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ABSTRACT. In this paper, we study the existence of positive solution to boundary value
problem for fractional differential equation with a one-dimensional p-Laplacian operator

Dgi (¢p(u” (1)) — g(t) f(u(t)) =0, t€(0,1),

¢p(u”(0)) = ¢p(u”(1)) = 0,

au(0) — bu'(0) = 37 aiu(&),

cu(1) +du' (1) = 3272 biu(&),
where D, is the Riemann-Liouville fractional derivative of order 1 < o < 2, ¢,(s) = |s|" s,
p > 1 and f is a lower semi-continuous function. By using Krasnoselskii’s fixed point

theorems in a cone, the existence of one positive solution and multiple positive solutions for
nonlinear singular boundary value problems is obtained.
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1. INTRODUCTION

The purpose of this paper is to study the existence of positive solutions for the
following m-point boundary value problem for fractional differential equation with
p-Laplacian

(1.1)
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where Df; is the Riemann-Liouville fractional derivative of order 1 < o < 2, ¢,(s) =
Is|P~2s, p > 1, (¢) "' = &g ]lj+§ =1, m>2méeN), abecd>0,p=ac+
bc+ad > 0,& €(0,1), a;,b; € (0,400) (6 =1,2,...,m—2), g € C((0,1); [0, 400))
and 0 < fol g(r)dr < oo, and f is a nonnegative, lower semi-continuous function
defined on [0, +00).

Fractional differential equations have been of great interest recently. This is
because of both the intensive development of the theory of fractional calculus it-
self and the applications of such constructions in various scientific fields such
as physics, mechanics, chemistry, engineering, etc. For details, see [5, 8, 9] and
the references therein. In [12], Liu, and Jia investigated the existence of multiple
solutions for problem:

“D, (p(t)u'(t)) + q(t) f(t,u(t)) =0, t>0, 0<o <1,

p(O) (0) =0,
. “+ o0
limg oo u(t) = [, g(t)u(t)dt,
where “D{, is the standard Caputo derivative of order 0. Some existence results
were given for the problem (1.1) with ¢ = 2 by Yanga et al. [24] and Zhao et al.
[25].
The solution of differential equations of fractional order is much involved. Some
analytical methods are presented, such as the popular Laplace transform method

[20, ], the Fourier transform method [15], the iteration method [22] and Green
function method [14, ]. Numerical schemes for solving fractional differential
equations are introduced, for example, in [3, 4, 17]. Recently, a great deal of effort

has been expended over the last years in attempting to find robust and stable nu-
merical as well as analytical methods for solving fractional differential equations of
physical interest. The Adomian decomposition method [18], homotopy perturba-
tion method [19], homotopy analysis method [2], differential transform method [16]
and variational method [6] are relatively new approaches to provide an analytical
approximate solution to linear and nonlinear fractional differential equations.

The existence of solutions of initial value problems for fractional order differential
equations have been studied in the literature [1, , , ] and the references
therein.

In this paper, We show that the problem (1.1) has positive solutions by using
Krasnoselskii’s fixed point theorems in a cone.

The paper has been organized as follows. In Sect. 2, we give some preliminary
facts and provide basic properties which are needed later. We also state the Kras-
noselakii’s fixed point theorem. In Sect. 3, we establish the existence of at least
one or multiple positive solutions result for problem (1.1). In Section 4 we give an
example as application.

2. PRELIMINARIES

In this section, we present some notation and preliminary lemmas that will be
used in the proofs of the main results.

We work in the space C([0, 1]) with respect to the norm ||u|| = maxg<i<1 |u(t)].
For convenience, we make the following assumptions:

(H1) f € C([0,+00); [0, +00));
(H1*) f is a nonnegative, lower semi-continuous function defined on [0, +00),
ie. 31 C [0,400); Vo, € I, &, — x¢ (n — o), one has f(zg) < lim I (zn).

—nN—00
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Moreover, f has only a finite number of discontinuity points in each compact
subinterval of [0, 4+00).

(H2) g € C((0,1);[0,400)) and 0 < fo r)dr < +o00. Moreover, g(t) does not
vanish identically on any subinterval of [0, 1];

(H3) a,b,c,d > 0, p = ac+bc+ad > 0, & € (0,1), a;,b; € (0,400) (6 =
1,2,.. —2), p— " P aip(&) > 0, p— 7 bip(E;) > 0 and A < 0, where

Ao| TXLTaw) - S a()
P—E?; bl"/)(&) _Zm_ bz‘P(&)

and

Y(t)=b+at, o(t)=c+d—ct, te[0,1], @.1)

are linearly independent solutions of the equation =" (¢t) = 0, ¢ € [0, 1]. Obviously,
1 is non-decreasing on [0, 1] and ¢ is non-increasing on [0, 1].

