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ABSTRACT. We prove a related fixed point theorem for n mappings in n complete fuzzy
metric spaces using an implicit relation which generalizes results of Aliouche and Fisher [1]
and Rao et al. [13].
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1. INTRODUCTION AND PRELIMINARIES

The concept of fuzzy sets was introduced by L. Zadeh [16] in 1965. George
and Veeramani [9] modified the concept of fuzzy metric spaces introduced by [11]
in order to define the Hausdorff topology of fuzzy metric spaces which have very
important applications in quantum particle physics particularly in connections
with both string and F—infinity theory which were studied by El- Naschie [4, 5, 6,

, 8] and [15]. They showed also that every metric space induces a fuzzy metric
space.

Recently, Aliouche and Fisher [1], Aliouche et.al [2] and Rao et.al [13] proved
some related fixed point theorems in metric spaces and fuzzy metric spaces.
Inspired by a work of Popa [12], we prove a related fixed point theorem in n

complete fuzzy metric spaces using an implicit relation because it includes several
contractive conditions.

Definition 1.1 ([14]). A binary operation * : [0,1] x [0,1] — [0, 1] is a continuous
t—norm if it satisfies the following conditions:
(i) = is associative and commutative,
(ii) = is continuous,
(i) ax1=aforalla € [0,1],
(iv) a*b < c*dwhenever a < cand b < d, for each a,b,c,d € [0,1].
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Examples of a continuous t—norm are a * b = ab and a * b = min{a, b}.

Definition 1.2 ([9]). The triple (X, M, ) is called a fuzzy metric space if X is

an arbitrary non-empty set, * is a continuous t—norm, and M is a fuzzy set on

X2 x (0,00), satisfying the following conditions for each z,y,2 € X and t,s > 0,
(FM-1) M(z,y,t) >

(
(FM-2) M (z,y, —11fandon1y1faj—y

M(

(

t)
(FM-3) M (z,y,t) = M(y, ,1),
(FM-4) M (z,y,t) « M(y,z,s) < M(x,z,t+ s),
(FM-5) M(;L, y,.) : (0,00) — [0, 1] is continuous.

Note that M(z,y,t) can be thought as the degree of nearness between z and y
with respect to .

Let (X, M, %) be a fuzzy metric space.

1) For t > 0, the open ball B(x,r,t) with a center z € X and a radius 0 < r < 1
is defined by

B(z,rt) ={y € X : M(z,y,t) >1—r}.

2) A subset A C X is called open if for each z € A, there exist ¢ > 0 and
0 < r < 1such that B(x,r,t) C A.

Let 7 denote the family of all open subsets of X. Then 7 is called the topology on
X induced by the fuzzy metric M. This topology is Hausdorff and first countable,
see [9].

Example 1.3 ([9]). Let X = R. Denote a * b = a.b for all a,b € [0,1]. Define for
eacht € (0,00) and all z,y € X

t

M(l‘,y,t)zm

Then (X, M) is a fuzzy metric space. It is called the standard fuzzy metric induced
by the metric d.

Definition 1.4 ([9]). Let (X, M, *) be a fuzzy metric space.

1) A sequence {z,} in X converges to x if and only if for any 0 < € < 1 and
t > 0, there exists ng € N such that for all n > ng, M(zp,2,t) > 1 —€; ie.,
M(zp,x,t) > 1lasn — oo forall t > 0.

2) A sequence {z,} in X is called a Cauchy sequence if and only if for any
0 < e<landt > 0, there exists ng € N such that for all n, m > ng, M (2, Tm,t) >
1—e¢ie, M(xy,zm,t) = 1asn,m — oo forall t > 0.

3) A fuzzy metric space (X, M, t) in which every Cauchy sequence is convergent
is said to be complete.

Lemma 1.5 ([10]). Forallz,y € X, M(z,y,.) is a non-decreasing function.

