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ABSTRACT. We investigate eigenvalue intervals for the existence of positive solutions for
the second order integral boundary value problem8><

>:
u′′(t) + λf(u(t)) = 0, t ∈ (0, 1),

u(0) =

Z 1

0

u(s)dα(s), u(1) =

Z 1

0

u(s)dβ(s)

where f ∈ C(R, R) is sign-changing.
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1. INTRODUCTION

In this paper, we are concerned with determining values of λ (eigenvalues), for
which exist positive solutions of nonlinear second-order integral boundary-value
problem 

u′′(t) + λf(u(t)) = 0, t ∈ (0, 1),

u(0) =
∫ 1

0

u(s)dα(s), u(1) =
∫ 1

0

u(s)dβ(s),
(1.1)

where f ∈ C(R, R); α and β are right continuous on [0, 1), left continuous at t = 1,
and nondecreasing on [0,1], with α(0) = β(0) = 0;

∫ 1

0
u(s)dα(s) and

∫ 1

0
u(s)dβ(s)

denote the Riemann-Stieltjes integrals of u with respect to α and β, respectively.
We shall concentrate on the case when the nonlinearity f(u) is allowed to change
sign, which is of particular mathematical interest.
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The motivation for the present work stems from many recent investigations. In
fact, boundary value problems with integral boundary conditions for ordinary dif-
ferential equations arises in different areas of applied mathematics and physics.
For example, heat conduction, chemical engineering, underground water flow,
thermo-elasticity, and plasma physics can be reduced to the nonlocal problems
with integral boundary conditions. Concerning the existence of positive solutions
for eigenvalue problem, we refer the reader to [4, 5, 7, 8]. For the special case
λ = 1, (1.1) have been the subject matter of many recent publications on singular
boundary value problems, for this we refer the reader to the papers by Karakostas
and Tsamatos [10, 11], Yuhua Li and Fuyi Li [12], Webb and Infante [16, 17], Yang
[18, 19, 20] and Zhang and Sun [22] and the references therein. For more informa-
tion about the general theory of integral equations and their relation with boundary
value problems we refer to the book of Corduneanu [6] and Agarwal and O’Regan
[3]

Positive solutions are usually the ones of interest and because of the difficulties
associated with proving the existence of such solutions using the techniques of
nonlinear functional analysis, most of the recent work assumes nonnegativity of
f(u) in order to generate positive operators using the positivity of Green’s function.
To the authors’s knowledge, there are few papers that have considered the existence
of positive solutions for local, nonlocal and, particularly, integral boundary value
problems involving sign-changing nonlinearities (see[1, 2, 13, 14, 15] ).

Recently, using the a priori estimate method and the Leray-Schauder fixed point
theorem, Yang [18] studied (1.1) with λ = 1 under the assumptions:

(H1) f(x) > 0, x ∈ (−∞, 0] and there is p > 0 such that f(x) < 0, x ∈ (p, +∞).
(H2) κ1 > 0, κ4 > 0, κ = κ1κ4 − κ2κ3 > 0, where

κ1 = 1−
∫ 1

0

(1− t)dα(t), κ2 =
∫ 1

0

tdα(t),

κ3 =
∫ 1

0

(1− t)dβ(t), κ4 = 1−
∫ 1

0

tdβ(t).

Motivated by [18], the purpose of this paper is to give sufficient conditions on
f(u) to determine ranges of λ for which positive solution exists. We make the
following assumptions

(H ′
1) f : R → R is continuous and there is p > 0 such that f(x) > 0, x ∈ (0, p)

and f(p) = 0.
(H ′

2)
∫ 1

0
dα(t) < 1,

∫ 1

0
dβ(t) < 1.

Remark 1.1. It is obvious that the condition imposed on f in this paper is weaker
than that of [18]. But the condition about α(t), β(t) is stronger than that of [18].

2. PRELIMINARIES

Let X be the Banach space C[0, 1] with ‖u‖ = sup
t∈[0,1]

|u(t)|. Define a set K ⊂ X

by

K = {u ∈ X : u(t) ≥ t(1− t)‖u‖, t ∈ [0, 1]}.

It can be easily verified that K is indeed a cone in X. For any r > 0, defined Ωr by
Ωr = {u ∈ K : ‖u‖ < r}.
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To study (1.1), consider the map T : X → X defined by

(Tu)(t) =
∫ 1

0

k(t, s)u(s)ds+κ−1 (1− t, t)
(

κ4 κ2

κ3 κ1

)
∫ 1

0

dα(t)
∫ 1

0

k(t, s)u(s)ds∫ 1

0

dβ(t)
∫ 1

0

k(t, s)u(s)ds


and F : X → X defined by

(F (u))(t) = f(u(t)),
where k(t, s) is given by

k(t, s) =

{
t(1− s), 0 ≤ t ≤ s ≤ 1,

s(1− t), 0 ≤ s ≤ t ≤ 1.

