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ABSTRACT. In the present paper we introduce some double sequence spaces using ideal
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1. INTRODUCTION AND PRELIMINARIES

The initial works on double sequences is found in Bromwich [4]. Later on, it was
studied by Hardy [13], Moricz [20], Moricz and Rhoades [21], Tripathy ([38, D,
Basarir and Sonalcan [2] and many others. Hardy [13] introduced the notion of
regular convergence for double sequences. Quite recently, Zeltser [4 1] in her Ph.D
thesis has essentially studied both the theory of topological double sequence spaces
and the theory of summability of double sequences. Mursaleen and Edely [25] have
recently introduced the statistical convergence and Cauchy convergence for dou-
ble sequences and given the relation between statistical convergent and strongly
Cesaro summable double sequences. Nextly, Mursaleen [23] and Mursaleen and
Edely [26] have defined the almost strong regularity of matrices for double se-
quences and applied these matrices to establish a core theorem and introduced
the M -core for double sequences and determined those four dimensional matrices
transforming every bounded double sequences © = (1) into one whose core is
a subset of the M-core of x. More recently, Altay and Basar [1] have defined the
spaces BS, BS(t), CS,, CSpp, CS, and BV of double sequences consisting of all
double series whose sequence of partial sums are in the spaces M,, M,(t), Cp,
Cup. Cr and L, respectively and also examined some properties of these sequence
spaces and determined the a-duals of the spaces BS, BV, CSy, and the §(v)-duals
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of the spaces CSp, and CS, of double series. Recently Basar and Sever [3] have
introduced the Banach space £, of double sequences corresponding to the well
known space /, of single sequences and examined some properties of the space
Lq. Now, recently Raj and Sharma [33] have introduced double sequence spaces
of entire functions. By the convergence of a double sequence we mean the conver-
gence in the Pringsheim sense i.e. a double sequence x = (zj,) has Pringsheim
limit I (denoted by P — limz = L) provided that given € > 0 there exists n € N
such that |xk7l — L| < e whenever k,[ > n see [28]. We shall write more briefly as
P-convergent. The double sequence = = (xy) is bounded if there exists a positive
number M such that |z ;| < M for all k and [.

The concept of 2-normed spaces was initially developed by Géahler [8] in the mid
of 1960’s, while that of n-normed spaces one can see in Misiak [22]. Since then,
many others have studied this concept and obtained various results, see Gunawan
([1o, ]) and Gunawan and Mashadi [12] and references therein. Let n € N and
X be a linear space over the field K, where K is field of real or complex numbers of
dimension d, where d > n > 2. A real valued function |-,--- , || on X" satisfying
the following four conditions:

@) ||x1,x2, - ,z,|| = 0if and only if x1, 29, - ,x, are linearly dependent in
X;

(i) ||x1, 22, - ,zy| is invariant under permutation;

(i) |ax1,x2, -, 20l = |a] ||z1,22, -, 2| for any a € K, and

() ||z 4+ 2,29, ,xn|| < ||z, 22, s znl + |27 22, 2]l
is called a n-norm on X, and the pair (X, ||-,--- ,-||) is called a n-normed space
over the field K.
For example, we may take X = R” being equipped with the Euclidean n-norm

lx1,z2, -+ , x| E = the volume of the n-dimensional parallelopiped spanned by the
vectors =1, 3, - - , T, Which may be given explicitly by the formula
”xlanv T vanE = |det(xij)|v
where x; = (2;1,%i2, + ,Tin) € R™ for each ¢ = 1,2,--- ,n. Let (X,[-,---,])
be a n-normed space of dimension d > n > 2 and {aj,as, - ,a,} be linearly
independent set in X. Then the following function |-, - - ,-||sc on X"~ ! defined by
“.7/'17.'172, T 7xnleoo = maX{”.’I/’],.’I}Q, T ,$n,1,ai|| 1= 1727 e 7n}
defines an (n — 1)-norm on X with respect to {a1,as, -+ ,an}-
A sequence (zj) in a n-normed space (X, |-,---,-||) is said to converge to some
LeXif
klirn lex — L,21, -, 2n—1|| =0 for every z1,---,2,-1 € X.
— 00
A sequence (z1) in a n-normed space (X, ||-,--- ,||) is said to be Cauchy if
lim ||z — 2p, 21, ,2n—1]| =0 forevery zi,---,z,-1 € X.
k— oo
P00

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space.

