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ABSTRACT. In [3] we presented a cubically convergent Two Step Directional Newton Method
(TSDNM) for approximating a solution of an operator equation in a Hilbert space setting.
George and Pareth in [13] use the analogous Two Step Newton Lavrentiev Method (TSNLM)
to approximate a solution of an ill-posed equation. In the present paper we show how
to expand the applicability of (TSNLM). In particular, we present a semilocal convergence
analysis of (ISNLM) under: weaker hypotheses, weaker convergence criteria, tighter error
estimates on the distances involved and an at least as precise information on the location of
the solution.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a solution of
the nonlinear ill-posed operator equation

F(z) = f, (1.1)
where I’ is a Fréchet differentiable operator defined on an open and convex subset
D(F) of a real Hilbert space X and f € X. Let (.,.) and |||, stand, respectively for
the inner product and the corresponding norm. Let also U(z, ) and U(z, ), stand,
respectively for the open and closed balls in X with center z € X and radius r > 0.

Let L(X) denote the space of bounded linear operators from X into X. We suppose
that F' is a monotone operator. That is

(F(z) = F(y),x —y) 20, Vz,y€ D(F).
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Set S = {z: F(z) = f}. It is known that S is closed and convex provided that F’
is monotone and continuous (see, e.g., [28]). It follows that there exists a unique
element of minimal norm. Denoted such an element by &. Then we have F(&) = f.
Suppose that F’(.) is a positive self adjoint operator. Then, (F'(.) +«l)~! € L(X)
for each a > 0. Here, we need o(F'(.)) C [0,00) and [|(F'(.) + al)7!|| < £ for
some constant ¢ > 0 and for any a > 0. Such conditions are weaker than the
self adjointness of F’(.). In practice, only noisy data f° is available, such that
Ilf — f°Il < 8. Hence, the problem of computing # from equation F(z) = f° is
ill-posed. Since a small perturbation in the data can cause large deviation in the
solution. The Lavrentiev regularization method has been used to solve (1.1) by
obtaining an approximation x‘; of equation

F(z) + a(z — o) :f‘s, (1.2)
where « > 0 is the regularization parameter and xo € D(F') is an initial point which
is an approximation to & [11] ,[13], [15], [29, 30]. If & > 0 is chosen appropriately

then, itisknownthatxi — T asa — 0and § — 0 [27], [30].

Many problems from computational sciences and other disciplines can be brought
in a form similar to equation (1.1) using mathematical modelling [1], [4], [8], [20],
[25], [26]. The solutions of these equations can rarely be found in closed form. That
is why most solution methods for these equations are iterative. The study about
convergence matter of iterative procedures is usually based on two types: semi-
local and local convergence analysis. The semi-local convergence matter is, based
on the information around an initial point, to give conditions ensuring the conver-
gence of the iterative procedure; while the local one is, based on the information
around a solution, to find estimates of the radii of convergence balls.

In [3], we introduced a third order Two Step Directional Newton Method (TSDNM)
for approximating a zero z* of a differentiable operator F' on a Banach space setting.
Motivated by (TSDNM) George and Pareth [13] used the analogous Two Step Newton
Lavrentiev Method (TSNLM)

Yo = To — Ral@) ) (2, o) = f* + ala o — 70)] (1.3)
and
x’fLJrl,Oz = yg,a - R, (xi,a)_l[F(ny,a) - f6 + a(yg,a - .’E())] (1.4)

to generate a cubically convergent iteration {x‘fw} approximating z% , where xgya =

Zg,a > ap > 0 and Ry (x) = F'(x) + ol [13].
Note that we have
|Ra(x) ' F'(2)|| <1, Va € D(F). (1.5)

The semilocal convergence analysis was based on the following conditions which
has been used extensively in the study of iterative procedures for solving ill-posed
problems [11], [16], [29].