Definition 2.1. Let X be a real Banach space. A non-empty closed set P C X is
called a cone of X if it satisfies the following conditions:

(1) x € P, > 0 implies pz € P,

(2) x € P,—x € P implies x = 0.

Definition 2.2. The Riemann-Liouville fractional integral operator of order o > 0,
of function f € L'(R") is defined as

T80 = 5oy [ (6= (s

where I'(+) is the Euler gamma function.

Definition 2.3. The Riemann-Liouville fractional derivative of order &« > 0, n —1 <
a < n,n € Nis defined as

1 d\» [*
Lo} t) = (7) t— n—a—1 d
310 = ey () =9 ey
where the function f(¢) have absolutely continuous derivatives up to order (n — 1).
Lemma 2.4. ([7]). The equality D, I], f(t) = f(t). v > 0 holds for f € L(0,1).

Lemma 2.5. ([7]). Let o > 0. Then the differential equation

g+u:0

has a unique solution u(t) = c1t* 1 + cot® 2 + -+ ¢t ™, ¢, R, i=1,...,n
theren — 1 < a<n.

Lemma 2.6. ([7]). Let « > 0. Then the following equality holds for v € L(0,1),
D§ u e L(0,1);

o Doru(t) = u(t) + At oot et

G ER,i=1,...,n,theren —1 < a<n.
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In the following, we present the Green function of fractional differential equation
boundary value problem.
Let y(t) = ¢,(u”(¢)), then the problem

{ 6 (6p(u(£))) — g(8) f(u() =0, t€ (0,1),
0p (" (0)) = 6, (u"(1)) = 0,

is turned into problem

Dgy(t) — g(t) f(u(t)) =0, te€(0,1),
y(0) =y(1) =0,

Lemma 2.7. If (H1) and (H2) hold, then the boundary value problem (2.2) has a
unique solution

(2.2)

1
. / H(t, 5)g(s) [ (uls))ds. 2.3)

where

AR G Uor) M W ]
H(ts):{ @ P ET ==

po-1(1_gyo~1 2.4
R G 0<t<s<l
proof. According to Lemma 2.6, we can obtain that
1 t
y(t) =I5 (9() f(u(t)) — crt” ™ — eat” 2 = r(a)/ (t = )7 g(s)f(uls))ds — ert” ™" — eat” 2.
0

By the boundary conditions of (2.2), there are c; = 0 and ¢; = ﬁ fol(l —
5)7 " g(s) f(u(s))ds.

Thus, the unique solution of problem (2.2) is

1 o—1

t 1
W = / (4= 0(s) (s — s / (1— )7 g(s) fu(s))ds
_ / i ) (‘(t‘s)”_ s f(uts)ds - | P ™ ) Flus))ds

(o) I'(0)
= /1 H(t f(u(s))ds.
0 O
Lemma 2.8. If (H3) holds, then for y € C[0, 1], the boundary value problem
u’(t) = ¢q(y(t))), t€(0,1),
au(0) — b/ (0) = 3277 azu(&), (2.5)

cu(l) + du'(1) = S 2 biu(&),

has a unique solution

1
u(t) = — [/0 G(t,5)0q(y(s))ds + Aldg(y($)))(8) + B(dg(y(s)))p(t)|,  (2.6)
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<s<t<
Gty L [FO00), 0<s<i<t, o
p w(S)w(t), 0<t<s<l,
1 a [, G bq(y(s))ds Z”i aip(&:)
Aldq(y(s))) = % b 7=l 2.9)
! A b fo bq y(s))ds Z =1 (i)
L - Zﬁ_Q a; (&) Ya; f, G (y(s))ds
Bl¢q(y(s)) = « et 1 1 4 2.9)
! INED S X3 b f, G (y(s))ds
proof. The proof is similar to that of Lemma 5.5.1 in [13], so we omit it here. [
we assume that 6 € (0, %) Furthermore, for convenience, we set
. [e(1—6) $(6) : Az
A= —_ = Ay, —
1 Inln{ 2(0) ,w(l)}, min{ 1,A3},
Ao = min{,_min @(t), min 0(0).1), Ay = max{L] [l ]}
Lemma 2.9. Let p, A # 0 and 6 € (0, 5), then we have the following results:
0 < G(t,s) < G(s,s), fort,sel0,1], (2.10)
and
G(t,s) > MG(s,s), forte {9, 1- 9} and s € [0,1]. (2.11)

proof. The inequality (2.10) is obvious. In following, we are going to verify the
inequality (2.11). Indeed, when ¢ € [,1 — 6], s € [0, 1], we have