The notion of difference sequence spaces was introduced by Kizmaz [14], who stud-
ied the difference sequence spaces I, (A), ¢(A) and ¢g(A). The notion was further
generalized by Et and Colak [7] by introducing the spaces [, (A™), ¢(A™) and



SOME DOUBLE SEQUENCE SPACES 3

co(A™). Let w be the space of all complex or real sequences x = () and let r be
non-negative integers, then for Z = [, ¢, ¢p we have sequence spaces

Z(A") ={x = (zx) € w: (ATxy) € Z},

where A"z = (ATzy) = (A" oy, — A" lxyy) and A2y = x4, for all k € N, which
is equivalent to the following binomial representation

Az = i(—l)v ( Z ) Thto-

v=0
Taking r = 1, we get the spaces which were introduced and studied by Kizmaz [14].
An Orlicz function M : [0, 00) — [0, 00) is a continuous, non-decreasing and convex
function such that M (0) =0, M(z) > 0 for x > 0 and M (x) — o0 as © — 0.
Lindenstrauss and Tzafriri [17] used the idea of Orlicz function to define the fol-
lowing sequence space,

gM:{mng('ﬁ)m}

which is called as an Orlicz sequence space. Also ¢); is a Banach space with the

norm
-
||| = inf {p >0 ZM(—) < 1}.
k=1 P
Also, it was shown in [17] that every Orlicz sequence space ), contains a subspace

isomorphic to ¢,(p > 1). The A,- condition is equivalent to M (Lz) < LM(z), for
all L with 0 < L < 1. An Orlicz function M can always be represented in the
following integral form

M(zx) = /093 n(t)dt

where 7 is known as the kernel of M, is right differentiable for t > 0,7(0) = 0, n(t) >
0, n is non-decreasing and 7)(t) — oo as t — 0.

Let A = (\;) be a non-decreasing sequence of positive numbers tending to infinity
and A\, 11 < A-+1, A; = 1. The generalized de la Vallee-Poussin mean is defined by

1
tr(x) = " Z xg, Lr=1[r—X+1,7].
" kel,

A single sequence x = (zy,) is said to be (V, A)-summable to a number L if¢,.(z) — L
as r — oo see [16]. If A\, = r, then the (V, \)-summability is reduced to (C,1)-
summability see ([36, 37]).

The double sequence \s = ()\m’n) of positive real numbers tending to infinity such
that

A7n-i-1,n < )\m,n + 1, A’rn,n-l—l < )\m,n + 17

)\m,n - )\m+1,n < >\m,n+1 - )\m+1,n+1; /\1,1 = ]-7
and

Imm:{(k,l):m—)\m,,mhlgkgm, n—Am,n+1SZ§n}.

Let X be a linear metric space. A function p : X — R is called paranorm, if
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() p(z) >0forallz € X,
(i) p(—z) =p(x) forallz € X,
(ii) p(z+y) <p(x)+p(y) forall z,y € X,
(iv) if (A\,) is a sequence of scalars with A,, — A as n — oo and (z,,) is a
sequence of vectors with p(z, —z) — 0 as n — oo, then p(A,z, — Az) —
0 asn — oo.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [40], Theorem 10.4.2,
pp- 183). For more details about sequence spaces (see [18, s s , 29-31, 34])
and reference therein.

A sequence space E is said to be solid(or normal) if () € E implies (ozi) € E
for all sequences of scalars (ay,) with |ax| < 1 and for all k € N.

The notion of ideal convergence was introduced first by P. Kostyrko [15] as a gener-
alization of statistical convergence which was further studied in topological spaces
(see [5]). More applications of ideals can be seen in ([5, 6]).

Recently a lot of activities have started to study sumability, sequence spaces and
related topics in these non linear spaces (see [9, 35]). In particular Sahiner [35]
combined these two concepts and investigated ideal sumability in these spaces and
introduced certain sequence spaces using 2-norm. Raj and Sharma [32] have in-
troduced some sequence spaces of ideal convergence in 2-normed spaces.

We continue in this direction and by using a sequence of Orlicz functions, general-
ized sequences and also ideals we introduce I-convergence of generalized sequences
with respect to a sequence of Orlicz functions in n-normed spaces.

Let (X, ||, ,-||) be a normed space. Recall that a sequence (x,, )nen of elements of
X is called statistically convergent to x € X if the set A(e) = {n eN:|z,—z| > e}

has natural density zero for each € > 0.
A family Z C 2Y of subsets of a non empty set Y is said to be an ideal in Yif

W) ¢ €L;
(i) A,Be€Zimply AUB € 17;
(iii) A € Z, B C A imply B € Z, while an admissible ideal Z of Y further
satisfies {2} € 7 for each x € Y (see [9]).