(C1) There exists a constant L > 0 such that for each z,u € D(F) and v € X,
there exists an element P(x,u,v) € X satisfying

[F'(z) = F'(w)v = F'(w)P(z,u,v),  [[P(2,u,0)|| < Llv][lz - ul|
They used the additional restriction that
0<L<1 (1.6)

In the present paper, we extend the convergence domain of (TSNLM) and also drop
restrictive condition (1.6) under weaker sufficient semilocal convergence criteria.
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Moreover, the upper bounds on the distances |25, , — # |, %5 , — 23| are
tighter and the information on the location of the solution z° at least as precise
(see Section 3).
There are cases when Lipschitz-type condition (C1) is violated (see Section 4)
but the following weaker central-Lipschitz-type condition is satisfied:
(C1)’ Let zg € D(F) be fixed. There exists a constant Ly > 0,7 > 0 such that for
each z,u € U(xo,r) UU(Z,r) C D(F) and v € X, there exists an element
®(z,u,v) € X such that

[F'(z) = F'(w)]o = F'(u)® (2, u,0), |z, u,v)]| < Lollv]| (o — ull + [l — xoll).

We note that since ||u — z|| < ||u— xo|| + || — 2o]|| condition (C1) always implies
(C1) with Ly = L and ¢ = P but not necessarily vice versa. Note that, under
(C1)" we also have the following special case:

(C1)” Let g € D(F) be fixed. There exists a constant l; > 0 such that for

all wg = zg + 0(Z — z9) € D(F) and v € X, there exists an element
® (9, wg,v) € X such that

[F'(x0) = F'(we)lv = F'(0)®(x0, we, v),  [|®(x0, we, v)|| < lollv][[lzo — well

Note that [y < Ly < L hold in general and %—00 and LLO can be arbitrarily large [1]-[5].

In section 2 we provide a semilocal convergence analysis for (TSNLM) using
(C1)’ instead of (C'1). We shall refer to [3], [13] for some of the proofs omitted in
this study.

2. SEMILOCAL CONVERGENCE OF (TSNLM) unper (C1)’

We present the semilocal convergence of (TSNLM) using (C 1)’ . We need to intro-

duce some sequences and parameters:
S . ,0 5 _
e T Hyma _'rn,aH’ Vn—O,l, ’ 2.1

n,o

for 6y < (17 — 12v/2)ay for some o > 0 and ||zg — Z|| < p,
\/1 + (17— 12v2 — 22) — 1
p< -

;i = Po- (2.2)
0
Let l 5
b, = = p? =2 2.3
p=5P +p+ . (2.3)
r= 1 25, , (2.4)
Lo1—b,++/(1—0,)2—32b,
L 6
U TR Ew (2.5)
and
p = 2Lor, q = 2p°. (2.6)

Note that r is well defined, since § < 1,q € (0,1) and b, € (0,17 — 12v/2]. We also
have that

b, <7, 2.7)

and 1+L 1+ £

r P

1_8L%T2 )= 1_;bp=L0r. 2.8)

Estimate (2.7) holds as strict inequality if [y < L. Parameter 7, was used in [13].

In order for us to simplify the notation, let z,,y, and e,, stand, respectively for

20 oY) and € . If we simply use the needed (C'1)” instead of (C'1) we arrive at:

n,o’
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LEMMA 2.1. Suppose that (C1)” holds and b, is given by (2.3). Then, the following
assertion holds
eo < b, < 17 —12v/2 = 0.029437252 - - -

Proof. Using (2.1), (2.2), (2.3) and (C'1)” we obtain in turn that

eo = lyo — zoll = [[Ralzo) " (F(xo) — f°)|
= |[Ra(zo) '[F(z0) — F(&) — F'(x0) (20 — &)
+F'(x0) (w0 — &) + F (&) — f°]|

= || Rawo) Y| / (F' (20 + (& — o)) — F' () db (0 — 2)
P o) (w0 — 2) + F(&) — )]

1
< ||/ B(ao + 13 — o), 20, 20 — &) + |70 — &
0
| Ra(zo) (F (@) — 1)
lo ~ N 1 .
< Olfao — 4l + lwo — 2l + ~IF@) — 7|

l 0
< §0p2+p+f

! 8o
< §p2+p+——bp§17—12\/§.

The proof of the Lemma is complete.