Definition 1.6. Let (X, M, %) be a fuzzy metric space. M is said to be continuous
on X? x (0,00) if
lim M(-Tnv Yn, tn) = M(l‘, Y, t)’

n—oo
whenever {(Z,,,Yyn,tn)} is a sequence in X? x (0,00) which converges to a point
(z,y,t) € X% x (0,00); i.e.,

lim M(z,,z,t) = hm M (yn,y,t) =1land lim M(z,y,t,) = M(z,y,t).

n—oo n—oo

Lemma 1.7 ([10]). M is a continuous function on X2 x (0, 00).
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We denote by ¥ the set of all function ¢ : [0,1]* — [0, 1] such that

(i) v is upper semi continuous in each coordinate variable,

(ii) 1 is decreasing in 3rd and 4th variable,

(iii) if either ¢ (u,v,1,u) > 0 or ¢ (u,1,1,v) > 0 or ¥ (u,1,v,1) > 0 for all
u,v € [0,1], then u > v.
Example 1.8. v (tl, to, ts, t4) =17 — min {tg, ts3, t4}

Example 1.9. 1 (t,t2,t3,t4) = t1 — ¢ (min {ta,t3,t4}),
where ¢ :]0,1] —]0, 1] is a increasing and continuous function with ¢ (¢) > ¢ for
0 <t < 1. For example ¢ (t) = vt or ¢ (t) =t for 0 < h < 1.

We need the following lemma of [3].

Lemma 1.10. Let{x, } be a sequence in fuzzy metric space (X, M, ) with M (z,y,t) —
last — oo forallz,y € X. If there exists a number k €)0, 1] such that
M (zpy1,Tn, kt) > M (xp, Tp—1,1).

Then {z,} is a Cauchy sequence in X.

2. MAIN RESULTS

Theorem 2.1. Let (X;, M;,0;), ., ., . be n complete fuzzy metric spaces with M;(z, z;,t) —

last — oo forall z,z; € X; and let {Ai}:z? be n-mappings such that A; : X; —
Xipr1foralli=1,..,n—1and A, : X,, — X;, satisfying the inequalities

My (ApAp_1.. Asxg, Ay Ay 1. As Ay kt)
é1 M; (22, A1 AR Ay 1. Asza, t) >0 2.1
M (x1, ApAn_1..Asxo,t), My (21, ApAn_1.. A2 A121, 1)
SJorallz; € X1, x5 € X9 and t > 0, in general, we have
M; (Ai1Ai o AvAR AL 1 Ay mign, Aior A A Agg Rt
Mit1 (ig1, AiAio1 A1 A AL 1Az, t), >0 (@)
M; (xi, Aic1Ai—0. A1 AL AL 1. Ajpa g, t), - ’
M; (x;, Aic1Ai—0. A1 A Ap 1. Aja )

forallz; € X;, ;41 € X441, t>0andt=2,....,n— 1 and

Mn (An—lAn—Q-..AliZ?la An—lAn_Q...AlA"xn7 kt) ,
Ml (xla AA'r1,147171AAn,72..141&)17 t) ,
Mn (xna AnflAnfg..Al.’L'h t) R 2 O (21’1)
M, ($n; AnflAn72..A1Anxn’ t)

forallxy € X1, x, € X,, andt > 0, where ¢p; € ¥, 1 =1,2,....,.nand 0 < k < 1.
Then A;_1A;_5..A1A,A,_1..A; has a unique fixed point p; € X; fori = 1,...,n.
Further, A;p; = piy1fori=1,...n—1and A,p, = p1.
Proof. Let {:vgl)} , {:vg?)} s {x&z)} s {xi”’}, r € Nbe sequencesin Xi, Xo, ..., X, ... X,
respectively. Now let 33(()1) be an arbitrary point in X;, we define the sequences
{xff)} fori=1,...,n by
reN

bi

QS n

20 = (A, An_y . A" 2V,

{EEAZ) = AiflAi,Q..Al (AnAnfl...Al)T ifél) for: = 2, ey N
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For n = 1,2, ..., we assume that M # x, _21 Applying the inequality (2.1) for
= A, (AnAn_l...Al) Yol oy = (A An_1. Azl we get
M, ((A,LAn_l...Al) a:O ) (ApAp_1.. A1) 2V kt)
M, (A1 (ApAn_1oAr) 2D Ay (Ap A,y Al) S t)
M, ((AnAn,l...A) 2V (AnAp_y. Ay 2§ ,t),
M, ((AnAn_l...Al) 2V (Ap Ay Ay x(l),t)

= ¢1 (Ml ( (1)7x££17kt) 7M2 (55527)17555‘2)715) 717M1 ( 7(~ )7 5’217 )) Z 0
From the implicit relation we have

Ml( W 20 k;t) > MQ( @ @ t) 3.1)

b1

Applying the inequality (2.7) for z; 41 = A4;...A; (An...Al)T*1 xél) andz; = A;—1...A1 (A,... A1)z ),
we obtain