Glt,s) {;g%, 0<s<t<1-0,
G(s,s) ig)’ 0<t<s<l,
[ s
FIOL <t<s<1,
> A
This completes the proof. O

Proposition 2.10. Fort, s € [0, 1], we have

0<H(ts) <H(s,s) <

Proposition 2.11. Let 6 € (0, %) then there exists a positive function o € C(0,1)
such that

> .
,min H(t,s) > o(s)H(s,s), s € (0,1)

proof. For 6 € (0, 3), we define

gt,s) = o 11—-s)7 = (t—5)"', 0<s<t<1,



244 N. NYAMORADI AND M. JAVIDI/JNAO : VOL. 3, NO. 2, (2012), 239-253

ga(t,s) = t 11 —s)7! 0<t<s<l.
Then

(o — 1)t6*2((1 T (1 2)0_2)
< (o - 1)#7*2((1 T (1 5)072)'

which implies that g, (-, s) is nonincreasing for all s € (0,1]. Also, we have ga(-, s)
is nondecreasing for all s € (0,1). Then, we have

91(;(;(575)7 s€ (07 9],
. —0,s (6,s
t9<rtn<1{1 GH(t s) = mlrg{%ﬂ% 1Y self,1-6),
2P se[l—6,1).

209 e (0,4,

{92“, s€ 1),

(=000 g gy
071 (1—5)" 1 1
- T(e) S [/J’a )a

where 6 < u < 1 — 6 is solution of equation

(L= A=) = (1 ——p)7 =67 (1= ).
It follows from the monotonicity of g; and g, that
80'71(1 _ 8)071
max, H(t,s) = H(s,s) = T s € (0,1).

Therefore, we set

1-6)°"1(1-5)""'-(1-0-5)""
(S) _ ( ) i”*lzl—s)"(*l ) ;S S (Oa:u’]a
0 - 6 o—1
(%) s € [u,1).
Thus, we complete the proof. O

From Lemmas 2.7 and 2.8, we know that u(t) is a solution of the problem (1.1)
if and only if

1
U(t):/o G(t,5)0q(W (5))ds + A(pq(W(s)))9(t) + B(dg(W(s)))e(t), (2.12)

where W (s fo 7) f(u(r))dr.

Lemma 2.12. Let (H1), (H2) and (H3) hold. Then the solution u of the problem (1.1)
satisfies

@ u(t) >0, fort € [0,1],
and

(i) ming<¢<1_g w(t) > I||u]|.
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proof. (i) By Lemma 2.9, Proposition 2.10, (2.3), (2.6)-(2.9) and the property of
function ¢, it is obvious that we have

G(t,s) 20, ¢q(W(s)) 20, A(dg(W(s))) 20, Blog(W(s))) =0,

so we get u(t) > 0.
(ii) From Lemma 2.9 and (2.12), for ¢t € [0, 1 — 6], we have

ut) = / G(t, 5)6g(W(5))ds + A(6g(W(s)(t) + B(6g(W(s)e(t)

%

A /0 G(s,8)pq(W(s))ds + A(dg(W(s)))(t) + Blg(W (s)))(t)

Y

A / G5, 5)bg(W(s))ds + ﬁ— A3 Ao (W(s))) + B(g(W(s)))]

v

[ [ Gl )60 (W (s))ds-+ Aa[ A, (W () + B(6, (W (5))]
> Tl

Therefore, we get ming<;<1_g u(t) > I'||ull. O
Then, choose a cone K is C1([0,1]), by

p— > 1 > .
K ={ue o1 |u(t) >0, min u(t)>Tlul}

Define an operator 1’ by

1
(Tu)(t) = / G(t, )6 (W (5))ds + A, (W(s))(t) + B(6,(W(s)p(t), 2.1

where W (s) = fol H{(s,7)g(7) f(u(r))dr.
Itis clear that the existence of a positive solution for the system (1.1) is equivalent
to the existence of nontrivial fixed point of 7" in K.