REMARK 2.2. If [j = L Lemma 2.1 reduces to Lemma 11 in [13]. Otherwise, i.e.,
if [y < L it constitutes an improvement according to (2.7).

With the notion introduced so far we can present the semilocal convergence
analysis of (TSNLM) using the next three results.

THEOREM 2.3. Suppose that (C1)’ holds and § € (0,d]. Then, the following
assertions hold

a) Hxn _ynH SpHyn—l _-Tn—ln = P€n—1,
(b] Hxn - xn—l” S (1 + g)en—ly
(c) en < gen—1.

Proof. Using (1.3) we get that
“Yn-1 = Yn-1—Tpn-1— Ra(zn—l)il(F(yn—l) - F(zn-1)
+a(Yn—1 — Tpn-1))
= Ra(zn- 1)71[3 (@n-1)Yn—1 — Tn-1)
—(F(yn-1) = F(#n-1)) — &(yn-1 — Tn-1)]
1)

/ {F’ l‘n 1 (xn—l +t(yn—1 _'rn—l))}
(yn 1 — Tn— 1 dt
— Ra(za_) / (F' (1) — F'(20) + F'(20) — F' (&1 + t{n_s — T0_1))}

(yn—l — xn_l)dt.
In view of (C1)" and (1.5) we have that

= l‘n

1
len —gnall < | / B( 1, 20, Y1 — s )|
0
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1
+|| / ‘I)(Io,ifn—l + t(yn—l - zn—l)ayn—l - xn—l)dt”
0

IA

1
Lo[||zn—1 — o] +/ |Zn—1 — @0 + t(Yn—1 — Tn—1)||dt]||yn—1 — Tp_1]|
0

< 2Lo7||Yn—1 — Tnoall = pllYn-1 — Tn_1|| = pen—1.
This proves (a). Now (b) follows from (a) and the triangle inequality;
2 — Zp-1ll < l2n = Yn—1ll + [yn—1 — Tn-1]-
To prove (c) we first use (1.3) to obtain in turn the identity
Yn —Tn = Tn —Yn-1— Ra(xn)_l(F(xn) - f5 + a(zy — 20))
FRa(@n-1) " (F(yn-1) — f* + ayn—1 — 20))
= Zn—Yn-1 — Ralzn) H(F(20) = F(yn-1) + a(zn — yn-1))
+[Ra(zn—1)"" = Ra(xn) " (F(Yn-1) — f* + a(yn—1 — 70))
= Ra(xn)il[Ra(xn)(xn —Yn-1) — (F(zn) — F(yn-1))
—a(Tn — Yn—1)] + [Ra(xnfl)_l - Ra(xn)_l}
X(F(yn-1) = f° + a(yn—1 — 70)). 2.9
Then, again by (C'1)" and (2.9) we obtain that

en < ||Ra(33n)71/0 [F/(xn) - F/(yn—l + t(xy — yn—l))]dt(xn —Yn—1)|l

+||Ra(xn)71(F/(xn) - FI(In—l))ROz(xn—l)il(F(yn—l) - f(S
Fo(yn—1 — o))l

< ”Ra(xn)il\/o [F/('rn) - F/(yn—l + t(xn - yn—l))]dt(xn - yn—l)”
+||Ra<xn)_1(F/(xn) - F/(xnfl))(ynfl - xn)”
< Lollltn = woll+ [ lgns =0+ tn = -l — o |
0

+Lo[llzn — woll + [len—1 — ol[llzn — yn-1ll
ALor||Yyn—1 — xn|| = 4Lor(2Lor)en—1
qen—1-
This completes the proof of the Theorem.
THEOREM 2.4. Under the hypotheses of Theorem 2.3 further suppose that
p<po and Lo < 1. (2.10)
Moreover, suppose that
U(xo,r) C D(F). (2.11)
Then, x,,yn € U(xg,r) foreach n =0,1,2,--- .
Proof. We note by (2.10) that we have
q€(0,1). (2.12)
Using Lemma 2.1, Theorem 2.3 and (2.11) we get that
lz1 — xo|| < (14 Lor)eg < (1 + Lor)b, < 7.
Hence, 21 € U(xq,r). Similarly, we obtain that

