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ABSTRACT. By using the way of weight functions and the technique of real analysis, a half-
discrete reverse Mulholland’s Inequality with a best constant factor is given. The extension
with multi-parameters and the equivalent forms are also considered.
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1. INTRODUCTION
Assumlng thatp > 1 + o 1 f(> 0) € Lp(0,00),g(Z 0) € Lq(0,00),Hpr

= {J;° fr(z dx}P > 0, | g||q 0, we have the following Hardy-Hilbert’s integral
inequality (cf. [3]):

<[ f@)g(y) m
/O/ oty P < g VW lelglla: (1.1)

where the constant factor qm( 75y is the best possible. Ifam, by, >0,a={an}>_, €

b= {b,}52, €1 |all, = >0, m} > 0,]|b]|¢ > 0, then we still have the

following discrete Hardy-Hilbert’s inequality with the same best constant factor
s

sin(n/p) -

Sy e < sty et (1.2)

m=1n=1
Inequalities (1.1) and (1.2) are important in analysis and its applications (cf. [10],
[13], [18]). Also we have the following Mulholland’s inequality with the same best

constant factor sm(7r 0 (cf. [3], [15]):
am. n 1 1
ZZhrlmn sin(Z {Zmzz m} {an bq} . (1.3)
m=2n=2 p
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In 1998, by introducing an independent parameter A € (0,1], Yang [11] gave an
extension of (1.1) (for p = ¢ = 2). Refinement the results of [1 1], Yang [14] gave some
best extensions of (1.1) and (1.2) as follows: If A, A1, Aa € R, A\ + A2 = A\ kx(z,y) is
a non-negative homogeneous function of degree —\, k(A1) fo Ea(t, 1)t)‘1 Ldt €
Ry, ¢( ) = I”“ ML () = 290 f(>0) € Lyg(0,00) = {fll|fllpe =
{fi e z)|Pdr}r < oo}, g(> 0) € Lq,w(O ), [|£1lp.¢» [l9llg. > 0, then we have

/0 / (2, ) F(@)g(y)dzdy < kOW||1lp.0

where the constant factor k(A1) is the best possible. Moreover if ky(x,y) is also
finite and ky(x,y)z™ (k) (z,y)y*?~1) is decreasing for z > O(y > 0), then for
1
by > 0, a = fam}_y € by = {alllallpe = {352, 6(n)]an|}? < oo} b =
{bn}n1 € Ly [lallp.gs [[bllg, > 0, we have
o0 o0

S 3 kalm manby < k()lallyg

m=1n=1

|g||q,w7 (1.4)

[bllg.» (1.5)

where the constant factor k(1) is the best possible. For A = 1, ki (z,y) = ﬁy,
A = é, Ay = %, (1.4) reduces to (1.1), and (1.5) reduces to (1.2). Some other results
including the reverse Hilbert-type inequalities are provided by [19]-[9].

On half-discrete Hilbert-type inequalities with the non-homogeneous kernels,
Hardy et al. provided a few results in Theorem 351 of [3]. But they did not prove
that the the constant factors in the inequalities are the best possible. And Yang [12]
gave a result by introducing an interval variable and proved that the constant factor
is the best possible. Recently, Yang [17] gave a half-discrete Hilbert’s inequality
and [16] gave the following half-discrete reverse Hilbert-type inequality with the
best constant factor 4:

/000 f(x)imin{x,n}andx > 4 {/000(1 _ gl(x))x?lfp(x)dx}

1
P

{Zn z " aq}q (01(x) € (0,1)). (1.6)

In this paper, by using the way of weight functions and the technique of real
analysis, a half-discrete reverse Mulholland’s inequality with a best constant factor
is given as follows:

~ & a, 1 0) g,
/1 ﬂx);lnmndw>ﬂ{/1 (Inz)? -7 / (z)da:}
x {i (”q_l_qag}q (0:(2) € (0,1)). 1.7

— (Inn)*~2

=

A best extension of (1.7) with multi-parameters, some equivalent forms are consid-
ered.