Given Z C 2" be a non trivial ideal in N. A sequence (,),en in X is said to be

I-convergent to x € X, if for each € > 0 the set A(e) = {n eN: |z, —z| > 6}

belongs to 7 (see [15]).
Let A = (\,,,) be non-decreasing sequence of positive numbers tending to oo such
that A,+1 > A, + 1, Ay = 0 and let I be an admissible ideal of N, M = (M}, ;) be a

sequence of Orlicz functions, (X, |-, ,-||) is a n-normed space. Let p = (py,;) be
a bounded sequence of positive real numbers. By S”(n — X) we denote the space
of all sequences defined over (X, ||-,--- ,-||). Now we define the following sequence
spaces in this paper :

W (A M AT p, [l ) =

{zES"(an):Ve>O{m,n€N: ! 3 [Mk,l(u%,zl,...,zn,1||)]p“ze}el

T kl€lm,n

forsome L,p >0 and 21, - - ,2n—1 EX}7
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W2 (A M, AT p 1) =
1 AT .
{res"(n-X):ve>0{mnen: S M (152 aal))] T 2 et
Amon 1€ P
forsome p >0 and 21, ,2n—1 EX},
(Woe)2 (A ML AT py [l ) =

{z € 5”(n—X):3 K >0 such that sup

m,n

> [Mk,l (II Arlﬂ)ck,l e zna H)]Pk,l

T K l€Im,n

< K forsome p>0 and 21, - ,zn_1 EX},
(WL)2 (AWM AT p, [ ) =
1 A"z Pk,
{xES”(n—X):HK>O such that {m,nEN: Z [Mk,l(” LILE 7zn,1||)] !
>\m,n ElEm.n P
ZK} €l forsome p>0 and 21, - ,2n—1 EX}.

The following inequality will be used throughout the paper. If 0 < p;; < suppi; =

H, D = max(1,27~1) then
lak, + br

for all k,1 and ay,;, by, € C. Also |a[P*t < max(1, |a|*) for all a € C.

The main aim of this paper is to study some topological properties and some inclu-
sion relation between above defined sequence spaces.

(1.1)

2. MAIN RESULTS

Theorem 2.1. Let M = (M}, ;) be a sequence of Orlicz functions, p = (py,) be a
bounded sequence of positive real numbers and I be an admissible ideal of N. Then

W2 (XM AT p, [l l) W2 (A M AT o) (Woo)a (A MU AT, 1y} and
(Wl)2 (AyM,AT,p, I, ,-||) are linear spaces.
Proof. Let x = (xk,l)vy = (yk,l) € (WI)Q <)‘7M7Arap7 ||7 t 1”) and avﬁ € R. So
A X Pkl
{m,nEN: Z [Mkl(H kil — ,zl,~-~,zn_1||)] 26}6[
" k€L n
for some L, p; >0, and z1, - ,2,-1 € X}
and
A L Pkl
{manEN Z |:Mk ( Ykl — 7217"'7Z7L—1H>:| 26}61
™ k€L P2
for some L, ps >0and 21, -+ ,2,-1 € X}‘
Since ||-,--- ,-|| is a n-norm and M = (M}, ;) be a sequence of Orlicz functions the

following inequality holds:

1 A"z + — L Pk,
Z |:Mk,l(H ( k,l ﬁyk:,l) 2, 7Zn71H):|

Am,n k€D n |l p1 + | B]p2
1 o A"x; — L Pk,
SEPEN S S V(T T ]
(lalpr + 18lp2) p1

" kl€ln
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1 A" — L Pk,
R rea Ml (e i e SRRE))
LT P1 P2 P2
1 A" L Pk,
S Amn Z |: <|| xkl 3 R1y """ ;Zn71||):| o
k€L n
1 A" — L D1
+ DF— Y [Mk,l(||L,z1,~~~ )]
T A€ T p2

