton-type
methods for solving nonlinear equations in a Banach space setting. Convergence order of
these methods is higher than two. Our analysis expands the applicability of these methods
by providing weaker convergence criteria and a convergence analysis - which is tighter
than earlier studies [1-4, -34] - is also presented. Numerical examples illustrating the
developed theoretical results are also given.

KEYWORDS: Two-point Newton type methods; Banach space; majorizing sequence; semi-
local convergence; recurrent functions.
AMS Subject Classification: 65B05 65J15 65N30 65N35 65H10 47H17 49M15.

1. INTRODUCTION

In this study, we are concerned with the problem of approximating a locally
unique solution z* of equation
F(z) =0, (1.1)
where, F is a twice Fréchet differentiable operator defined on a convex subset D
of a Banach space X with values in a Banach space Y. Numerous problems in
science and engineering can be reduced to solving the above equation [18, 32].
Consequently, solving these equations is an important scientific field of research.
In many situations, finding a closed form solution for the non-linear equation (1.1)
is not possible. Therefore, iterative solution techniques are employed for solving
these equations. The study about convergence analysis of iterative methods is
usually divided into two categories : semi-local and local convergence analysis.
The semilocal convergence analysis is based upon the information around an initial
point to give criteria ensuring the convergence of the iterative procedure. While the
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local convergence analysis is based on the information around a solution to find
estimates of the radii of convergence balls.

In the present paper, we study the semi-local convergence of the Two-step
Newton-type method (TSNTM) defined by

Yn = Tn = F'(2) " F(@n)
Tps1 = Yo — F' (€0) T Tr (20) F(yn)
where z¢ € D is an initial point, the operator 7¢(x) : D — Y is given as
Tr(x) = T+ Vr(x) + Vr(2)’Gr(2),
where the operator Vz(z) : D — Y is defined by
Vr(x) = F ()" F" (@) F (2) " Fz)

and Gr : D — L(X,X) is a given linear operator for each 2 € D. Some special
cases of (TSNTM) are

Case — 1. two-step Newton method of order three (TSNM-0O-3) defined by
Yn = Ty — F'(x,)  F ()
Tn4+1 = Yn — ]:/(xn)ilf(yn)

foreachn =0,1,2,...,
Case — 2. Two-step Newton method of order four (TSNM-O-4) defined by

Yn = Tn — f/(xn)_lj:(xn) }
Tn+1 = Yn — F/(xn)il(z + V]:(xn))f(yn)

foreachn =0,1,2,...,
Case — 3. Two-step Newton method of order five (TSNM-0-5) defined by

Yn = Tp — -7:/(1771,)71]:(In)
Tyt Zyn—f’(l’n)_l(IJer(wn) (1.5)

V.’F(xn)Q 5

4 5 (51' —Vr ($n)>)}-(yn)

} foreach n=0,1,2,..., (1.2)

(1.3)

(1.4)

foreachn =0,1,2,....

Many other choices of operator 7 lead to other popular iterative methods such as
Halley’s-type or Chebyshev-type methods []. Concerning the order of convergence
of such methods - in the case when X =Y = R - a theorem by Traub [33] states
that for sufficiently smooth Gz(x) (TSNTM) has order four.

The following set of conditions (C) have been used to perform semi-local conver-
gence analysis of these method [1-29]
C,. there exists 7o € D such that F'(x¢)~! € L(Y, X),
Cs. Hf/(.’bo)ilf(xo)n <mn,
Cs. ||F/ (o) ' F"(2)|| < Lforeachx € Dor || F'(z0) " (F'(z) — F'(y))|| < Lz —yll

for each z,y € D,
Cy. |[|[F'(zo) M (F"(x) = F"(y))|| < M|z — y| for each z,y € D,
Cs. n< L2+ 4AM — LVL? +2M
NS USM(L + VIR + 2M)

Cs. U(azo, Ry) € D where Ry is the small positive root of

M, L
p(t)—?t +§t—t+n.
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However, simple numerical examples can be used to show that even though the
condition (C5) is not satisfied but still (TSNTM) converges to the solution z*. As an
example, let X =Y =R, zp = 1and D = [(,2 — (] for ¢ € (0,1). Define function
F on D by

F(x) =2° —C. (1.6)
Then, through some simple calculations, the conditions (C) yield
1 —
=129 roapogr M=1202-02

Figure 1 plots the criterion (C,) for the problem (1.6). The curve (defined by the right
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FIGURE 1. Convergence criterion (Cs) for (1.6).

hand side of the inequality (C4)) intersect the line 7 (see Figure 1) at  ~ 0.72. We
notice in the Figure 1 that for { < 0.72 the criterion (C4) is not satisfied. However,
one may see that the method (1.2) is convergent. For additional examples, see the
Section 4.