2. SOME LEMMAS
Lemma 2.1. If A\, A1 > 0,0 < Ay < 1, + Ay = A, setting weight functions w(n)

and w(z) as follows:

wn) : = (lnn)* /1C>O I(lnilxn))\(lnx))‘l_ldw,n e N\{1}, 2.1)
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o0

w(x) (Inz)™ Z i 1n:17n (Inn)*2~1 2 € (1, 00), (2.2)
then we have
B(A1,A2)(1 — 0x(2)) < w(z) < w(n) = B(A1, A2), (2.3)
where 0, (z) := MA”IMIé;ldtew])wﬁHﬂx%:OQH%gﬂxeﬁhm».
Proof. Setting t = %E—i in (2.1), by calculation, we have

R S Ve
= —— " dt = B(Aq, Aa).
w(n) /0 L (A15A2)

Since for fixed z > 1,

1 1
h(z,y) :=

y(Inzy)> y(Inz +Iny)*(Iny)t -2

is strictly decreasing for y € (1, 00), then we find

*° 1
w(z) < (Inz ’\1/ ——(Iny)**tdy
(@) < )™ [ sy

t=(Iny)/(nx) /°° tra—1
0

(Iny)~" =

———dt = B(A2, A1) = B(Aq, A2),

(1 +1)A
oo Az—1 oo Aa—1
M (Iny) _ t
w(z) > (Inz) /e oIy dy /11 (1+1§)>\dt

= B(A,A2)(1—0x\(x)) >0,

1 mE el
0 0 == —dt
< @ =550 / FEDR
1 W 1 1
_ theLla =
< BOw) / %B0w, ) (nz)e
and then (2.3) is valid. The lemma is proved. O

Lemma 2.2. Let the assumptions of Lemuna 2.1 be fulfilled and additionally, 0 <
p < 1,% + % = 1,a, > 0,n € N\{1}, f(z) is a non-negative measurable function in
(1, 00). Then we have the following inequalities (Note: in this paper, if a,, = 0, then
we think al =0 (¢ < 0)):

J . = {i (lnnZ’\rl Uloo (h{g,b))xdxr};

n=2

{/locw(x)xpl(lnx) A=2)=1 #p (1)g } 2.4)

. L ' x %
b {/ (@) L;anmw] d}

> {B(x\l,)\g)anl(lnn)q(l)‘z)la‘fl} . (2.5)
n=2

Q=

> [B(A1,A2)]

Q=
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Proof. (i) By the reverse Holder’s inequality with weight (cf. [7]) and (2.3), it follows
/°° f(@)da 17 /°° 1 (Inz)(1=A1)/a a:l/qf( )
v (man)A | Ly (nan)* [ (Inn)(A=A2)/p pl/p v

(1=X2)/p pl/p P
" [(lnn) n }dm}

(]n aj)(l_)\l)/q gjl/(l

0o 1 xp—l(lnx)(l—)\l)(p—l)
> / P(x)dx
~— Ji (Inzn)? n(lnn)l—>2

* 1 i l(lnp)t-A)-D p=l
X dx
{/1 (Inxn)> z(lnz)l—* }

Inn)a(1=22)—1 P71 oo o p—1(1p ) (1=A)(p—1)
{w(n)( )nl*q } / (nz) fP(z)dx
1

n(lnzn)*(Inn)l->2
[B(A1,A2)]P!n /OO 2P~ (In z)(1-A) (1)
(Inn)pr>=1 [ n(nzn)*(Inn)l—*

Then by Lebesgue term by term integration theorem (cf. [6]), we have

fP(z)de.

1

B 2P~ (In z) -2 @e-1) v
[B(A1, A2) 4{2/ (i zn)™ 1nn)1 /P (@)de

& 2P (Ing) A1) »
[B(A1, A2)]e {/1 Z (o) f”(m)dm}

n(lnzn)? (Inn)l->2

J

Y

=BG { | w(m)x“(lnxw(“ﬂ1fp<x>dx}’l“ ,

and (2.4) follows. Still by the reverse Holder’s inequality with weight (¢ < 0), we
have .
i an, B i 1 (Inz)(t=r)/a g1/
“—~ (lnzn)? N = (Inzn)* | (Inn)(=A2)/p pl/p
(lnn)(l_AQ)/p nl/p 4
X an
|:(]n;y)(1—>\1)/q xl/a :| }
< i 1 2P l(Ing)—A)@-1D -
~ | &=, (nzn) n(lnn)l—A2

e} —1 1-X —1
y Z 1 nd (lnn)( 2)(q )aq
Inzn z(lnz)l-M "

alw(@)]! o~ (o)t —1)(1=A
~ (lnx)m-t z(lnzn)? nt~ (I m) O ay
n=2

Then by Lebesgue term by term integration theorem, we have

2 {/ lnlixn S nq_l(lnn)(q_l)(l_’\”a;ﬂdw}

— {i [(lnn)’\Z /100 7&1%)/\1_: dac] nq_l(ln 71)‘1(1_)‘2)_1(121}é

Q=

o z(lnxn)
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and then in view of (2.3), inequality (2.5) follows. O

3. MAIN RESULTS

In the following, for 0 < p < 1,q < 0, we still use the normal expressions of
||fllp.e and |al|qw. Setting ®(z) = (1 — Ox(2))2P " (In2)P- )"z € (1,00)),
U(n) :=na"(Inn)11=*2)~1(n € N\{1}), we have

