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ABSTRACT. In this paper, we construct a new iterative scheme by hybrid methods and
prove strong convergence theorem for approximation of a common fixed point of a countable
family of relatively quasi-nonexpansive mappings in a uniformly smooth and strictly convex
real Banach space with Kadec-Klee property using the properties of generalized f-projection
operator. Our results extend many known recent results in the literature.
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1. INTRODUCTION

Let E be a real Banach space with dual £* and C be nonempty, closed and convex
subset of F. We denote by .J the normalized duality mapping from E to 27" defined
by
J(x)={f € E*: {z, ) = [l|* = || f]*}-

The following properties of J are well known (The reader can consult [1-3] for more
details): If E is uniformly smooth, then J is norm-to-norm uniformly continuous
on each bounded subset of E; J(z) # (), « € E; if F is reflexive, then J is a
mapping from E onto E* and if F is smooth, then J is single valued. Throughout
this paper, we denote by ¢, the functional on E X E defined by

o(z,y) = ||=||* = 2(z, J(y)) + ||y|*, Va,y € E. (1.1)

From (1.1), we have (||z]| = [lyl)? < ¢(x,y) < (llal + llyll)2, ¥a.y € E.

Let T be a mapping from C into FE. A point z € C is called a fixed point of T if
Tx = x. The set of fixed points of T is denoted by F(T) := {z € C : Tz = z}. A
point p € C'is said to be an asymptotic fixed point of T if C' contains a sequence
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{xn}2°, which converges weakly to p and lim ||z, — T'z,|| = 0. The set of asymp-
n—oo

totic fixed points of 7" is denoted by F (T). We say that a mapping T is relatively non-
expansive (see, for example, [4-8]) if the following conditions are satisfied: F(T') # 0;
d(p,Tz) < ¢p(p,z), Yo € C, p € F(T) and F(T) = F(T). If T satisfies F(T) # ()
and ¢(p,Tz) < ¢(p,x), Yo € C, p € F(T), then T is said to be relatively quasi-
nonexpansive. It is easy to see that the class of relatively quasi-nonexpansive
mappings contains the class of relatively nonexpansive mappings. Many authors
have studied the methods of approximating the fixed points of relatively quasi-
nonexpansive mappings (see, for example, [9-11] the references contained therein).
Clearly, in Hilbert space H, relatively quasi-nonexpansive mappings and quasi-
nonexpansive mappings are the same, for ¢(z,y) = ||z — y| |2, Vz,y € H and this
implies that ¢(p,Tz) < ¢(p,z) & ||[Tx —p|| < ||z —p||, Vo € C, p € F(T). The
examples of relatively quasi-nonexpansive mappings are given in [10].

We next give an example of a mapping that is relatively quasi-nonexpansive but
not relatively nonexpansive.

Example 1.1. Let £ = ¢? and

zn = (1,0,0,0,...,0,1,0,0,...)

Clearly, {z,,} converges weakly to zy. Define a mapping 7' : E — E by

_ e iz =2,(3n > 1),
T(@) { —z, if © # z,(Vn > 1).

We can see that F(T) = {0} # 0 and
[Tz = Of| = [[Tz|| < [z]| = ||z = O], Vo € E.
Furthermore, since /2 is a Hilbert space, we obtain
¢(Tz,0) = ||Tz — 0]]* = [|Tz|]* < ||=||* = [|z - O||* = ¢(x,0), Vz € E.

It then follows that 7T is a relatively quasi-nonexpansive mapping. We next show
that T is not a relatively nonexpansive mapping. Since {z,} converges weakly to
xo, then there exists M > 0 such that ||z,|| < M, Vn > 1. We observe that

1

1

n
HT‘rn_‘rnH = “n+lxn_xn

but 2o ¢ F(T). Thus, F(T) # F(T) even though F(T) # 0 and ||Tz, — .|| —
0, n — co. Hence, T is not a relatively nonexpansive mapping.

The above Example 1.1 shows that the class of relatively nonexpansive mappings
is properly contained in the class of relatively quasi-nonexpansive mappings.

In [7], Matsushita and Takahashi introduced a hybrid iterative scheme for approx-
imation of fixed points of relatively nonexpansive mapping in a uniformly convex
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real Banach space which is also uniformly smooth: zy € C,

Yn = J HapnJz, + (1 — an)JTz,),
Hﬂ = {’LU S O : ¢(wvyn) S d)(w)ajn)}a
W, ={weC: (x, —w,Jrg — Jx,),
Tnt+1 = Hpg,nw, 2o, n > 0.