In this paper, we are concerned with expanding the applicability of (TSNTM)
where the the condition (Cs) (or (Cg)) fails. To achieve this, we introduce the
center-Lipschitz conditions
Cr. H]—"’(xo)_l(}"’(x) — F'(20))|| < Lo ||z — ao]| for each z € D,

Cs. Hf’(xo)_lT;c(x)]:'(a:o)H < bforeach z € D,

Cy. || F/(w0)~ (T — Tr(2))F'(20)|| < ¢ for each z € D.

Here onwards, the conditions (C1), (C2), (C3), (C4), (C7), (Cs) and (Cy) are referred
as the (H) conditions.

Several techniques are usually considered to study the convergence of iterative
methods, as we can see in the studies [1-33]. Among these, the most popular tech-
niques are based on majorizing sequences. In the studies that lead to convergence
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condition (Cs), the condition (C3) was used to compute the upper bound
1

1= L|zn — ol

Instead of using (C3), we use the more precise and less expensive condition (Cy4)

which leads to

|7 (20) " F (o) || < (1.7)

1
Fl(@n) " F(20)]| < . (1.8)
Note that
Lo <L (1.9)
holds in general and £/Ly can be arbitrarily large [23]. This change - in the

study of semi-local convergence of method - leads to tighter error estimates on the
distances ||y, — x|, Yn — ¥, ||z — *|| and weaker
convergence criteria.

The rest of the paper is organized as follows. Section 2 develop results on
majorizing sequences for (TSNTM) (1.2), where as in the Section 3 we develop the
semilocal convergence of the (TSNTM). Section 4 presents a Lemma about the
special case Two-point Newton method. Finally, numerical examples are given in
the concluding Section 5.

Tn+1 — Ynlls [ Tnt+1 — Ynl|» s

2. MAJORIZING SEQUENCES

Here, we find sufficient conditions for the convergence of scalar sequences that
will be shown - in the next section - to be majorizing for (TSNTM). Let £y > 0,
L>0,b>0,c>0andn > 0 be some positive constants. It is convenient for us to
define functions 7, « and h; for i = 1,2, 3 by

WLt

1t === v=a0), 2.1)
[Mét)z I NOR %}t
alt) = LT a = a(n), 2.2)
hi(t) = [a(t) + Lo(1 + (1))t — 1, (2.3)
ha(t) = " a(t)t + Lo (01 + (D)t (1) 2.4
and

hs(t) = a(t)t + Lo(1 + () (1 + a(t))t — 1 2.5)

where

at) = SA0P + L(0) + S a=a)

Let the minimum positive zeros of the functions h;, hy and hs be 71, 72 and 73,
respectively. Note that - by the choice of 1; - a(t) is well defined on (0,7;) and
a € (0,1). We set

1o = min{7n1, 72,73} (2.6)

Then, for all ¢ € (0,79) we have
a € (0,1) 2.7)
hi(t) <0 2.8)

ha(t) <0 (2.9)
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and
hs(t) <0. (2.10)
We can show the following result about the convergence of majorizing sequences.

Lemma 2.1. Let the positive constants be Lo > 0, L > 0,b>0,¢ >0, M >0 and
1 > 0. Furthermore suppose that

<no ¥ mo#m,
] (2.11)
<no & no=m-
Then, scalar sequence {t,,} generated by
bL(s5y, — tn)?
to=0, so= t =8y + —F—————+
0 ) 0 , n+1 n 2(1 — ﬁotn) )
L cl (2.12)
§(tn+1 - Sn)2 + »C(sn - tn)(tn+1 - sn) + 7(371 - tn)z
s =1 +
n+1 n+1 1_ Eotn+1
is increasing, bounded from above by
14
= ( 7>n 2.13)
11—«
and converges to its unique least upper bound t* which satisfies
0<tr <™. (2.14)
Moreover, the following estimates hold for eachn =0,1,2,...
O S tn+1 — Sn S ’Y(Sn - tn) S 704“77 (215)
and
0 < 8py1 —tnyr < sy —t,) <™. (2.16)

Proof. We use mathematical induction to prove (2.15) and (2.16). By (2.1), (2.2)
and (2.12), estimates (2.15) and (2.16) hold for n = 0 since

bL
t1 —sg = 7(50 — to)(So - to) = '7(30 — to) (2.17)

and

L cL
§(t1 —50)% + L(s0 — to)(t1 — 50) + 7(80 —to)?