lyr = zoll < lyn — 21l + w1 — o] (2.13)
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< geo+(1+5)b, (2.14)
< [g+1+ g]b,, <Lor<r 2.15)

which implies y; € U(xg, ). Moreover, we have that

|22 —zol < [lw2 — 21| + |lz1 — 20|

< @+ D)y —mll+ 1+ D,

< (14 Daby+ (L D)b,

(1+g(1+ g)b,, < Lor <,
which also implies 25 € U(zg, ). Furthermore, we obtain that

ly2 —xoll < ly2 — @2l + [lz2 — 0|

p
< gy — ol + @+ + D,
< P+ Db+ (A +D)b,
<

(Lt q+a°) A+ 5)b, < Lor <.

Hence, we proved that y € U(xg, ). Proceeding in an analogous way we prove that
T, Yn € U(zg, r). That completes the proof of the Theorem.

THEOREM 2.5. Suppose that the hypotheses of Theorem 2.4 hold. Then, sequence
{25 ,} remains in U(zo,7) for each n = 0,1,2,--- and converges to a solution

2% € U(zo,r) of equation (1.2). Moreover, the following estimates hold
|2n — 22 || < boe™ 0", 2.16)
where by = (1 + )b, and vp = —Ing > 0.
Proof. Using (b) of Theorem 2.3 and (2.10) we get that

m—1
|Zntm — @nll < Z |Zntit1 — Tnall- (2.17)
i=0
But, we have
p .
|Zntit1 — Tnpll < (T + §)qn+l€0- (2.18)
In view of (2.18), inequality (2.17) gives that
— p
lZnem —2nll < [T4+q+¢+---+¢™ g"(1+ 5)60
1—q™ P
14+ =)q"ep. 2.19
S (1+ 2)q €o (2.19)

It follows from (2.19) that sequence {z, } is complete in a Hilbert space X and as
such it converges to some z° € U(x,r) ( since U(xg,r) is closed set). By letting
m — o0 we obtain (2.16). Finally, to prove xi is a solution of (1.2), note that

| F(25) _f5+0‘(xn — o) [ Re(20)(Tn — yn)l
(IF" (@n)ll + a)en
(| F'(zn)]| + @)¢"b, — 0 as n — ooc.

INIA

That completes the proof of the Theorem.
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REMARK 2.6. (@) The convergence order of (TSNLM) is three [13] under (C1).
In Theorem 2.5 the error bounds are too pessimistic. That is why in practice
we shall use the computational order of convergence (COC) (see eg. [4])
defined by

_ 26 _ .0
ot (el (il
n — a2 n-1 — a3

The (COC) p will then be close to 3 which is the order of convergence of
(TSNLM).
(b) In the rest of this section we suppose that
py < (2.20)
which is possible for x( sufficiently close to 2.
Next, we present the results concerning error bounds under source conditions.
We need a condition on the source function.

(C2) (George and Pareth [13]) There exists a continuous, strictly monotoni-
cally increasing function ¢ : (0,a] — (0,00) with a > ||F'(Z)| satisfying
limyx—op(A) = 0and v € X with ||v]| < 1 such that

xo — & = p(F'(2))v
and
ap(A)
e
REMARK 2.7. It can easily be seen that functions

e(A) =\, A>0

SUPA>0 <cpp(a), VAe(0,al

for 0 < v <1 and

_f (n3)7F , 0<A<e D
p(N) = { 0 , otherwise
for 8 > 0 satisfy (C2) (cf. [23]).
PROPOSITION 2.8. (cf. [30], Proposition 3.1) Let F' : D(F) C X — X be a

monotone operator in X. Let xi be the unique solution of (1.2) and z, := :Ug. Then
1
5
28— zall < =

THEOREM 2.9. (cf. [29], Proposition 4.1 or [30], Theorem 3.3) Suppose that
(C1),(C2) and hypotheses of Proposition 2.8 hold. Let & € D(F') be a solution of
(1.1). Then, the following assertion holds

€0 = &[| < (Lor + 1)p(a).