H H
where F' = max [17 (L) , (m) } From the above inequality,

(Ialp1+18lp2)
1 A"(azp) + Byry) — L Pk,1
weget{m,nGN: Z Mkl(H (0@ + Byr.1) S 21, 2n 1\\)} >
" oplel |04|P1+|m,02
)
1 Ar(ﬂk 1 — L Pk,1 €
c { ; : Z [Mk,l(||77azlv"';Zn—1||>:| Z*}
n P1 2
k€L n
AT k1 — L Pr,1 €
U { Z |:Mk ( Y azla"'azn—1||):| 27}
" g l€Dm p2 2
Two sets on the right hand side belong to I and this completes the proof. Similarly,
we can prove that (Wi)a (A M, A7 p, [l 1+ ). (Wa)2 (A ML AT p 1ol
and (W1), ()\, M,A p,||-,- -+ ,-||) are linear spaces. O

Theorem 2.2. Let M = (M, ;) be a sequence of Orlicz functions andp = (py,;) be a
bounded sequence of positive real numbers. For any fixedm,n € N, (W) ()\, MA p || ||)
is a paranormed space with the paranorm defined by

gm.n(x) = inf {pp";fn :p >0 issuchthat sup

k,l m,n

A"x Dkl
> M (1= szl

k,l€ly n

S 1,V2'1,'~~ ;2n—1 € X}

Proof. It is clear that gm,n(x) = gm,n(—x)- Since Mk,l(o) — 0. we get inf{pm}?n } _
0 for x = 0 therefore, ¢,,,,(0) = 0. Let us take z = (v%,;) and y = (yx,) in

(Wao)a (A M, A7 [ o). Let

ATz p
B(I):{ﬂ>OISﬁ> > [Mkl(” pkl lewznflll)] " SLVZl:"',anlGX},

"k IEIm N

Aypa Pk
> [Mk,z(HT’,zh"' ,Zn_1H)] <1,Vzi,-++ ,2n-1 € X}.

T g l€lm,n

Let p1 EB( ) and ps EB( ) Then if p = p; + p2, we have

ivkz+ k.l
Z Mk (” Y )72:17"'727171”)

™ k€l om

p1 1 ( ATy )

sup Syt Zp—1
PL+ P2 k1 Amn kl; | n-tl

B(y) = {p>0:sup
k,l
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1 ATy
P2 sup > MkJ(Hinla'“ 7Zn—1H)~
p1+ p2 k1l )\m,n klel P2

Thus sup
k,l Am, n

A"(Tr + Yk Pr.l
Z Mk,l(”¥7zla'“ 7Zn71H) < 1and
kd€lm n P1 P2

Pm,n

gmn(@+y) < il {(pr+p2)H" : p1 € B(), p2 € Bly) }

< inf{m Tip € B(l’)} +inf{pf 1p2 € B(y)}
= gm,n(x) + gmm(y)-

Let 0® — o where o,0° € C and let gm,n(xz’l —1xz) — 0as s — 0.
We have to show that gmyn(osxzyl —ox) — 0as s — 00. Let

Z {Mkl(” =

kl€lm n

Armil — Tkl Pk,1
Z |:Mk7;l(|| : yR1y "t 7zn71||)i| S 1a

/
El€lm,n Ps
V21, , 2p—1 € X}

If p; € B(z®) and p), € B(m — z) then we observe that
AT(J ‘Tkl O l)

1
M| o 2
A "k,l;;m pelo® —al+ o] "

B(z®) = { > 0:sup

k.l Pk,
,Zlv"'vznle)} Sl,v21,"'72n71€X},
k,l )\mn

B(z*—zx) = {p; >0 :sup

kJl \mmn

A" (o%zs |, — oz )
Z Mkl(” o _kUl|+ ]|€Ul| ezl
" ki€l Ps P

AT(Jﬂfkl — OXL l)
znall)

|
palo* — ol + pJol

— AT
< |o* U\ps/ 1 > Mkl( (xkz) 1’_._7%71”)

pslo® — ol + pilo] Adm.n

IN

+

k€L n
’
o 1 (xk,l xk‘,l)
R P R
pslo® —al+pilof Amn A€l n s

From the above inequality, it follows that

"(o%x% , — 0Tk,) Pk,
S (M (1 e e el <

e palo™ —al+ ool ~

and consequently,

Pm,n

gmn(o’a® —ow) < il {(p,lo* — o+ plol) T ips € Bla*),p, € Ba* ~ )}
< (o* — o))" it {p"H" < p € B}
+ (o) 5 inf { (6) 7" : p, € Bla® — ) }

—0 as m — oo.