$1—t = 1= Lot )

L cL

572(50 —t0)? + L(s0 — to)* + 7(50 —to)?
< b
- 1= Lo(1+7)n

CL(SO - to)

< ——F—— —tg) = —to)- 2.18
<7 —Eo(l—i-’y)n(so 0) = a(so — to) (2.18)

Let us assume that (2.15) and (2.16) hold for all k¥ < n. Then, we have
thr — s < Y(sk — tr) < yan,
Skt — th1 < alsp — ty) < oty
and
k k k
ter1 < sk +ya'n <ty +a'"n+ya'n
<t—k—1+a"" 1+ afn+~va*1n+~aky
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<o Sty (@ a4 afn) + (vatn 4+ yaty)

< 51+ yan + (@®n + o’ + - 4 afy) + (yaPn 4 -+ yaln)

<t +an+yan+ (@®n+ ey + -+ aFn) + (yaln + -+ yatn)
<0 +n+an +yan + (@ n+a’n+ -+ afn) + (vatn + -+ yaty)

1—aktt 1+7
=— (1 < —n =t 2.19
o At <{—_m (2.19)
Evidently, estimates (2.15) and (2.16) are true provided that
bE(sk - tk)
_— 2.20
21— Loty) = (220
and
—t
_alsk —tk) 2.21)
(1= Lotrs1)
The estimate (2.20) can be written as
bL 1—ak
—aFn+~yLo(1+7) n—~<O0. (2.22)

2 11—«
Inequality (2.22) motivates us to define recurrent functions f; on [0, 1) for each
k=1,2,3,... by
k

bL
i) = St + 9 Lo(L+7)7—n =7 (2.23)

We need a relationship between two consecutive functions f;. We have by (2.23)
that

Forr(t) = fiu(t) + %tk“n - %t’“n +yLo(thn — 5y 4 thy —thty)
= fr®)(t—1) [%t + +yLo(1 + 7)] th=1y. (2.24)
It follows from (2.24) that
frer1(t) < fe(t) <o+ < fa(D). (2.25)
In view of (2.22) and (2.25) it suffices to show that
fi(e@) <0 (2.26)

which is true by the choice of 772, (2.4) and (2.11). Similarly, estimate (2.21) can be
written as

1— ak+1
aak*1n+£0(1+7)17777 1<0. (2.27)
-«
Define recurrent functions g on [0,1) for each k =1,2,... by
_ tk+1
ge(t) = at*1n + Lo(1 + N1 (2.28)
Then, using (2.28) we get that
g1 (1) = gu(®) + (t = 1) a+ Lo(1 +9)(1+ )], 2.29)
It follows from (2.29) that
grr1(t) < gr(t) < - < gi(h). (2.30)

We can show instead of (2.27) that
g1(a) <0, (2.31)
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which is true by the choice of 73, (2.5) and (2.11). The induction for (2.15) and
(2.16) is complete. Hence, sequence {t, } is increasing, bounded from above by t**
(given by (2.13)) and converges to its unique least upper bound ¢t*. The proof of the
Lemma is complete. O

We have the following useful and obvious extension of Lemma 2.1.

Lemma 2.2. Suppose there exists N > 0 such that

t0<80<t1<'~~<tN<SN<tN+1<?. (2.32)
0
and
<no i mo#Fm
SN—tN{ ) (2.33)
<mno i mo=m-

Then, the conclusions of the Lemma 2.1 hold for sequence {t,}. Moreover, the
Jollowing estimates hold for eachn =0,1,2,3,...

0 <tnt14n — SN+n < IN(SN4n — EN+n) (2.34)
and
0 < SNt14n — tN414n < AN (SN4n — ENin) (2.35)
where yny =v(sy —tn), any = a(sy —ty) and thf = ijgi\:] (snv —tn)-
Remark 2.3.
R1. Note that for N = 0, the Lemma 2.2 reduces to Lemma 2.1 with o9 = o and
Yo = 7-

3. SEMI-LOCAL CONVERGENCE ANALYSIS

We need the following Ostrowski-type representation connecting F (1) to the
method [1-28].

Lemma 3.1. Suppose that all iterates of the method (TSNTM) (1.2) are well defined.
Then, the following identity holds for eachn = 0,1,2,...

]:(anrl) :/0 [f/(yn+9(xn+1_yn))_]:/(yn) (anrl_yn)d9+<‘7-—/(yn)_]:/<xn)>(mn+1_yn)

+(Z = Tr(2n)) /Ol[f/(ﬂfn +0(yn — zn)) = F'(@0)(yn — 2)d0. (3.1)
Proof. We have - by the definition of the method (TSNTM) (1.2) - that
Fyn) = Flyn) = F(@n) = F'(20) (yn — zn)
= /Ol[f'(mn +0(yn — ) = F' ()| (yn — z,)d0. (3.2)

Moreover, we get in turn that

F(Z‘n-&-l) = f(zn-&-l) - F(yn) - F/(yn)(xn-&-l - yn) + ‘F(yn) + f/(yn)(zn-&-l - yn)

- / (Y + 8(nsr — yn)) — F' ()] (1 — y)d6
+ ]:(yn) + (]:/(yn) - f/(xn))(xn-ﬁ-l - yn) + ]:/(xn)(xn-&-l - yn)
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1
- / '+ 0nsr — ) — F' ()] (nsr — yn)d8

+ (}—/(yn) - ]:/(xn))(xn-&-l —Yn) + F(yn) +~7:/(mn)f/(xn)_le(xn)f(yn)

1
- / F (4 0(Enss — ) — F ()] (s — )0
- (F ) — F () (st — ) + (T — Tr(n)) F )

- /0 F (yn + 0(@ni1 = yn)) = F'(yn)|(@n41 — yn)do
+ (F'(yn) = F'(@n))(@nt1 = yn) + (T — Tr(xn))

1
[ 800 = 2) = F @)l = )5
0
The proof of the Lemma is complete. O

We can show the main semi-local convergence result for the method (1.2) under
the (H) conditions.