Then if (H1) and (H2) ( or (H ′
1) and (H ′

2)) hold, by [18, 21], u is a solution of (1.1)
if and only if u ∈ C2[0, 1] is a solution of the equation

(I − λTF )u = 0, that is, a fixed point of λTF,

where by standard arguments, TF : X → X is a compact map.
For the function k(t, s), it is easy to know that

t(1− t)s(1− s) ≤ k(t, s) ≤ s(1− s), t, s ∈ [0, 1]. (2.1)

Lemma 2.1. T (K) ⊂ K and the map T : K → K is completely continuous.

Proof. The inequality (2.1) and the definition of T imply that T (K) ⊂ K. The
complete continuity of the integral operator T is well known. �

The following lemma is needed in our argument.

Lemma 2.2. [9] Let X be a Banach space and K a cone in X. Assume that T :
Ωr → K is completely continuous such that Tu 6= u for u ∈ ∂Ωr.

(i) If ‖Tu‖ ≥ ‖u‖ for u ∈ ∂Ωr, then i(T,Ωr,K) = 0.
(ii) If ‖Tu‖ ≤ ‖u‖ foru ∈ ∂Ωr, then i(T,Ωr,K) = 1.

3. MAIN RESULTS

Our first result is the following theorem in which we shall prove existence of at
least a solution of the BVP(1.1).

Theorem 3.1. If (H ′
1) and (H ′

2) hold, then for λ > 0, (1.1) has at least a solution
u ∈ C2[0, 1].

Proof. We define a auxiliary functions f̃ : R → R by

f̃(u) =

 f(0), u ≤ 0,
f(u), 0 < u < p,
0, u ≥ p.

Thus f̃ is continuous and bounded on R so there exists M > 0 such that

|f̃ | ≤ M, on R.

Consider the modified problem
u′′(t) + λf̃(u(t)) = 0, t ∈ (0, 1),

u(0) =
∫ 1

0

u(s)dα(s), u(1) =
∫ 1

0

u(s)dβ(s).
(3.1)
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This is equivalent to the integral equation

u(t) = λ

∫ 1

0

k(t, s)f̃(u(s))ds

+
λ

κ
(1− t, t)

(
κ4 κ2

κ3 κ1

)
∫ 1

0

dα(t)
∫ 1

0

k(t, s)f̃(u(s))ds∫ 1

0

dβ(t)
∫ 1

0

k(t, s)f̃(u(s))ds.


(3.2)

We write (3.2) as an operator equation

(I − Tλ)u = 0,

where Tλ = λT F̃ , and F̃ : X → X defined by

(F̃ (u))(t) = f̃(u(t))

is bounded. Notice that |f̃ | ≤ M . Thus for some constant N > 0, independent of
λ, u, we have

‖Tλu‖C[0,1] ≤ λMN.

It follows from the Schauder fixed point theorem that Tλ has a fixed point uλ ∈
C[0, 1]. This together with the equation in (3.1) implies that uλ ∈ C2[0, 1].

Since results to be proved in this Theorem are true for any positive parameter
λ. So in the rest of proof, we write uλ as u for simplicity.

To finish the proof from the definition of f̃ , it suffices to show that any solution
u of (3.1) satisfies

0 ≤ u(t) ≤ p, t ∈ (0, 1),

i.e., any solution u of (3.1) in fact is a solution of (1.1). Now we claim that any
solution u of (3.1) satisfies 0 ≤ u(t) ≤ p, t ∈ (0, 1). Firstly, we show that u ≥ 0, t ∈
[0, 1]. In fact, the nonnegativity of f̃ ensures that

u′′(t) ≤ 0, t ∈ [0, 1]. (3.3)

So, in order to get the desired results, we only need to prove that u(0) ≥ 0 and
u(1) ≥ 0. (3.3) implies

u(t) ≥ (1− t)u(0) + tu(1), t ∈ [0, 1].

Therefore,

u(0) =
∫ 1

0

u(t)dα(t) ≥ u(0)
∫ 1

0

(1− t)dα(t) + u(1)
∫ 1

0

tdα(t)

and

u(1) =
∫ 1

0

u(t)dβ(t) ≥ u(0)
∫ 1

0

(1− t)dβ(t) + u(1)
∫ 1

0

tdβ(t).

The last two inequalities can be written as(
κ1 −κ2

−κ3 κ4

)(
u(0)
u(1)

)
≥
(

0
0

)
.

Then by Remark 1.1, we have

κ1 > 0, κ2 ≥ 0, κ3 ≥ 0, κ4 > 0, κ > 0.

Thus (
u(0)
u(1)

)
≥ 1

κ

(
κ4 κ3

κ2 κ1

)(
0
0

)
=
(

0
0

)
.
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Next, we show that u(t) ≤ p, t ∈ [0, 1]. If not, then there exists a t0 ∈ [0, 1] such
that u(t0) = max

t∈[0,1]
u(t) > p.