Lemma 2.13. Suppose that the conditions (H1), (H2) and (H3) hold, thenT(K) C K
andT : K — K is completely continuous.

proof. For any u € K, by (2.13), we obtain (T'w)(t) > 0 and, for ¢ € [0, 1],

(Tu)(t) = /0 G(t,5) (W (s))ds + A(¢g(W ()¢ (t) + B(dg(W(s)))(t)

IN

/0 G, )60 (W(s))ds + Mg [A(g (W (5))) + B(dg(W(s)))].

Thus, [|Tul| < [y G(s,5)64(W (s))ds + As[A(g(W(s))) + B(6(W(s)))].
On the other hand, for ¢ € [#, 1 — 6], we have

1

(Tu)(t) = G(t,5)pg(W(s))ds + A(dg(W ()9 (t) + B(dg(W(s)))e(t)

0

Y

Ay / G (5, 5)0q (W (5))ds + Alerg (W (5)))(t) + Blorg(W(5)))o(2)
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1
z M /0 G<Sa5>¢q(W(5>)dS+%§~As[A<¢q(W(s)))+B(¢q(W<s)>)]
2 F[ /O G(s,s)qbq(W(s))ds+A3[A(¢q(W(s)))+B(¢q(W(s)))ﬂ
> D|Tul|.

Therefore, we get TK C K

By conventional arguments and Ascoli-Arzela theorem, one can prove T : K —
K is completely continuous, so we omit it here. d

Our approach is based on the following Guo-Krasnoselskii fixed point theorem
of cone expansion-compression type [10].

Theorem 2.14. Let E be a Banach space and K € E a cone in E. Assume )y and
Q)5 are open subsets of E with0 € 3 and Q; C Qq. Let T : K ((22\Q1) — K be a
completely continuous operator. In addition suppose either

A || Tu|| < ||u||, Vu € KNIy and ||[Tu|| > ||ul|, Yu € K N OQs or

B) |[Tul] > ||u||, Yu € KN O and | Tu| < |jul], Vu € K NNy

holds. Then T has a fixed point in K N (Q2\y).

3. MAIN RESULTS

We define O = {u € K : |ju|]| <}, 0Q = {u € K : ||u|]| =}, where [ > 0.
IfuedQ, forte[f,1—0], wehave Tl <u <.
For convenience, we introduce the following notations. Let

i = inf{i;%)) ‘u € [I‘l,l]}, fl= SUP{;ZSELZ)) ‘u € [O,l]},
fo = liinjgfm, (0:=0% or + c0),
no=,min os),
% _ (ﬁ)qa(%)(wn(w) {(/01 (s, S)ds) ¢q(/01 g(’r)dT) + AsA+ Agé},
7= ) S oo, [ T glryir) + AaA+ 2.8

We always assume that (H1) hold in the following theorems.

Theorem 3.1. Suppose that there exist constants r, R > 0 withr < 'R forr < R,
such that the following two conditions

HY) [T < ¢p(w).
and

(H5) fr > ¢p(M).
hold. Then the problem (1.1) has at least one positive solution u € K such that

0<r<]|lul| <R.

proof. Case 1. We shall prove that the result holds when (H1) is satisfied.
Without loss of generality, we suppose that » < I'R for r < R.
By (H4), Proposition 2.10, (2.8) and (2.9), for u € €),., we have
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S a ) GE 9)de( [ g()dr)ds  p— ST asp(6)

B~
-
=)
=
N—
IA
3
NJ

A S0 [y G s)og( [y g(r)dr)ds  — S0 bip(&) |
- ()G o
and
()" D" e | vz S Ra [l GG $)0g(f) alr)dr)ds
B W < =1 T T 7, 1 g
(6g(W) < - i T bﬁ' G ﬁﬂﬂmms
_ (ﬁ)qfl(i)(ﬂfl)(qfl)wré' (3.2)

Therefore, by (H4), Lemma 2.9, (2.13), (3.1) and (3.2), for ¢ € [0,1] and u € .., we
have

)0 = [ 96,6 + AV (5)00) + Bon (W ()0
< (F(la))ql(él)(al)(ql)wr(/ol G(s,s)ds)¢q(/01 Q(T)dT)

) DT DA+ ()" () Bty
(f%vwdeymﬂWAMwKﬂ;G@ﬁﬂ%¢4[:Mﬂm)+&ﬂ#Aﬂ§
= r=]|ul.