This completes the proof. U
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Theorem 2.3. Let M = (M}, ;) be a sequence of Orlicz functions which satisfies Aq-

condition. Then (W{ ), ()\,./\/l7 A" p |l ||) C (WI)Q()\,M, A p H) -
(WL)s ()\, M A" p|- -, ||> and the inclusions are strict.
PTOOf The inclusion (WOI)Q()"Ma A7-7p7 H7 e 7”) - (WI)Q(AMA/L Ar’p’ ||7 T 7”)
is obvious. We have only show that (W), ()\,M, AT |- ||) (W, ()\ M, A" p, |-,
Let (2,) € (W!)2 (A M, A7, p, [+ -] ). Then
1 ATz Dk,
S o1 )
L NPT S
1 Az, +L—L Dkl
: (EBEEE Ly
n p
El€Ln n
A" i L Pkr,1
S )\ Z |:Mk:l(|| s 7Z17"'7277,71H+||277217"'7zn71||)i|
kleImn p P
1 A"z — L Dk, 1
< DG5 (M (152252 2zl
m,n P
M ki€l
L Pk,
+ Z |:Mk:l( 7ZTL—1H>:| 5
" g€l p

where G = max {1, (%) }. Thus from A,-condition, we have z € (WOIO)2</\,M, ATy

and this completes the proof of the theorem. g
Theorem 2.4. Let M, M’ M" are sequences of Orlicz functions. Then we have

0 (W)e(\MLATp ) € (W2 (A Mo MLAT p|-+ -]} provided
(pk,1) is such that Hy = inf py,; > 0.

(@ (W) (A ML A7 p | )W) (A M AT o) © (W) (A M+
M”, A", p, ||’ . ||)

Proaof. (i) For given € > 0, first choose ¢y > 0 such that max{e}, 651 °} < e. Now using
the continuity of M} ;. Choose 0 < § < 1 such that 0 < ¢ < 4, this implies that

My i(t) < eo. Let (zx,) € (WOI)2<)\,M, A" p, |y ,H) Now from the definition
1 A" Pk,

B(5) = {mn eN: 3 [M,”(H Thl . 72,1,1\\)} " 5H} el
T k€T n

Thus if m,n ¢ B(d) then

1 A" Pk,
[ ( Jiklz ...,Zn_1||>}kl<5H
klelmn
Dkl
= Z |:Mkl( 21yttt Zn—1||>:| <)\mn5H
kJl€lym n

A" Pk,
[Mkl(” L TR ,zn,1||)} o < 6% for all klelnn

A
= [M,’CI(H wk’l,zl,-~- ,zn,1||>] <6 forall k,l € Iy,
’ p

)
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Hence from above using the continuity of M = (M} ;) we must have

A"
Mkl(Mm(H LU ,zn_1||)> <eV k€l

which consequently implies that

A"x Pk,
Z [Mkl(Mkl(H kil z17~-~,zn,1||))] < )\m’nmax{e(l)ﬂeé{‘)}

kl€lmn
< Amn€
ATx Pkt
P o 3 (S |
" kl€lnn
This shows that
A" Pk,
{m7n eN: 3 [Mk,l (M,Q‘lo\ Thl e 7zn,1||))] > e} c B(5)
T 1€l n ' P
and so belongs to I. This proves the result.
) Let (z0) € (W2 (A M A7, |l ) 0 (W2 (A MY ATl o)

Then the fact

o (AR A (P |

P
< Dﬁ[Mkz(HA Tkl J2L, ,Zn—1||>rkvl
T Y (S |
gives the result. 7 U
Theorem 2.5. The sequence spaces (W{ ), ()\, M A" p|- -, ||) and (WL), (/\, M, A" p |-
are solid.
Proof. Let (x1) € (W{d)2 ()x, M,A" |- ||) let (av;,;1) be a sequence of scalars

such that |ay, l| < 1forall k,I € N. Then we have

AT Pkl
{m7n€N Z |:Mk ( M,Zl,"'7zn_1“):| kl}c
" el p
C AT Dkl
{m,neN: By Z [Mk’l(\|ﬂ,zl,-~-,zn,1||)} ZE}EI,
T e l€lmn P
where C' = max{1, |ox;["}. Hence (arizr1) € (W)2 (A,M,A’“,p, [+l for

all sequences of scalars oy with |ay | < 1 for all k,I € N whenever (zj,;) €
(W (A M A7 1ol
Similarly, we can prove that (WL ), ()\, M A p |- H) is also solid. O

Theorem 2.6. The sequence spaces (W{ ), ()\, M A" |- ||) and (WL), ()\, M A" |-

are monotone.

Proof. 1t is easy to prove so we omit the details. (]
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