They proved that {x,, }72, converges strongly to Il p(1yzo, where F/(T) # 0.

In [12], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings: xg € C,

2 = J B Tan + B IT, + B TS2,)

Yn = J HapJzg + (1 — ) J2p)

Cn=1{2€C:¢(2,yn) < b(2,2,) + an(||xo]|* + 2(w, Jx, — J0))} (1.2)
Qn=1{2€C:{(xy— 2 Ja, — Jug) <0}

Tnt+1 = Po,ng., %o,

where {«,}, {57(11)}, {@(12)} and {57(13)} are sequences in (0, 1) satisfying g +

,(LQ) + 67(,3) = 1l and T and S are relatively nonexpansive mappings and J is the
single-valued duality mapping on uniformly smooth and uniformly convex Banach
FE. They proved under the appropriate conditions on the parameters that the se-
quence {z,} generated by (1.2) converges strongly to a common fixed point of T
and S in a uniformly smooth and uniformly convex Banach space.

Recently, Li et al. [13] introduced the following hybrid iterative scheme for approx-
imation of fixed points of a relatively nonexpansive mapping using the properties of
generalized f-projection operator in a uniformly smooth real Banach space which
is also uniformly convex: xg € C, Cy = C

Yo = J HanJr, + (1 — an)JTx,),
Chy1 ={w € Cyp : Glw, Jyn) < G(w, Jx,)},
Tpil = Hén+19€07 n >0,

They proved a strong convergence theorem for finding an element in the fixed points
set of 7" in a uniformly smooth real Banach space which is also uniformly convex.

Motivated by the above mentioned results and the on-going research, it is our
purpose in this paper to prove strong convergence theorem for a countable family of
relatively quasi-nonexpansive mappings in a uniformly smooth and strictly convex
real Banach space with the Kadec-Klee property using the properties of generalized
f-projection operator. Our results extend the results of Matsushita and Takahashi
[7], Plubtieng and Ungchittrakool [12], Li et al. [13] and many other recent known
results in the literature.

2. PRELIMINARIES

Let E be a smooth, strictly convex and reflexive real Banach space and let C be
a nonempty, closed and convex subset of E. Following Alber [14], the generalized
projection Il from E onto C' is defined by

e (2) ;= argming(y, x), Vx € E.
yel

The existence and uniqueness of Il follows from the property of the functional
¢(x,y) and strict monotonicity of the mapping J (see, for example, [3, 14-17]). If
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F is a Hilbert space, then Il is the metric projection of H onto C'. Next, we recall
the concept of generalized f-projector operator, together with its properties. Let
G :C x E* — RU {400} be a functional defined as follows:

G(&, ) = [[E]I* = 2(&, ) + llel* + 2p£(6), 2.1)

where £ € C, ¢ € E*, pis a positive number and f : C — R U {400} is proper,
convex and lower semi-continuous. From the definitions of G and f, it is easy to
see the following properties:

(1) G(&, ¢) is convex and continuous with respect to ¢ when ¢ is fixed;

(i1) G(&, ¢) is convex and lower semi-continuous with respect to £ when ¢ is fixed.

Definition 2.1. (Wu and Huang [18]) Let E be a real Banach space with its dual £*.
Let C be a nonempty, closed and convex subset of . We say that Hé : B* — 2¢
is a generalized f-projection operator if

fo,_ . — 3 *
e ={ueC:Clup) = nIGE )} Vo B

Recall that J is a single valued mapping when E is a smooth Banach space. There
exists a unique element ¢ € E* such that ¢ = Jz for each € E. This substitution
in (2.1) gives

G(&, Jx) = ||&]]* - 2(¢, Jo) + [|z* + 2p£ (). (2.2)

Definition 2.2. Let E be a real Banach space and C' a nonempty, closed and convex
subset of E. We say that Hé : B — 2% is a generalized f-projection operator if

S — . —
Oz = {u e C:Gu,Jz) = 512261'(5, J:U)}, Ve € E.

Obviously, the definition of 7' is a relatively-quasi nonexpansive mapping is equiv-
alent to: F'(T) # 0 and G(p, JTz) < G(p, Jzx), Yz € C, p € F(T).