This implies that ||Tu|| < ||u|| for u € Q,..
on the other hand, by (H5), (2.13), Proposition 2.11, (2.8) and (2.9), for u € Qg,

we have
=1 g2(s-1)(¢—1) m—
Alg,(W)) > (riy)” 00T DMER fell : fgi Z g(rydr)ds p— 370 aip(&)
q = m 2 }
A Z = b fe fe (r)dr)ds =227 bip(&)
= (—F? ))"‘192@—1)(‘1—1)1\432, (3.3)
o
and
_n q-1 2(c—-1)(g—1) m— 9 0
B((bq(W)) > <F ‘7)) 0 ! MR _21212;l¢(§l) f@l f@i 0 T dS
- A p— 3 bih(&i) i fy ¢q(fy ~ 9(T)dT)ds
= (%)q*192<0*1><Q*1>MR1§. (3.4)
o

Therefore, by (H5), Lemma 2.9, (2.13), (3.3) and (3.4), for ¢t € [0,1] and u € Qg, we
have

= [ Gl W) + AW + Bo W)
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(F(o')
= R=|lul.

This implies that ||Tu|| > [|u|| for u € Q.

Therefore, by Theorem 2.14, it follows that T has a fixed-point u in KN (Qg\ ).
This means that the problem (1.1) has at least one positive solution v € K such
that 0 < r < [|lu|]| < R.

Case 2. When (H1%*) holds, by applying the linear approaching method on the
domain of discontinuous points of f we can establish sequence { f; jo1 satisfying
the following two conditions

() f; € C[0,00) and 0 < f; < fj41 on [0,00),
and

(ii) im; o fj = f, j =1,2,..., is pointwisely convergent on [0, c0).

By virtue of proof of Case 1, we know that when f = f;, the problem (1.1) has a
positive solution u;(t) where

wi(t) = /Gt,s¢q /Hm )1y () dr ) s

+w z 1 az fo 517 ¢q fo SvT)g(T)fj(uj(T))dT)dS pP— Z?%_122 az@(gv)
A “bi fy G(€9)d fo (5, 1)g(r) (s (M)dryds = Y77 bip(&:)
e —zzz%mfo Y as fOG z,s)cbq(f(iH(s,T)g(T)fj(uj(T))dT)ds
A =S bE) S b fy Gl 9)boly H(s.m)g(r)f(uy (7)) dr)ds

= /01 G(t, s)¢dq ( /01 H(s, T)g(T)fj(’u,j(T))dT) ds +Y(t)A; + o(t)Bj,

forall t € [0,1] and r < [|u;|| < R, r, R are independent of j.

By uniform continuity of G(¢, s) on [0, 1] x [0,1],¢(t) and ¥(¢) on [0, 1], for any
¢ > 0 (small enough), there exists 6 > 0 such that for ¢1,t2 € [0,1] and [t —t2] <,
one has |G(t1,$) — G(te, )| < €, |p(t1) — o(t2)| < € and |¢(t1) — ¥ (t2)] < €. Thus,
for t1,ts € [0,1] and [t; — £2]| < §, one has

Juj (t1) =y (t2)] /|G tys) = Gtz 8)] - oy /HST (7)f (i (7))dr ) ds

T4, (t) — P(t)] + Bjle(t) — ¢(ta)|
1

So we get that {u;}72, are equicontinuous on [0,1]. Thus, by the Arzela-Asoli
theorem, we know that there exists a convergent subsequence of {u;}?2,. For
convenience, we denote this convergent subsequence with {u; };’;1 Without loss
of generality, we suppose lim;_,o, u;(t) = u(t), Vt € [0,1], and r < |Ju|| < R. By
the Fatou’s Lemma and Lebesgue dominated convergence theorem, we have

lim w;(¢)

]—>OO

/Gts</>q /HST ) Jim ;(u(r ))dT)ds

1-6
N_yat geo-1)(a- 1>MR[AP1 (1 9)¢(9)¢q(/9 g(T)dr)+A2Z+AgJ§

a—1,1(c=1)(g—1) 1
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OIS e fq GRS fq 5.7)g(r) i oo f;(uy (7)) s p - 2"1;%@(@) ’
A b fo (& s ‘bq fo (5,7)g(T) limj oo fj(us(7))dr)ds = 33027 bip(&i)
a0 —z;’;ghsaiw@) gy J"Ol ), f(i H (s, 7)g(r) nj o f5(uy(7) 7 )ds ‘
Al p- 227;_12 bith (&) m 2b fo $)Pq fo H(s,7)g(7)lim;_ oo f;(u;(7))d7)ds

ie.