M (Aio1 Ay (Ao Ar) 20, Ay Ay (A Ay (1)7kt)7

M1 (i1 = Ai A, (An...Al)T VeV A Ay (A Ar)T xg”,t),
o M; (A1 Ay (A Ar) o), Ay Ay (A ) 20 1)
M, (Ai,l...A1 (Apo Ay 2V, Ay Ay Ay Ay (An...Al)’“+1 xg”,t) ,
_ & M; (xa(ﬂ), r+1,kt> My 5T11),x5~i+1),t), -
- 14, (5,20, ) :
and so
M; ( @, r+1’kt) > Mt (xﬁiff),zvﬁ””,t) (3.1)

fori = 2,...n—1and r = 1,2,.... Now applying the inequality (2.n) for x, =
Ap_q.n Ay (A Ay) 2V and 21 = (A, 4,_1...41)" 2V we have

M, (An_l...Al (Ap.. Ay xo),An LAy (A Ay g”,kt)

My (A )" f ,<A A ).
P M, (xn_An LAy (A A" 7Y, A Ay (A Ay q;g”,t),
My (A1 At (Ao ) 2, Ay 1 A Ay (A Ay A0) g )
My, (xr 7, 2, M 5),x£),t,
- ( 1, J\+41 ( )(”), 151()1,15)1 ) =0
and so
My (xgn)’ r+17kt) 2 Ml( £)17 @ t) (3.n)

It now follows from (3.1) , (3.¢) and (3.n) that for large enough n we obtain
My (20,2 k) = M (222 1)

o ) ian
M; (xgz),a:fn_?_l,t) My ( £+11),x( ), k)

Y

v

Y
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n n ¢
> M, (xsdr)zn’ ngr)i*’ﬂJrl’ knz)
1 1 t
> M (mgdzinl’xf“qzin’ kniJrl)
1 1 ¢
M (ﬂfﬁﬁignhxﬁi%’ kznz+1>
>
) ) t
> M Lrtimmn—1sLrti—mn> W
>

t n) (n) U
min{Ml (ac(ll),xgl), kmn) s eeeey My <x§ ),a?(g ), kmn)}

Since 0 < k < 1. it follows from lemma 1.10 that {xfj)} is a Cauchy sequences in
X; with a limit p; in X; fori =1,2,..,n.

To prove that p; is a fixed point of A;_1...A1A,,...A;p; fori =2, ...,n— 1, suppose
that A;_1...A1A,...A;p; # p;. Using the inequality (2.7) for z; = p; and x;1; =

a:q(ﬂHl)we obtain

Mi (mﬁi), Ai—1~-A1An-~-Aipi7 k‘t)
Qsi aMi+1 (xgj_‘_l)?xg-:_ll)?t) aMi (phxg)v ) ) Z 0
M; (pi, Ai—1.. A1 A, Aip;, t)
Letting » — oo we have
& M; (pi, Ai1Ai2- A1 A Ay Aipi ki), 1,1, 0
! di (piy Ai1Ai—2.. A1A  Ap 1. Aipi, t) -

It follows from (iii) that p; = 4;_1A;—2.. A1 A, Ap_1...4;p; in X; fori =2,..,n—1
and Di = Aiflpifl = ..... = AiflAi,Q....AQAlpl.

For the casei = 1, we use (2.1) for x; = p; and x5 = A (AnAn,l...Al)Tfl x(()l) =

2P giving
Ml (qh(“l); AnAn—l---Alph kt) )
(bl M2 (1‘7(«2),‘T7(n2421,t> aMl (ph%("l)»t) ) Z 0

Ml (pla AnAn—ln-Alplv t)

letting » — oo we have
¢1 M1 (phAnAn,l...Alpl,klf),1,1, >0

My (p1, AnAp—1...A1p1,t) -

It follows from (iii) that A, A,,—1...A241p; = p1 in X;.
Finally, if ¢ = n, using the inequality (2.n) for x,, = p,, and z1 = 2t we get

My (), An-1 A A1 Aup, bt )
¢n Ml (xg“l)a mg-{gp t) 7M1’L (p’ru xffj_)pt ) Z 0
M, (pna Ap1An 2. A1 Appp, t)
Letting r — oo we have

¢ < Mn (pnu AnflAn72~~A1Anpna kt) ) 17 17 > >0
" Mn (pn; An—lAn—2~-A1Anpn7 t) -
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and by (iii), p, = Ap_14n_2..A1Apppin X, andp, = Ap_1pp—1=... = Ap_14n_2.... A2 A1p1.