Lemma 2.3. (Lietal [13]) Let E be a Banach space and f : E — R U {400} be a
lower semi-continuous convex functional. Then there exists x* € E* and a € R such
that

f(z) > (z,2") +a, Vz € E.
Lemma 2.4. (Li et al. [13]) Let C be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Then the following statements hold:

(1) Héx is a nonempty closed and convex subset of C' for allx € F;
i) forallx € E, & € Lz and only {
e}

(2 -y, Jo = Ji+pf(y) —pf(x) 20, Vy € C;
(#4i) if E is strictly convex, then Héx is a single valued mapping.

Lemma 2.5. (Li et al. [13]) Let C' be a nonempty, closed and convex subset of a
smooth and reflexive Banach space E. Letx € F and & € Hém. Then

oy, &) + G(2, Jz) < G(y, Jx), Vy € C.

We recall that a Banach space E has Kadec-Klee property if for any sequence
{z,} C F and z € E with z,, — z and ||z,|| — ||z||, then z,, — z as n — co. We
note that every uniformly convex Banach space has the Kadec-Klee property. For
more details on Kadec-Klee property, the reader is referred to [2, 16].
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Lemma 2.6. (Kim et al. [19]) Let C' be a nonempty, closed and convex subset of a
uniformly smooth and strictly convex real Banach space FE which also has Kadec-
Klee property. Let T be a closed relatively-quasi nonexpansive mapping of C' into
itself. Then F(T) is closed and convex.

Lemma 2.7. (Kim et al. [19]) Let ¥ be a uniformly convex real Banach space. For
arbitrary r > 0, let B,.(0) := {x € E : ||z|| < r}. Then, for any given sequence
{}22, C B,(0) and for any given sequence {\,,}22_; of positive numbers such that
2221 A; = 1, there exists a continuous strictly increasing convex function

9:10,2r] =R, g(0) =0

such that for any positive integers i, 7 with ¢ < j, the following inequality holds:

> 2
n=1

For the rest of this paper, the sequence {z,}52, converges strongly to p shall be
denoted by x,, — p as n — 00, {z, 52, converges weakly to p shall be denoted by

Ty — P.

< Z )\onnHZ - /\7>\]9(th - ZE]H)
n=1

Lemma 2.8. (Li et al. [13]) Let F be a Banach space andy € E. Let f : E —
R U {400} be a proper, convex and lower semi-continuous mapping with convex
domain D(f). If {z,} is a sequence in D(f) such that x,, — = € int(D(f)) and
nlLH;OG(xn,Jy) = G(z, Jy), then nlgr;oHa:nH = ||z||.

3. MAIN RESULTS

Theorem 3.1. Let I be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {T;}22, is an infinite family of closed relatively-quasi nonexpansive
mappings of C' into itself such that F := N2, F(T;) # 0. Let f : E — R be a convex
and lower semicontinuous mapping with C’ C int(D(f)) and suppose {x,}5°, is
iteratively generated by xq € C, Cy = C,

Yn = Jﬁl(anOan + Zfil OéniJTizn)a
Cny1= {w €Cp: G(w7 Jyn) < G(’LU, an)}a (3.1)
Tn+1 = Hén_HIOa n = Oa

where J is the duality mapping on E. Suppose {a,;}52, for eachi = 0,1,2,...is a
sequence in (0, 1) such that 1iminfoznoozm- >0,4i=1,2,3,..., Yoo @ni = 1. Then,

{xn}22, converges strongly to 1T/ F20-

Proof. We first show that C,,, Vn > 0 is closed and convex. It is obvious that
Cy = C is closed and convex. Thus, we only need to show that C,, is closed and
convex for each n > 1. Since G(z, Jy,) < G(z, Jx,,) is equivalent to

2((z J2n) = (2 Tya)) < Ileall® = llyml I

This implies that C,, is closed and convex Vn > 0. This shows that Hén“xo is well
defined for all n > 0.
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We now show that lim G(x,, Jxo) exists. Since f : E — R is a convex and lower
n—oo

semi-continuous, applying Lemma 2.3, we see that there exists u* € E* and a € R
such that

fly) > (y,u*) +a, Vy € E.
It follows that

G(xn, Jzo) = ol = 2(xn, Jz0) + ||20l|* + 20 (20)

> |nl? = 2(z,, Jxo) + ||z0||? + 2p(z0, u*) + 2pa
= lznl® = 2(zn, Jxo — pu*) + [Jzo||* + 2pc
> |zall? = 2l|zall||Jzo — pu*]] + |lzo||* + 2pa

(laall = 10 — pu*[1)* + llaol [2 = [|.Tz0 — pu*|I* + 2p0..(3.2)