THEOREM 2.10. Suppose hypotheses of Theorem 2.5 and Theorem 2.9 hold.
Then, the following assertion holds
. - )
lzn = 2[| < boe™™" + ex(p(a) + )
where ¢; = max{1, (Lor + 1)}.
Let

¢ :=mazx{by + 1, (Lor + 1)}, (2.21)

and let

>

ns = min{n : e 70" < —}. (2.22)

(07
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THEOREM 2.11. Let ¢ and ns be as in (2.21) and (2.22) respectively. Suppose that
hypothese of Theorem 2.10 hold. Then, the following assertions hold

l2ns — 2| < c(p(a) + E)' (2.23)

Note that the error estimate go(a) + g in (2.23) is of optimal order if a := ag

satisfies, p(as)as = 0.

Now using the function 1(\) := Ap~1(A),0 < A < a we have § = asp(as) =
P(p(as)), so that as = ¢~ (1p~1(§)). In view of the above observations and (2.23)
we have the following.

THEOREM 2.12. Let ¢)()\) := Ap 1(\) for 0 < A < a, and the assumptions in
Theorem 2.11 hold. For § > 0, let a := s = ¢~ (1p1(J)) and let ns be as in (2.22).
Then

lns — ] = O(¥~(6)).

In this section, we present a parameter choice rule based on the balancing
principle studied in [22], [27]. In this method, the regularization parameter o is
selected from some finite set

DM(a) ::{O‘izuia(),i:oal""aM}
where 1 > 1, g > 0 and let
. o O
n; :=min{n:e 0" < —1}.
Q;

Then for ¢t = 0,1,--- , M, we have

é
|28 . —ad || <e—, Vi=0,1,---M.

e i o
Let x; = xf”,ai. The parameter choice strategy that we are going to consider
in this paper, we select & = «; from D)/(«) and operate only with corresponding
z;, t=0,1,---, M. Proof of the following theorem is analogous to the proof of

Theorem 3.1 in [29].

THEOREM 2.13. (cf. [29], Theorem 3.1) Assume that there exists i € {0,1,2,

-+, M} such that p(a;) < ai Suppose the hypotheses of Theorem 2.11 and
Theorem 2.12 hold and let

l:=max{i: p(a;) < ai} < M,

é
k:=maz{i: ||z, — z;|| <4e—, ;5=0,1,2,---,i}.
@
Then [ < k and
12 — @l < epp™(8)
where ¢ = 6cp.

Finally the balancing algorithm associated with the choice of the parameter
specified in Theorem 2.13 involves the following steps:
e Choose o > 0 such that §y < a9 and p > 1.
e Choose M big enough but not too large and «; := p'ag,i=0,1,2,--- , M.
e Choose p < pj.
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2.1. Algorithm.
1. Set:=0.
2. Choose n; = min{n: e 7" < 0%}
3. Solve z; = zfum by using the iteration (1.3).
4. If ||y — zj| > 460%,3’ < i, then take k = ¢ — 1 and return xy.
5. Else set ¢ = ¢ 4+ 1 and return to Step 2.

3. SEMILOCAL CONVERGENCE OF (TSNLM) UNDER (C1)

We present the semilocal convergence of (TSNLM) under (C1). As in [3], [13] let
us define function g : (0, 00) — (0, 00) by

L2
g(t) = 3(4 + 3Lt)t2. (3.1)
Note that if
0.706442399
t<p=—-"7—7— (3.2)
L
then
g(t) < 1. (3.3)
Set
p" = min{p1, po}. (3.4)
Then, as in Section 2 (see also [3] and [13]) we were at the main semilocal conver-
gence result for (TSNLM):
THEOREM 3.1. Suppose that (C1),(C1)” hold and
p<p* (3.5)
where p* is defined by (3.4) and U(xg, R) € D(F') with
1 L b
R=( += L )b, (3.6)
1—g(b,)  21—g(b,)*" "

Then, the following assertions hold

Le

n—1
9 ||y’ﬂ*1 _mnle7

Len—l

[z = yn-all <

||17n - In—l” < (1 + )Hyn—l - xn—l”v

||yn =z, < g(en,1)||yn,1 - $n71||7

glen) < g(bp)”

3" —1
en < g(b,) = b,
Sequence {z,} generated by (1.3) remains in U(xg, R) for each n = 0,1,2,--- and
converges to a solution 2% € U(zg, R) of equation (1.2). Moreover, the following
assertion hold .
ln — 2o < de™",

where d = (1fg%b,,)3 + % 179%17”)3 g(by))b, and v = —Ing(b,).