1
U(t)Z/O G(t,5)pq(W (5))ds + A(pq(W(s)))9 () + B(og(W(s)))e(t), (3.5

where W (s fo 7)f(u(T))dr. On the other hand, by the conditions (i)
and (ii), we have

< /OIG(ts /HST ))dT)ds

RAGIDY z iy 2a; fq (&, )0 fol (s, 7)g(7) f(u(r))dr)ds p— S0 aip(&:)
A i [y G(&i 9)og fo )g(7) f(uj(T))dr)ds — — S0 % bip(&:)
Le®) —Z&Qaiw(&) PO azfol G(&i,8)bq(fy H(s,r < )f(u;(7))dr)ds
A | p=S20p(&) SR [y G&s)og(fy H (7) £ (u;(7))dr)ds

By the lower semi-continuity of f, taking limits in above inequality as j — oo, we
have

/Gtwq/Hm ))dr)d

+w ai Jy G (& 5)0a(fy H(s,7)g(r) f(u(r))dr)ds p— 57 Qam@)’
A b fo flﬂ (z)q fo S,T (T) (U( )) ) 72212 190(52)

L) —Zfilzaiw(&) Yira f G(&,8)¢ q(f H(s,7)g(7) f(u(r))dr)ds
A | p=3 P bap(&) Y fo G(&,9)0g(fy H(s,7)g(7) f(u(r))dr)ds |’

ie

/ Gt,)0a(W (5))ds + A8, (W (:))0(0) + By (W (s)elt). .0

where W (s fo 7) f(u(r))dr.
By (3. 5) and (3. 6) we have

/ Gt )64, (W (5))ds + A0y (W (5)))6(0) + B(6, (W ()0,

where W (s fo 7)f(u(r))dr.
Therefore u(t) is a posmve solution of the problem (1.1). This completes the
proof of Theorem 3.1. O

Similarly, we can obtain the following conclusion.

Theorem 3.2. Suppose that there exist constants r, R > 0 withr < I'R forr < R,
such that the following two conditions
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(H4*) 7 < ¢p(w),
and

(H5%) fr > ¢p(M).
hold. Then the problem (1.1) has at least one positive solution u € K such that

0<r<|lul <R

Theorem 3.3. Assume that one of the following two conditions

(H6) f° < ¢,(w), foo = dp(AL),
and
(H7) fo > ¢p(3D), [ < ¢p(w)

is satisfied. Then the problem (1.1) has at least one positive solution.

proof. We need to do is to prove that the results of Theorem 3.3 hold when
f is nonnegative and continuous on [0,00). And by the similar proof process of
Theorem 3.1 we can prove the results of Theorem 3.3 when f is nonnegative and
lower semi-continuous on [0, 00).

We show that (H6) implies (H4) and (H5). Suppose that (H6) holds, then there
exist r and R with 0 < » < I'R, such that

f(w)

¢p<u) §¢p(w)v O<u<r
and

f) ML

S 2 Ool) uzTR.

Hence, we obtain

f(u) < ¢p(w)dp(u) < gp(w)gp(r) = dp(rw), 0<u<r

and

F(u) 2 By(3)6p(w) = 91 )6,(TR) = 6,(MR), w=>TR

Thus, (H4) and (H5) holds.
Therefore, by Theorem 3.1, the problem (1.1) has at least one positive solution.
Now suppose that (H7) holds, then there exist 0 < r < R with Mr < wR such
that

fu) M
o (W) > ¢p(?), O<u<r. (8.7
and
(Zp(g;)) < ¢p(w), u>R. (3.8)

By (3.7), it follows that

M M
Fw) 2 ¢p()0p(u) 2 dp()0p(Ir) = ¢p(Mr), Ir<u<r.
So, the condition (H5) holds for r.
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For (3.8), we consider two cases.

() If f(u) is bounded, there exists a constant D > 0 such that f(u) < D, for
0 < u < c0. By (3.8), there exists a constant A > R with Mr < wR < )\w satisfying
op(A) > max{qﬁp(R),%} such that f(u) < D < ¢p(Mw) for 0 < u < A. This
means that the condition (H4) holds for \.