Since z,, = Hénxo, it follows from (3.2) that
G(a*, Jxo) > G(an, Jxo) = (||anl| — || Jzo — pu*[])? + ||20l]* — || Jzo — pu*|]* + 2pa

for each z* € C,,. This implies that {xz, }52 is bounded and so is {G(x,, Jzo) }22,.
By the construction of C,,, we have that C,1; C C,, and z,,1 = Hén+1x0 e C,. It
then follows Lemma 2.5 that

¢(‘rn+1v l'n) + G(l'na JxO) < G(anrh J.’Eo) (3.3)
It is obvious that

S(@n+1,2n) 2 (|[znsall = [lon]))* 2 0,

and so {G(xy, Jx0)}22, is nondecreasing. It follows that the limit of {G(z,, Jzo) }52,
exists.

We next show that /' C C,,, Vn > 0. For n = 0, we have F' C C = Cy. Let z* € F.
Since F is uniformly smooth, we know that E* is uniformly convex. Then from
Lemma 2.7, we have for any positive integer j > 0 that

G(z*, Jy,) = G(a*, (anodz, + Zam-JTixn))

i=1

= ||z*]]* = 2ano(x*, Jx,) — ZZ (@™, JTixy) + ||omoJ Ty + ZamJTimnW +2pf(z")

i=1 i=1

<
i=1 i=1
— o g ([ Jon — JTjaal]) + 2pf (27)
e} e}
= ||lz*|]? = 2ano{z*, Jx,) — ZZani<x*, JTx,) + ol | Jzn||* + ZamH.]TianZ
i=1 i=1
—anoCn;g(|[Jen — JTjzall) + 2pf (27)
< G(z*, Jzpn) — anoon;g(|| Tz — JTjz,||)
< Gz, Jxp).

So, z* € C,,. This implies that F' C C,, Vn > 0.

Now since {x,,}°2 ; is bounded in C and F is reflexive, we may assume that z,, — p
and since C), is closed and convex for each n > 0, it is easy to see that p € C,, for

[|2*]|* = 200 (x*, J2,) — ZZam(x*, JTx,) + ol || |* + ZamHJTianQ
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each n > 0. Again since z,, = Hé”mo, from the definition of Hé we obtain
G(xn, Jzo) < G(p, J0), Yn > 0.
Since

lim infG(xy,, Jxo)

n—oo

tim inf{| 0] [2 = 2(@n, Jao) + [[zol* + 2pf (wa) }
1Pl — 2(p, Jo) + llzol|* + 20f () = G(p, o)

v

then, we obtain

G(p, Jro) < liminfG(xy,, Jxo) < limsupG(zy, Jzo) < G(p, Jxo).

n—00 n— o0
This implies that lim G(z,, Jxg) = G(p, Jxo). By Lemma 2.8, we obtain lim ||z, || =
n—oo n—oo
[|p|]- In view of Kadec-Klee property of F, we have that lim z, = p.

n—oo

We next show that p € N2, F(T;). By the fact that C,y; C C, and Tp41 =

Héono € C,,, we obtain

¢((En+1, yn) S ¢(xn+1a xn)
Now, (3.3) implies that
¢<xn+17 yn) < ¢<xn+17 wn) < G(anrla J:EO) - G(-Tnz JxO) (3.5)

Taking the limit as n — oo in (3.5), we obtain
lim ¢(xp41,Yn) =0= lim ¢(xp41,2,) =0.
n— 00 n—oo
It then yields that lim (||zn+1]| — [|yn]]) = 0. Since lim ||zp41]] = ||p||, we have
n—oo n—oo
lim ||y, || = |[p[| and lim [|Jy,[| = [|/p]|.
n—oo n—o0

This implies that {||Jy,||}22, is bounded in E*. Since E is reflexive, and so E* is
reflexive, we can then assume that Jy, — fo € E*. In view of reflexivity of F, we
see that J(E) = E*. Hence, there exists € F such that Jz = fj. Since
H(Tnt1,Yn) = H$n+1||2 = 2(n+1, JYn) + ||yn||2

Hxn-i-lHQ = 2znt1, Jyn) + ||Jy”||2. (3.6)
Taking the limit inferior of both sides of (3.6) and in view of weak lower semiconti-
nuity of ||.||, we have