Theorem 3.2. Suppose that the (H) conditions and the conditions of Lemma 2.1
hold. Moreover, suppose that

U(zo,t*) C D. (3.3)
Then, sequence {z,} generated by the (TSNTM) (1.2) is well defined, remain in
U(zo,t*) for alln > 0 and converges to a solution z* € U(zo,t*) of equation F(z) =
0. Moreover, the following estimates hold

”yn - xn” S Spn — tna (34)
[Zn+1 = Ynll < tng1 — sn, (3.5)
|zn —2*|| <t° —tn (3.6)
and
lyn — ™| < t* — sp. (3.7)

Furthermore, if there exists R > t* such that

U(zo, R) C D (3.8)
and
%(t* +R)=1 (3.9)

then, the solution x* is unique in U(zo, R).

Proof. We shall prove that (3.4) and (3.5) hold using mathematical induction. Using
(C2), (1.2) and (2.12) , we get that

lyo — @ol| = ||F'(w0) " F(wo)|| < n=s0—to < t*.

That is (3.4) holds for n = 0 and yo € U(x,t*) (by (2.13)). In view of (1.2), (2.12),
(C3) and (3.2), we obtain that
21 = yoll < ||F (zo) ™ Tr (z0) F (o) || || F' (z0) ™ F (o)

< %(30 —t9)* =t — so, (3.10)
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which shows that (3.5) hold for n = 0. We also get that
21 — 2ol < llz1 — woll + llyo — ol < t1 — so + so —to =11 < 17,

which implies that 1 € U(xo,t*). Let us assume that (3.4), (3.5), yx € U(xo,t*)
and z41 € U(zp,t*) hold for all k£ < n. It follows from the proof of Lemma 2.1 and
(Cs) that

’|f,($0)_1(fl($k+1) - f’(l‘o))” < Lo||zr+1 — xol| < Lotrr < 1. (3.11)
Estimate (3.11) and the Banach Lemma on invertible operators [23] imply that
Fllawr1) ™' € LY, X),

1 < 1 (8.12)
1—Lollers1 —xol| = 1 — Lotrg1

|/ (@r1) " F (o) <

Then, we have by (1.2), (C3), (2.12) and (3.12) (for k replacing by k + 1) and the
induction hypotheses that

et = yill < ||F (@) T F (@o) || | F' (20) ™ T () F (o) || [|F (20) ™ F ()|
< QOI)EEOtk)(Sk — 1) =ty — Sk (3.13)

Using (1.2), (C3), (C4), (2.12), (3.1), (3.12), (3.13) and the induction hypotheses we
obtain in turn that

17! (w0)~ Flansn)| < H [ w0 o+ b — ) —f’(ymde\ ke — el
17 o) F () = F @) | fss — vl + |7 (20) (T = T (@) 7 (x0)|

‘ /Olfl(l'O)_l[]:/(lU}c +0(yr — w5)) — ]—"(xk)]dgH e — 25

2 cL 2
< 5 lwksr = wrll” + Lllye = zell lznes = yell + 5 v — 2]
2 cL 2
(tk+1 — Sk) + E(sk - tk)(tk+1 - Sk) + f(sk - tk) .

<
- 2
(3.14)

(IR TR oY

Then, by (1.2), (2.12), (3.13) and (3.14), we get that

[Yrt1 = rpa |l < NF (@rg) F (o) | | F (w0) ™ F(@hpa) |
L cl
E(tk—&-l — si)? + L(sp — i) (b1 — sk) + 7(% —ty)?
<
- 1—Lotrpt1
= Sk+1 — tk;_»,_l. (315)

We shall also have that

lve+1 — zoll < lyk+1 — Te1ll + | zor1 — ol < Skt1 — thtr +tpr1 — to = Spy1 < t°

and

|Zr42 — Zoll < |Trr2 — Yerrll + [[yrs1 — Zoll < trg2 — Skt + Skg1 — to = togo < t°

Hence, yj4+1 and zx42 belongs to U(xo, t*). It follows from (3.7), (3.8) and Lemma
2.1 that sequence {z, } is complete in a Banach space X and a such it converges to
some z* € U(xg,t*) (since U(xg,t*) is a closed set). By letting k — oo in (3.14) we
obtain F (:1:*) = (. Estimates (3.9) and (3.10) follows from (3.7) and (3.8) by using
standard majorization techniques. Finally to the uniqueness part, y* € U(mo, R)
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be a solution of equation F(z) = 0. Let Q = fol F'(x* + 0(y* — x*))dd. Using (Cs),
(3.11) and (3.12), we get that

17 (20) (@ — F(x0))] < /

F' (o)™ [/01[7’(13* +0(y" — 7)) - f’(xo)]dﬁ} H
< 7(t* +R)=1. (3.16)

It follows from (3.16) and the Banach lemma on invertible operators that Q_l S
L(Y,X). Then, using the identity

0=F(") - F@") = Qy" — ")

we deduce that £* = y*. The proof of the Theorem is complete. O

Remark 3.3.