(i) If f(u) is unbounded, there exist A\; > R with Mr < wR < A\jw such that
f(u) < f(A1) for 0 < u < Aq. This yields f(u) < f(M) < ¢p(Mw) for 0 < u < Ay,
Thus, condition (H4) holds for ;.

Therefore, by Theorem 3.1, the problem (1.1) has at least one positive solution.
Theorem 3.3 is proved. i

Remark 3.4. It is obvious that Theorem 3.3 holds if f satisfies conditions f° = 0,
foo = +0 or fo = +o0, f*° =0.

In this section, we give some conclusions about the existence of multiple posi-
tive solutions. We always suppose that (H1*), (H2) and (H3) hold in the following
theorems.

Theorem 3.5. Assume that one of the following two conditions
HS) [T < (bp(w)’

and

(HQ) f() 2¢p(%)7 foo Z(bp(%)
are satisfied. Then the problem (1.1) has at least two positive solutions such that

0 < [|lua]] <7 < ||uzll.

proof. By the proof of Theorem 3.3, we can take 0 < r; < r < I'ry such that
f(u) > ¢p(riM) for T'ry < uw <1 and f(u) > ¢p(roM) for I'ry < u < ry. Therefore,
by Theorems 3.2 and 3.3, it follows that problem (1.1) has at least two positive
solutions such that 0 < [Ju1|| < 7 < ||uz||. W

Theorem 3.6. Assume that one of the following two conditions

(H10) fr > ¢p(M),
and

(H11) f° < ¢p(w), [ < gp(w),

are satisfied. Then the problem (1.1) has at least two positive solutions such that

0 < ||lwm]] < R < |Juz|.

Theorem 3.7. Assume (H6) (or (H7)) holds, and there exist constants 1,72 > 0 with
riM < row (orry < I'rg) such that (H8) holds for r = ro (or r = r1) and (H10) holds
for R = rq (or R = r3). Then the problem (1.1) has at least three positive solutions
such that

0 < |lwm]] < r < ||usl] < re < |lus||

The proofs of Theorems 3.6 and 3.7 are similar to that of Theorem 3.5, so we
omit it here.

Theorem 3.8. Letn = 2k + 1, k € N. Assume (H6) (or (H7)) holds. If there exist
constantsry,Ta,...,rp—1 > 0 withry; < I'rgjyq, forl <i < k—landryi_1M < rojw
Jorl <@ < k(orwithrg;—1 < Try;, forl <t < kandroM < rojpiwforl <i<k—1)
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such that (H10) (or (H8)) holds forro; 1, 1 < i < k and (H8) (or (H10)) holds for rs;,
1 < i < k. Then the problem (1.1) has at least n positive solutions u1, ..., u, such
that

0 <lurl] < m <ugl| <re <+ <||up—1|| < rn-1 < ||uall|

4. APPLICATION

Example 4.1. Consider the following singular boundary value problems with a
p-Laplacian operator

D (dp(w (1)) — 7% f(u(t) =0, t€(0,1),
Bplu(0)) = 0, (u"(1)) =0, )
/ 1,01 :
u(0) — ' (0) = zu(y),
u(l) + /(1) = gul3),
where p = %
e, 0 <wu <10,
flu) =< (n+ e ™, n<u<n+1l, n=1011,...,20,
e\/a, u > 21.

We note that

1
a:b:c=d=1, p:?)v q:3a m:37 51257 J:gv
1 9 1
a1:b1:§, fo=+00, foo =400, A:—§7 gt) =t"=.
Let § = %, then
2 1
A==, A=1 A3=2 T ==
1 37 2 ) 3 ) 27
91 7297
w=—", =,
131 944(3 — 2v/2)n?2

where 7 = miny <2 0(s).

By calculating, we can let y = 2‘2/\5/%1. So. foo > ¢p(4E) and fo > ¢,(4). We

choose r = 10, then

7 = sup { f% ’u c [o,r]} = 0.316227 < 0.464462 = ¢, (w).

Thus, (H8) and (H9) hold. Obviously, (H1%*), (H2) and (H3) hold. By Theorem
3.5, the problem (4.1) has at least two positive solutions uj,us € K such that
0 < [lu]] < 4 < ||uzall.
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