0 = [Ipll* = 2(p, fo) + |lfoll* = lplI* = 2(p, Jz) + || Ja||*
1pl1* = 2(p, Jz) + ||2]]* = 6(p, ),

that is, p = «. This implies that fy = Jp and so Jy, — Jp. It follows from

lim ||Jy,|| = ||Jp|| and Kadec-Klee property of E* that Jy, — Jp. Note that
n—oo
J~! : EB* — FE is hemi-continuous, it yields that y,, — p. It then follows from
lim ||y,|| = ||p|| and Kadec-Klee property of F that lim y, = p. Hence,
n— o0 n—o0

lim ||z, — yn|| = 0= lim ||Jx, — Jy,|| = 0.

n—oo n—oo

It then follows from (3.4) that
anotnig([|[Jan — JTjz,||) < G(x*, Jz,) — G(z™, Jyy,).

From lim ||z, — y»|| = 0and lim ||Jz, — Jy,|| = 0, we can easily show that
n—oo n— 00

G(z*, Jzy,) — G(z*, Jy,) — 0, n — 0.
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Using the condition lim infa,ga,; > 0, we have for any j > 1 that
n—oo

lim g(||Jzyn, — JT;z,]]) = 0.
n—oo

By property of g, we have lim ||Jz, — JT;z,|| = 0, j > 1. Since z,, — p and J
n—oo
is uniformly continuous, we have Jxz, — Jp. Now, from lim ||Jz,, — JTz,|| =0,
n—oo
we obtain lim J7)x, = Jp. Furthermore, since J ~! is hemi-continuous, it follows

n—oo

that Tz, — p. On the other hand,

Tzl = lIpll| = [l T5wall = 11p11] < 17T = Jpl] = 0, a5 0 — .
By Tz, — p, lim ||Tjz,|| = ||p|| and Kadec-Klee property of E, we obtain that
n—oo

Tjx, — p, asn — oo, j > 1. Hence, we have
lim ||z, — Tjz,|| =0, j > 1. (3.7
n—oo

Since T;, ¢ > 1is closed and x,, — p, we have p € F = N, F(T;).

Finally, we show that p = Héxo. Since F' = N2, F(T;) is a closed and convex set,
from Lemma 2.4, we know that H{;xo is single valued and denote w = HJ;QUO. Since
T, = Hénajo and w € F' C C,,, we have

G(xp, Jxo) < G(w, Jxg), Vn > 0.

We know that G(&, Jp) is convex and lower semi-continuous with respect to { when
@ is fixed. This implies that

G(p, Jzo) < liminfG(xy, Jxg) < limsupG(zy, Jzo) < G(w, Jxo).
n—oo n— oo
From the definition of H};xo and p € F, we see that p = w. This completes the
proof. O

Take f(x) = 0 for all z € F in Theorem 3.1, then G(§, Jz) = ¢(&, z) and Héaﬁo =
IIcxp. Then we obtain the following corollary.

Corollary 3.1. Let E¥ be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {T;}22, is an infinite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := N2, F(T;) # (. Suppose {z,}52, is
iteratively generated by xg € C, Cy = C,

Yn = J_l(anOan + 221 aniJT’ixn);
Cny1 ={w € Cp : p(w,yn) < ¢(w,7,)}, (3.8)
Tn+1 = ch+1x07 n > Oa

where J is the duality mapping on E. Suppose {a,; 52, for eachi = 0,1,2,... isa
sequence in (0,1) such that lim infa,gon; > 0, i =1,2,3,..., > an; = 1. Then,
n—oo

{zn}52, converges strongly to Il pxg.

Corollary 3.2. Let E be a uniformly smooth and strictly convex real Banach space
which also has Kadec-Klee property. Let C' be a nonempty, closed and convex subset
of E. Suppose {Ti}f\él is a finite family of closed relatively-quasi nonexpansive
mappings of C into itself such that F := NN, F(T;) # 0. Let f : E — R be a convex
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and lower semicontinuous mapping with C' C int(D(f)) and suppose {x,}52, is
iteratively generated by xg € C, Cy = C,

Yn = J71<an0<]1'n + Zfil aniJTixn)a
Cnt1 ={w e Cy : Gw, Jyn) < G(w, Jz,)}, (3.9)
Tpt1 = Hén+lx(], n Z 0,

where J is the duality mapping on E. Suppose {a,;}22 , for eachi = 0,1,2,...,N
is a sequence in (0,1) such that lim infa, oo, >0, i =1,2,3,..., N, 27];\;() an; = 1.
n—oo

Then, {z,}22, converges strongly to Héxo.
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