R1. The limit point ¢t* can be replaced by t** (given in closed from by (2.13)) in
Theorem 3.2.

R2. The conclusions of Theorem 3.2 hold if hypotheses of Lemma 2.1 are replaced
by those of Lemma 2.2.
R3. It follows from the (H) conditions that there exist by, co, L1, Lo, L3 satisfying

|7 (o) ™ T (20) F' (20) || < bo, (3.17)
|7 (20) ™ (F' (1) = F' (o)) || < L1 |21 — o, (3.18)
1
| [ 7 @ 4 001 = )~ #0100 < L2001~ ol @19
0
|7 (o)™ (F'(yo) — F'(20))|| < L2 lyo — ol , (3.20)
| F' (20) "1 (T — Tr(0)) F' (z0) || < co, (3.21)
and
1
‘ / F'(20) HF (w0 + 0(yo — x0)) — f’(ffo)]dQH < L30|yo — xo| (3.22)
0
where

Yo = xo — F' (o) ™' F (o)
and
w1 = w0 — F'(w0) " F(0) — F'(w0) ™ Tr (w0) F (w0 — F'(0) "' F(20)).
Note that
bo <b, co<c, L1 <Ly, L2<L and L3<L (3.23)
and b/by, ¢/co, Lo/L1, L/La, L]/L3 can be arbitrarily large [23].
We may notice that estimates (3.17) - (3.21) are not additional to the (H) condi-

tions, since in practice the verifications of (Cz2)-(Cs) require the computation of by,
co, L1, Lo and L3. Note that finding these constants only involve computations at
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the initial data. We define

boL3(q0 — 70)?
To=0, ¢qo=mn, 7“1=Q0+¥

2 b
L col
72(7”1 —qo0)*+ La(go — 10)(r1 — o) + 02 % (g0 — 70)?
g1 =711+
(1 — LlT‘l)
bL(qn — 1) 524
Tl =t S )

L cl
E(rn+1 - Qn)z + E(qn - 7"n)(rn+1 - Qn) + 7(qn - Tn)2
dn+1 = Tn41 + (1 — Eorn+1)

Furthermore, according to the proof of Theorem 3.2, {r,,} is a majorizing sequence
for {xn} (see also (3.4) - (3.6)) and the tables in the next section. Note that the
majorizing sequence {v, } - for the method (1.2) - is given by

bL(uy — vy)?
vo=0, v =u —_—
0 n+1 n+ 2(1 — ,C’Un)
L cL (3.25)
§(Un+1 - un)Q + £(un - Un)(vn-‘rl - un) + 7(”71 — Un 2
u =0 +
n+1 n+1 (1 — £Un+1)
A simple inductive argument shows that
qn < sp < Up (3.26)
Tn S tn S (8.27)
Tn+1 — Qqn S tn+1 — Sn S Un+1 — Un (328)
QnJrl - rnJrl S sn+1 - tn+1 S un+1 - UnJrl (329)
and
r*= lim r, <t*<v*= lim wv,. (3.30)
n—-00 n—aoo

Left hand side in the estimates (3.26) - (3.30) hold as strict inequalities if any of
the inequalities in (3.23) is strict. Moreover, right hand side in the estimates (3.26)
- (3.30) also hold as strict inequalities for n > 1 if £y < £. Furthermore, {r,}, {t,}
can replace {v,} in the convergence results in the literature under the sufficient
convergence conditions given there [1-4] (see also (Cs)).

Finally note that the conditions of Lemma 2.1 or Lemma 2.2 can be weaker
than those in the literature. In practice we shall use {r,} or {t,} to estimate
error bounds on the distances ||Zn+1 — Ynlls [|[Un — Zull, 2o — 2*||, ||yn — 2*|| and
we shall test if conditions of Lemma 2.1 or Lemma 2.2 or those in the literature
hold.

’ ) s

4. SPECIAL CASE I : TWO-POINT NEWTON METHOD

Let 7x(z) = Z. Then, we can choose b = 1 and ¢ = 0. In this case method (1.2)
reduces to the two-point Newton method. In this case, Lemma 2.1 reduces to the
following Lemma.