REMARK 3.2. Even if [ = L Theorem 3.1 improves Theorem 3 in [13], since we do
not assume L < 1. Otherwise, i.e., if [y < L, it constitutes a further improvement
with advantages as stated in the introduction of this study since b, < 7,. Note that
the results in [13] use 7, instead of b,. Therefore our constants c,y are tighter if
lo < LorLy<L.
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REMARK 3.3. In the rest of this section we suppose that
<R (3.7

which is possible for x( sufficiently close to Z. The rest of the results of Section
2 hold in this setting if we replace Lg,b’s, vo,e 7", p§ respectively by L,c's,~,

—3™
e 7% p*t.

4. EXAMPLES

In this section we first consider the example considered in [29] for illustrating the
algorithm considered in section 2. We apply the algorithm by choosing a sequence
of finite dimensional subspace (V;,) of X with dimV,, = n + 1. Precisely we choose
V., as the linear span of {vy,va, -+ ,Un41} Where v;,i = 1,2, --- ,n+1 are the linear
splines in a uniform grid of n + 1 points in [0, 1].

EXAMPLE 4.1. (see [29], section 4.3) Let F' : D(F) C L?(0,1) — L?(0, 1) defined
by

u) = ' s u3 s)ds
Flu)i= [ bt s)ds,

k(t’S)z{ (1*’5))5’ 0<s<t<l
Then for all x(t),y(t) : z(t) > y(t) :

11 1
(F(z) — F(y),x —y) = /0 [/0 Ek(t,s)(z® — y®)(s)ds| (x —y)(t)dt > 0.

Thus the operator F' is monotone. The Fréchet derivative of I’ is given by

where

1
F'(u)w = 3/ E(t, s)(u(s))*w(s)ds. “4.1)
0
Note that for u,v > 0,
(FO)=Fy = 3 [ kle6)? = () uts)ds
= Fl'(u)®(v,u,w),

(v2—u?)w
where @ (v, u, w) = *—52=

u2
Observe that
(v? — u?)w
[0)) =
(v,0,0) -
_ (utv)(v—uww
Sy m—
So condition (C'1)’ satisfies with Ly > [|“52].

In our computation, we take f(t) = 6COS(M)+Cng(ﬂ)+14t_7 and f° = f 4 6. Then

the exact solution
Z(t) = cos(nt).
We use
3(tr? — 272 + sin?(mt))
472
as our initial guess, so that the function zy — 2 satisfies the source condition

v~ = p(F(2));

xo(t) = cos(mt) +
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where ¢(\) = .

Observe that while performing numerical computation on finite dimensional
subspace (V,,) of X, one has to consider the operator P, F’(.)P, instead of F’(.),
where P, is the orthogonal projection on to V,,. Thus incurs an additional error

[1PnE" () B — F'()|| = O([F" () = P)])-

Let ||F'(.)(I — P,)|| < en. For the operator F'(.) defined in (4.1), &, = O(n~2)

(cf. [14]). Thus we expect to obtain the rate of convergence O((d + ¢,,) 3 ).

We choose ap = (1.1)(6 4+ &5), ¢ = 1.1. The results of the computation are
presented in Table 1. The plots of the exact solution for (n = 128 to n = 1024) and

the approximate solution obtained are given in Figures 1 and 2.