To prove the uniqueness, suppose that A; ;....A1A,...A; has a second fixed
point z; # p; in X;. Using the inequality (2.1) for z,11 = A;z; and x; = p; we get

Mi (AzflAlAnAzzza AzflAlAnAzpzv kt) 5
¢i Mi+1 (Aizi7Aifl----AlAn-nAizzﬁt) > 0
Mi (pi, Ai—lnnAlAn-nAiZiy t) 5 M1 (pi7 Ai—l----AlAn---Aipi7 t)
and so
¢i (Mz (Ziapi; kt) ) 1a M; (pia Zl7t) ’ 1) >0

which implies that z; = p;, proving the uniqueness of p; in X; for¢ = 2,...,n — 1.
The uniqueness of p; in X; and p,, in X,, follow similarly.

Finally, we note that

Aips = AjAi 1. A Ay Ay (Aipi)

hence, p; is a fixed point of A;...A; A, ...A;;1. Since the fixed point is unique, it
follows that A;p; = p;41 foralli =1,....,n — 1. It follows similarly that A, p,, = p;.
This complete the proof of the theorem. O

Example 2.2. Let (M;, X;,0;) for i = 1,...,n be n fuzzy metric spaces, where

M; (z;,yi,t) = ﬁ and X; = {x;:i—1<u; <i} fori =1,..,n. Define
Li — Yi

A Xy — Xiggfori=1,....,n—1and A, : X,, — X; by

5 1
Az = ,
3 1
—if = < <1
2 N g ==
1 3
Az, = foralli=2,...n—1,
1 3
3 3
Apzy, =
. 3
lifn—-<uz,<n
4
Let 1 = ¢ = ..... = ¢, = ¢ and ¢(t1,t2,t3,t4) = t1 — min {tg,tg,t4}. Note that

there exists p; in X; such that (4;,_1A4;_2..A1A,...A;)p; = p; fori = 1,.....,n. For

example If we put i = n, we get (A,_1An—2..4A14,) pp = pn if pp =n — 3 because

1
AnflAn72-~A1An (n - 2) = AnflAn72--A1 (1) ,
3
= AnflAn72~~A2 <2>

1
= AuA A (z i 2)
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5
= A, 14,9 (n - 2)

3
)

7
= - = ——<n—-—=X —1.
n car n 4_71 2_7’l

DN —
w

3 3
Notethatforalli:1,....,n—1andi—1 <z <t (i—|—1)—Z§AiLL‘i<i—|—1
1 3 1
and 3 < Apz, < 1 with n — 1 < z, < n, there exists p; = ¢ — 3 such that

1 1
(Az—lAlAnAz) (’L—Q :z—iforz: 1,,n—1

The inequalities (1.i) for all i = 1,...,n are satisfied since the value of the left
hand side of each inequality is 1. Infact M; (A;—1...A1 Ap. Ai12i41, Aim1. A1 Ay Ay, t) =
1 for ¢ =1,....,n — 1 because

3
(1)Ifi—1§xi<i—1wehave

Ai_lAlAnAllL'z = Ai—1~-~A1AnAn—1~-~Ai+l (’L + le>

1
= Ai_1Ai 9. AjJAL AL 1. Ajo ((z‘ +1)+ 2)

= AiflAionAlAnAn—l <(n — 2) + ;)

= Ai—lAi—2---A1An <n — ;)
= A«Z‘_lAi_Q...AQAl (1) s

1
= Ai_lAi_g...AQ (1 + 2)

= ;Ali_l ((z’ —-2)+

N
N = N

1
.3 .
(2]Ifz—1§$i§z,weget

AiflAi,Q...AlAnAnfl..Ai(Ei = AiflAi,Q...AlAnAnfl..Ai+1 (l + ;)

1
= Ai—lAi—2-~-A1AnAn—1 ((n - 2) + 2)

1
= Al;lAi,Q...AlAn (n - 2) ,
= AiflAifg...AQAl (].) =
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Ais ((¢—2)+;) - ‘(i—1)+;:i—;.