Lemma 4.1. Let the positive constants be Ly > 0, L > 0 and n > 0. Suppose that
{ <m ¥ m#Fm

. 4.1)
<o if no=m-
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Then, scalar sequence {t,,} generated by

L(sp —tn)?
to =0 = t = —_
0 , S0 1, n+1 Sp + 2(1 — £Otn)
L 4.2)
a(tn+1 - sn)2 + L(tn1 — 5n)(8n — tn)
s =t +
n+1 n+1 1_ »Cotn+1
is increasing, bounded from above by
1
1-«
and conwverges to its unique least upper bound t* which satisfies
0 <t <. (4.4)
Moreover, the following estimates hold for eachn =0,1,2, ...
0 <tpy1— 8 < V(80 —tn) <ya™n (4.5)
and
0 <spg1 —tpyr < O‘(Sn - tn) < 05”+177- (4.6)

5. NUMERICAL EXAMPLES

Example 5.1. Let X = Y = R be equipped with the max-norm, zog = w, D =
[—2,2]. Let us define F on D by

Flz) =23 —1. (5.1)
Here, w € D. Through some algebraic manipulations, for the conditions (H), we
obtain
CJwd =1
o 3w?
For w = 1.21, the convergence criterion (Cs) yields

0.1756621815 < 0.1731485558.

Thus the criterion (Cs5) does not hold. Even though the criterion (Cs) is not satisfied.
We can see that the method (1.2) converges. For example, let us choose G ]:($) =
—7 and which will result in a fourth order convergent iterative procedure. The
performance of this method for (5.1) is reported in the table 2.

Now let us validate the hypotheses of Lemma 2.1 and 2.2. From (2.1) - (2.5), we
obtain

2 2 179 35
M=2 =2
w

Rz VL VY &

E:

4
w?’

m = 0.2196968398, n> = 0.1803308682, 13 = 0.1803308682

and from the formulation (2.6), we obtain
1o = 12 = 0.1803308682.

We notice that the condition (2.11) - of Lemma 2.1 - holds. Thatis: 0.1756621815 <
0.1803308682. For the sequence (2.12), we obtain the Table 1. From (2.13), we get

t** = 0.4114076922.

Comparing the ¢t** with the values in the Table 1, we notice that the inequality
(2.14) holds. Furthermore, we notice in the Table 1 the hypothesis of Lemma 2.2
also hold. Since the conditions of Lemma 2.1 - and also that of Lemma 2.2 - holds
thus the Theorem 3.2 is applicable. Comparing tables 1 and 2, we see that the
estimates (3.4) - (3.7) hold. Comparing Tables 1 and 2, we notice that the
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estimates of Theorem 3.2 hold.

Example 5.2. In this example, we provide an application of our results to a special
nonlinear Hammerstein integral equation of the second kind. Consider the integral
equation

1
=1+ g/ Gls, )zt dt, s € [0,1], (5.2
0

where, G is the Green kernel on [0, 1] x [0, 1] defined by

o B t(l—ys), t<s;
D=3 s0-1, s<t. (5-:3)

Let X =Y = C[0,1] and D be a suitable open convex subset of X; := {z € X :
z(s) > 0,s € [0, 1]}, which will be given below. Define 7 : D — Y by

[F(2)](s) = 2(s) =1 — g/o G(s,)x(t)>dt, s€0,1]. (5.4)
The first and second derivatives of F are given by
[F(z)'y)(s) = y(s) — % /01 G(s,t)x(t)*y(t) dt, s €[0,1], (5.5)
and
24

[F(2)"yz](s) =

respectively. We use the max-norm. Let z(s) = 1 for all s € [0, 1]. Then, for any
y € D, we have

) G(s Hz(t)y(t)z(t) dt, se€[0,1], (5.6)

12
(I — F'(z0))(y /Gst s €1[0,1], (5.7)
which means
3
I—-F <— — < 1. .
Pl < s [[obnas o fe ey

It follows from the Banach theorem that /() ! exists and
1 10

/ -1 _
[F'(wo) || < 3= (5.9)
10
On the other hand, we have from (5.4) that
| F(z0)]] = = max / G(s,t)d
5 s5€[0,1]

Then, we get n = 1/7. Note that F”(x) is not bounded in X or its subset X;. Take
into account that a solution z* of equation (1.1) with F given by (5.3) must satisfy

1
2"l =1 - EHSE*IIP’ <0, (5.10)

e., |lz*]| < p1 = 1.153467305 and ||z*|| > p2 = 2.423622140, where p; and py are
the positive roots of the real equation z —1—22/10 = 0. Consequently, if we look for
a solution such that 2* < p; € X3, we can consider D := {z: z € X; and |z] <
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r}, with r € (p1, p2), as a nonempty open convex subset of X. For example, choose
r = 1.7. Using (3.7) and (3.8), we have that for any x,y,z € D