TaBLE 1. Iterations and corresponding error estimates

n |k|ng| d+en ay, |lxr — 2] %
8 21 2 |0.0135 | 0.0180 | 0.3575 3.0782
16 2| 2 |0.0134 | 0.0178 | 0.2573 2.2247
32 |2| 2 |0.0133 | 0.0178 | 0.1871 1.6196
64 2| 2 ]0.0133 | 0.0177 | 0.1394 1.2073
128 |2 | 2 | 0.0133 | 0.0177 | 0.1079 0.9344
256 |2 | 2 | 0.0133 | 0.0177 | 0.0880 0.7619
512 | 2| 2 | 0.0133 | 0.0177 | 0.0761 0.6588
1024 | 2| 2 | 0.0133 | 0.0177 | 0.0694 0.6007

FIGURE 1. Curves of the exact and approximate solutions
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FIGURE 2. Curves of the exact and approximate solutions
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Next we present two examples where (C'1) is not satisfied but (C'1)’ is satisfied.
EXAMPLE 4.2. Let X =Y =R, D = [0,00), 29 = 1 and define function F' on D by

o1+t
Flx) = 141

3

+ c1x + co, (4.2)

where ¢, co are real parameters and ¢ > 2 an integer. Then F’ (z) = 2Vt c is
not Lipschitz on D. However central Lipschitz condition (C'1)’ holds for Ly = 1.
Indeed, we have
) 174
|F'(2) = F'(zo)| = |o"/" = 2’|

|z — o]
i—1

S L0|JC—.Z‘0‘.

EXAMPLE 4.3. We consider the integral equations
b
u(s) = f(s) +r/ G(s,t)u(t)'t1/"dt, neN. 4.3)
a

Here, f is a given continuous function satifying f(s) > 0,s € [a,b],T is a real
number, and the kernel G is continuous and positive in [a, b] X [a, b].

For example, when G(s,t) is the Green kernel, the corresponding integral equa-
tion is equivalent to the boundary value problem

o = ottt (4.4)

u(a) = f(a),u(d) = f(b). 4.5)
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These type of problems have been considered in [1], [2], [19].
Equation of the form (4.3) generalize equations of the form

b
- / G(s, tyut)"dt 4.6)

studied in [1], [2], [19]. Instead of (4.3) we can try to solve the equation F(u) =0
where

F:QCCla,b] — Cla,b],Q ={u € Cla,b] : u(s) > 0,s € [a,b]},
and b
F(u)(s) = u(s) — f(s) — 7-/ G(s, u(t) /7 dt.

The norm we consider is the max-norm.
The derivative F” is given by

b
F'(u)v(s) = v(s) — (1 + %)/ G(s, t)u(t)™v(t)dt, ve Q.

First of all, we notice that F’ does not satisfy a Lipschitz-type condition in 2. Let us
consider, for instance, [a,b] = [0, 1], G(s,t) = 1 and y(¢) = 0. Then F’(y)v(s) = v(s)
and

1 b
1#(@) =~ Pl = e+ 3) [ a07at
a
If F' were a Lipschitz function, then
1F(z) = F'(y)]| < Ll =yl
or, equivalently, the inequality
1
/ z(t)Y/™dt < Ly max z(s), 4.7)
0 z€[0,1]
would hold for all 2 € © and for a constant L,. But this is not true. Consider, for
example, the functions
t
zj(t) = 7 j=>1, teo,1].
If these are substituted into (4.7)
1 Lo
<2 o iUr<Ly(141/n), V> 1.
AT S j 2(1+1/n), Vj>
This inequality is not true when j — oo.

Therefore, condition (4.7) is not satisfied in this case. However, condition (C1)’
holds. To show this, let xo(t) = f(t) and v = mingeq ) f(8), @ > 0 Then for v € Q,

[[F'(z) — F'(zo)]v] = \TI(H m[ax |/ Gs, ) (x(D)" = f(1) " )u(t)dt]
s€la,b]
1
< 1 n(s,t
< |r(1+ n)!él[?é]G (s:1)
G(s,t)|z(t)—f(t
where Gy (s, 1) = m(t)("—1)/”+w(t)(51—2))|/"(f)(t)]1c§").|§_...+f(t)(n—1)/n [[v]]-
Hence,
1+1
1P () - Pl = 0L, Gs (s, )tz — o]
,-Y(n—l)/n sE[a b]

IA

Loz — o],
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where Ly = %N and N = max,c[qp f: G(s,t)dt. Then condition (C1)’
holds for sufficiently small 7.
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