1
(3)1fi§xi+1<i+1weget

1
Ai—l---AlAn--Ai-&-lxi-l-l = Ai—l---AlAn--AH-Q ((Z + 1) + 4)
= A AA _1
- i—1 14n | T 5
= Ai1..A2A; (1)

1
4) If ¢ + 1 < z;41 <1+ 1 we obtain

1
Ai_l...AlAn..AHlel = Ai—l---AlAn--Ai+2 ((Z + 1) + 2)
= A AA .
- 14n | T 5 )
= Ai_1..A2A; (1)
1
= A —-2)+ -
o)
1

Thus, all the conditions of theorem 2.1 are satisfied.
If we take n = 5 in theorem 2.1, we get the following corollary.

Corollary 2.3. Let (X;,M;,6;),i =1,...,5 be 5 complete fuzzy metric spaces, A; :
X, = Xi11,1=1,2,3,4 and As : X5 — X1 be 5 mappings satisfying
My (A5 Ay Az Ao, As Ay Az A Ay, ki),
My (21, As Ay Az Az, t) ,

91 M (w1, As Ay Az A Ay, t), =0 @1
My (9, Ay As Ay Az Ao, t)
SJorall x1 € X7 and x5 € X5,
My (A1 As Ay Az, Ay As Ay Az Ao, kt),
Ms (3, Ao A1 A5 Ay Aszs, t) >0 4.2)

02 My (22, A1 As AgAsAsxa, t) -
M; (22, A1 As AgAsas, t)
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Jorall x5 € X5 and x3 € X3
M3 (A2A1A5A4£E4, A2A1A5A4A3.’E3, kt) 5
8 My (x4, A3As A1 A5 Agaa,t), >0
3 Ms (x5, Ay A1 A5 Ay Asas, t),
M3 (333, Ay A1 As Ay, t)

Jorall x3 € X3 and x4 € X4
My (A3AsA 1 Asas, AsAs A1 As Ayay, kt),
é Ms (x5, AyAs Az Ay As s, t), >0
4 My (x4, AsAs A1 A5 Asza, t),
My (v4, A3As Ay Ass, t)

Jorall x4 € X4 and x5 € X5
M5 (A4A3A2A11’1, A4A3A2A1A5IL‘5, kt) ;
¢5 M1 (%1,A5A4A3A2A1x17t), > O
M5 ($5, A4A3A2A1A5.”L‘57 t) s -
Ms (x5, AsA3 Az A1 11, 1)

Jorall z; € X1, x5 € X5 and forallt > 0, where 0 < k < 1. Then
A5 A4A3 A5 A1 has a unique fixed point wy € X1,
as) A1AsA4A3 A5 has a unique fixed point we € Xo,

(a1

(

(as) A2 A1 A5 A4 A3 has a unique fixed point ws € X3,
(

(

N — —

a4) A3As A1 As A4 has a unique fixed point wy € X4,
as) AyAsAs A1 As has a unique fixed point ws € X,

Further, Ajw; = wa, Aswy = w3, Asws = wy, Ayws = ws and Asws = wi.

If we take n = 2 in theorem 2.1, we obtain theorem 2.9 of Rao et al. [13] and a

fuzzy version of theorem 3 of [1].
The following example illustrates our corollary 2.3.

301

(4.3)

(4.4)

(4.5)

Example 2.4. Let (M;, X,;,0;) for i = 1,...,5 be 5 fuzzy metric spaces where

M; (zi,yi,t) = ————
t+ |z — il
A X — Xipg fori=1,....,4and A5 : X5 — X; by
3 ) 3
1 if - — if 1, =
1.7316[0,4[ 213326[’2[
Az = , Agzy =
f1fx€[§1] 3ifxe[§2]
2 1 47 2 2a
13 5 17 7
A35L‘3 = ,A4x4:
7 5 9 7
3 if x36[5,3} B if z4€[§,4]
3 9
A5l‘5 =
9
1 if x5 € [5,5]

Let ¢1 (t1,12,13,14) = t1 —min {t2,13,14} and ¢1 = ¢ = 3 = P4 = ¢5

and X; = {z;:i—1<uz; <i} fori =1,..,5. Define

Further, the inequalities (4.1), (4.2), (4.3), (4.4) , (4.5) are satisfied since the left

hand side of each inequality is 1 and
AsAsAsArA1 (1) = 1
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A1 A5 A4 A3 Ay (2) =

Ay A1 As Ay As (g) =

Az As A1 A5 Ay (;)

N[O NI Dot oW

9
AgA3As Ay As (2>
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