120 /*
17 @) = F el 0l = | [ 6ot = o)
12 !
<2 [ Gls.0lltt) = )] a(t) + au(o)e)d
12 !
<2 [ G o+ D) - molo)ly© de, s < [0.1]
0 (5.11)
and
. 24 !
[(F"(x)yz)(s)|| = g/ G(s,t)z(t)y(t)=(t)dt, s€0,1]. (5.12)
0
Then, we get
121 81
| F'(x) = F'(x0)|l < gg(?‘ + Dllz — ol = @Hw — o], (5.13)
24 r 51
F" <X —=— .14
[ (ﬂfz’)ll_5><8 %0 (5.14)
and
11 /] (— 24 ! —
[[[F"(z) = F'(@)] y2] (s)] = A G(s,t) (z(t) —=(t)))y(t)z(t)|| dt  (5.15)
<2l m =2 —m 5.16)
<53 r— 5 r— .
Now we can choose constants as follows:
6 51 81 22 7
M*?a L*£7 ‘CO*%a b*ﬁa C*Ba
11 2 11 16 16 1
0= 15 CO*B; 517%, £2—£, ngg, and 77*?.

We can verify that the condition (Cs5) holds. From equations (2.1) - (2.6), we obtain
m = 0.5292437221, mny = 0.4285556173, n3 = 0.4285556173.
From the formulation (2.7), we get
Mo = 12 = 0.4285556173.

We may see that the hypothesis (2.11) of Lemma 2.1 holds. Now let us compare
the sequences (2.12), (3.24) and (3.25), with (3.7). Comparison - among sequences
(2.12), (3.24) and (3.25) - is reported in Table 3. In the Table 3, we observe that
the sequence {¢, } is finer than the sequence {s, } and {s, } is finer than than {u,, }
- which is also true by the estimates (3.26) and (3.29).

Concerning the uniqueness balls, let us denote the radii [1, 3, 4, 7, 9, -21]
by 71 and 73, respectively. These are given as the smallest positive roots of the
polynomials

pi(t) =Lot—1 (for t*=R) (5.17)

and

M c
pa(t) = ?t?’ + §t2 —t+47 (5.18)
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respectively. Using the values of Ly, £, M and 7 we get
~v1 = 0.8641975309, ~o = 0.15174448809. (5.19)

Note that U(xmr —1) C D, £y < L and 2 < 7v1. Therefore, the new approach
provides the largest uniqueness ball and since 7 — 1 < 71, we deduce that z* is
unique in U(zg,r — 1) = U(1,0.7) C D.

Example 5.3. We consider nonlinear Hammerstein integral equation
1
z(s) =1 +/ G(s,t)z(t)*dt, s,te(0,1] (5.20)
0

where s € C[0, 1], and the kernel G(s, 1) is given as

Cs.) = { (1—s)t, t<s,

(I1—-t)s, s<t.

Hammerstein integral equations are associated with boundary value problems for
differential equations [1]. For these equations higher order methods - utilizing
information about the second derivatives - may be advantageous [1].

To solve the nonlinear integral equation (4.1), we divide the interval (s, ¢ € [0, 1])
into n—points and approximate the integral part through an n—point Gauss-
Legendre quadrature. Let these n—points be & with ¢ = 1,2,...,n. Thus we
obtain

1 n
z(§) =1 +/0 G, ety dt ~ 1+ w; G, 6)w(&) (5.21)
i=1

where the nodes &; and weights w; are given as

N SR S =
&= =z + wi = (1 —22) (P} (2:))?

27 T
where z; (also known as ¢:—th Gauss-node) are the i—th zeros of the normalized
Legendre, i.e. P, (1) = 1, polynomial P,,(z)

1 d°

Pale) = grm—l(a® = 1"
From (5.21), we get the nonlinear-system J: R” — R"
Fx)=x—-1-Av, =0 (5.22)
where
X = [11,29,...,2,]", 1=[1,1,...,1]", A= [@ijlij=1, Vae= [x2,23,... 22"

where a; ; = w; G(§;,&;). Moreover, ' (x) = I-2AD(z) where D(x) = diag{z1, x2, . . .

and F”(x) = A. The discretized system of equations (5.22) satisfies the condition
(Cs5) and it also satisfies the hypothesis - condition (2.11) - of Lemma 2.1.

To solve the nonlinear integral equation (4.1), we divide the interval through a
20—point Gauss-Legendre quadrature rule which results in 20—nonlinear equa-
tions with 20 unknowns. Solution is reported in the Table 4 when the residual is
|11 — 2nlly, <1x107°%, For a second derivative F”(x) of size m x m the com-
putational cost of order is O (m2) [1]. As a result, for sufficiently large systems the
computational cost during each iteration of the four methods (NM-O2, TSNM-O3,
TSNM-04, TSNM-05) is of the same order [1]. Therefore, the fifth order method
TSNM-O5 is the most computationally efficient for solving such systems.