If t0 = 0, then u(0) =
∫ 1

0
u(t)dα(t) ≤ u(0)

∫ 1

0
dα(t), from (H ′

2), we have the
contradiction u(0) ≤ 0. Similarly, the condition (H ′

2) gives t0 6= 1.
If t0 ∈ (0, 1), then we have u′(t0) = 0. We consider the following two cases:

case (i), u(t) ≥ p, t ∈ [0, 1]; case (ii), there exists t1 ∈ [0, 1] such that u(t1) < p.
In the second case , without loss of generality, we assume that t1 ∈ [0, t0) and
u(t) > p, t ∈ (t1, t0].

For case (i), we have u′′(t) = −λf̃(u(t)) = −λf(p) = 0, t ∈ (0, 1). Thus, u′

is constant on [0, 1]. Since u′(t0) = 0, it follows that u′(t) = 0 for t ∈ [0, 1].
Consequently, u(t) ≡ u(t0) > p on [0, 1]. On the other hand, we have u(0) =∫ 1

0
u(t)dα(t) ≤ u(0)

∫ 1

0
dα(t), from (H ′

2), we obtain

u(t) ≡ u(0) ≤ 0.

Which is a contradiction.
For case (ii), we have u′′(t) = −λf̃(u(t)) = −λf(p) = 0, t ∈ (t1, t0]. This together

with u′(t0) = 0 implies that u(t1) = u(t0) > p, contradicting u(t1) < p. �

When f(0) > 0, the existence results in Theorem 3.1 can be improved in

Theorem 3.2. If (H ′
1) and (H ′

2) hold with f(0) > 0, then for λ > 0, (1.1) has at least
one positive solution u ∈ C2[0, 1].

Remark 3.3. If f(0) = 0, then Theorem 3.2 may be false, as the following coun-
terexample shows. {

−u′′(t) = λu(t)(1− u(t)), t ∈ (0, 1),

u(0) = u(1) = 0.
(3.4)

Suppose u is a positive solution of (3.4). Multiplying the equation in (3.4) by sinπt
and integrating on [0, 1], we have

π2

∫ 1

0

u(t) sinπtdt = −
∫ 1

0

u′′(t) sinπtdt

= λ

∫ 1

0

u(t)(1− u(t)) sinπtdt < λ

∫ 1

0

u(t) sinπtdt.

Thus, for every λ ≤ π2, Theorem 3.2 is not true. However, Theorem 3.2 remain
true for sufficiently large λ.

Theorem 3.4. If (H ′
1) and (H ′

2) hold with f(0) = 0. Then exists a λ0 > 0 such that
for all λ > λ0, (1.1) has at least one positive solution u ∈ C2[0, 1].

Proof. Using Theorem 3.1, we can show that any solution of the modified problem
(3.1) satisfies

0 ≤ u(t) ≤ p, t ∈ [0, 1]

and hence is a solution of (1.1). So it suffices to show that the compact operator
Tλ has a nonzero fixed point in K\{θ}.

Take r ∈ (0, p). Let λ0 =
512r

11m
, where m = min

v∈[ r
4 ,r]

f(v) > 0. Notice that for any

u ∈ K we have that u(t) ≥ t(1 − t)‖u‖ for all t ∈ [0, 1]. In particular, we have
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u(t) ≥ 3
16‖u‖ for all t ∈ [ 14 , 3

4 ]. Let u ∈ ∂Ωr, then f(u(t)) ≥ m for t ∈ [ 14 , 3
4 ]. Hence

for λ > λ0, we have

‖Tλu‖ ≥ λ min
t∈[ 14 , 3

4 ]

∫ 3
4

1
4

k(t, s)f(u(s))ds ≥ λ min
t∈[ 14 , 3

4 ]

(
t(1− t)

∫ 3
4

1
4

s(1− s)f(u(s))ds

)
≥ 3λ

16

∫ 3
4

1
4

s(1− s)f(u(s))ds

≥ 11
512

λm > r = ‖u‖, u ∈ ∂Ωr.

On the other hand, for each fixed λ > λ0 since f̃(u) is bounded, there is an R > r
such that

‖Tλu‖ < R = ‖u‖, u ∈ ∂ΩR.

It follows from Lemma 2.2 that

i(Tλ,Ωr,K) = 0, while i(Tλ,ΩR,K) = 1,

and hence,
i(Tλ,ΩR\Ωr,K) = 1.

Thus, Tλ has a fixed point u in ΩR\Ωr. Theorem 3.1 implies that the fixed point u
is a solution of (1.1) such that

0 < r < ‖u‖ ≤ p.

Consequently, (1.1) has at least a positive solution u for each λ > λ0. �
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