,Tn}
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n|ty, Sn Sp —tn tht1 — Sn t* —t, t* — s,
0]0.00 x 1019° 3.85 x 10792 3.85x 10792 1.04x 10792 .39 x 10792  2.54 x 10792
114.890x10792 6.14 x 10792 1.25 x107%2  1.67x107% 1.49x107°2 246 x 1079
216.31 x 10792 6.39 x 10792 7.79 x 1079  7.25 x 1079 7.86 x 1079  7.46 x 10796
316.39 x 10792 6.39 x 10792 2.05 x 10797  5.07 x 10~ 2.05x 10797 5.07 x 10713
41639 x 10792 6.39 x 10792 377 x 10718  1.71 x 1073* 3.77x107'® 1.71 x 10734
516.39 x 10792 6.39 x 10792 2.34 x 107°°  6.56 x 1079 2.34 x 107°0  6.56 x 109
616.39 x 10792 6.39 x 10792 5.55 x 10717  3.71 x 107292 5.55 x 107147 3.71 x 107292
716.39 x 10792 6.39 x 10792 7.47 x 107%37  6.70 x 107872 7.47 x 107437 6.70 x 107872
816.39 x 10792 6.39 x 10792 1.81 x 1071396 (.00 x 10799 1.81 x 101396 (.00 x 10190
916.39 x 10792 6.39 x 10792 0.00 x 10T°°  0.00 x 10T%° 0.00 x 107%9 .00 x 1010
TaBLE 1. Majorizing sequence (2.12) for (4.1).

n ‘ [Zni1 — onl| |21 = Ynll 20 — ynll |2n — 2| lyn — ||
01]4.00%x10792 150x1079 3.8 x1079% 4.00x 10792 1.52x 1079
1]1.61x1079% 258x10710 1.61x1079 1.61x107% 258 x 1010
21535x10719 286 x107% 535x107" 535x107'  2.86 x 10737
31653x107 427 x 107 653x10770 653 x 1077 427 x 10714
4]1.46 x 107288 212 x107°70 1.46 x 107288 1.46 x 107288 2.12 x 107576
51 3.59 x 1071151 0.00 x 107%9  3.59 x 10~1151  3.59 x 10~'151 (.00 x 1010
6 |0.00x 10799 0.00 x 107°°  0.00 x 101%°  0.00 x 101%°  0.00 x 1010
7 10.00 x 10799 0.00 x 107°°  0.00 x 107%°  0.00 x 101%°  0.00 x 1010
8 10.00 x 10T°9  0.00 x 107°°  0.00 x 107%°  0.00 x 101%°  0.00 x 1010
9 10.00 x 10799 0.00 x 1079 0.00 x 101%°  0.00 x 101%°  0.00 x 1010

TABLE 2. Method (1.2) applied to F(z) = 2° — 1.
n | gn Sn Up, Tn+1 — 4n thrl — Sn Un+1 — Un
0143x107% 143 x107°" 143 x 107 3.42x107% 218 x107°* 218 x 107"
111.47x107% 1.76 x 107°0 1.80 x 10791 9.69 x 107°7 1.85x 1079  3.40 x 1079
21147 x 1079 1.77x 10790 181 x 1079 1.24x 10~ 528 x10799 2.17 x 10708
311.47x107% 1.77x107°" 1.81 x1079% 2.00 x 10727 3.79x107'®  6.91 x 1077
41147 %1079 1.77x107%7 1.81 x 10797 5.23 x 107  1.96 x 10736  7.02 x 1034
511.47 x 1070 1.77 x 107% 1.81 x 10791 3.56 x 107119 520 x 10"  7.23 x 10768
61147 %1079 1.77x107% 1.81 x 10797 1.65 x 107220  3.68 x 10~16  7.68 x 10136
71147 x107%" 1.77x107% 1.81 x107°" 357 x 107*1  1.84 x 107292 8.66 x 10272
81147 x107% 1.77x107° 1.81 x 10791 1.66 x 107882  4.62 x 107°8%  1.10 x 10543
9147 x107% 1.77x107°" 1.81 x 107" 3.60 x 107176 2,90 x 1071170 1.78 x 101987

TaBLE 3. Comparison
(3.25). Estimates (3.26) - (3.30) hold.

among the sequences (2.12),

(8.24) and
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|Zns1 — anLZ

n
NM-02 TSNM-03 TSNM-04 TSNM-0O5

1 9.869x1072 1.931x1072% 1.074x10~* 6.652x 107°
2 4275x107% 4233 x107% 2139 x 10716 4.122 x 1072
3 3957 x107% 8426 x1071® 4275 x 1075 1.886 x 10~123
4 1.931 x 1076 3.957 x 10720 - — = - — =

5 2.224 x 10733 - — = - — = - — =

6 8.001 x 1065 - — - - —

TaBLE 4. Errors for the Newton (NM-O2) and the methods (1.2)
applied to (5.20).
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