(Inz)at—1 [\I'(n)]lfp _ (Inn)Pr2—1

[ ()77 = 21— O (2))e 1 -

and

Theorem 3.1. [f0 < p < 1, %—F% =1L,AM>0,0< <L, A+ =) f(z),a, >0,
f€Lya(l,00),a={an}2y € lyw, ||fllpe > 0 and ||a||s,w > 0, then we have the
Jollowing equivalent inequalities:

_Zan/ 1na:n

= /1 f(x);mdl’ > B<)‘1’)‘2)Hf||p,q> |a‘|q,\p, 3.1)
> pAz—1 o oY &

J{Z(IHHL [/1 (h{;n)) dx} } > B(A, )| fllpe, (8.2
n=2

Q=

L * (Ing)?—1! > an ! " a
L:= {/1 z(1l — 0y(x))r! L; (lnwn)/\] d } > B(A1, A2)llallqw,  (8.3)

where the constant factor B(A1, A\2) in the above inequalities is the best possible.

Proof. By Lebesgue term by term integration theorem, there are two expressions
for I in (3.1). In view of (2.4), for w(z) > B(A1,A2)(1 — 6x(x)), we have (3.2). By
the reverse Holder’s inequality, we have

1= (050 [ | e 2 il G

n=2

Then by (3.2), we have (3.1). On the other-hand, assuming that (3.1) is valid,
setting

Inxn

oo 1 p—1
an = [T(n)]'P [/1 ( )/\f( x)d ] ,n € N\{1},
then JP—1 = [lallq,w. By (2.4), we find J > 0. If J = oo, then (3.2) is naturally valid;
if J < o0, then by (3.1), we have
lall2 g = JP =1> B\, \)||fllpellallqw,
= J > B, A fllp,e

and we have (3.2), which is equivalent to (3.1).
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In view of (2.5), for [ (z)]* 7% > [B(A1, A2)(1 — ()] ~%, we have (3.3). By the
reverse Holder’s inequality, we find

1= [ @) [m(x); ]

Then by (3.3), we have (3.1). On the other-hand, assuming that (3.1) is valid,
setting

1
)Aa"] dz > || fllp.eL- (3.5)

> 1

f(z) = [@(x)] ¢ [Z (lnxn))‘an] ,x € (1,00),
n=2

then L9~! = || f||p,¢. By (2.5), we find L > 0. If L = oo, then (3.3) is naturally valid;
if L < oo, then by (3.1), we have

la

Ifllpe = L9=1> B\, N)|fllpellallqw,
IfIPS = L > B\, M)llallgw,

and we have (3.3) which is equivalent to (3.1). Hence inequalities (3.1), (3.2) and
(3.3) are equivalent.

For 0 < & < pAy, setting f(z) = 0,z € (1,e); f(z) = %(lnx)M*%*l,x €
[e,00), and @, = %(lnn))‘ri_l,n € N\{1}, if there exists a positive number
k(> B(A1,A2)), such that (3.1) is valid as we replace B(A1, A2) by k, then in par-
ticular, it follows

oo o0 1 o~ . _
T =3 [ i dwhde > b el

- k {/:0(1 - O((lniw ))gc(hﬂdf)s+1 };

1

1 =1 :
x {2(111 2)etl - = n(lnn)s“‘l}

1
> g =00 (g + [ y(ln;ﬁldy}q
_ ’;(1—50(1))3»{ Tt m }; 5.6
I = i(lnn)kéll/w1(1nx))‘1;1dx
—~ nJ, z(lnzn)?
t=(Inz)/(Inn) ;2 nani)gﬂ /;‘I’M (tjl)ktxlfgfldt
< /Ooo ﬁﬁr%fldt [2(1n;)5+1 +§:3 n(lmlz)'f“]
< B0n -S04 D) e+ [ ymye)

1 € € € 1
= Bhmpty) {2(1112)5‘*‘1 * (mz)e} ' 6.7
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Hence by (3.6) and (3.7), it follows

€ € 5 1
Ba=phaty) [2<1n2>6+1 * <1n2>f}

> k(1 —eO(1))¥ {2(1n2)6+1 n (ln12)5 } , (3.8)

and B(A1, \2) > k(e — 07). Hence k = B(A1, \2) is the best value of (3.1).

We conform that the constant factor B(A1, A2) in (3.2) ((3.3)) is the best possible.
Otherwise we can come to a contradiction by (3.4) ((3.5)) that the constant factor
in (3.1) is not the best possible. O

Remark 3.1. For A =1,\] = Ay = % in (3.1), (3.2) and (3.3), we have (1.7) and the
following equivalent inequalities:

LRl FC T R LETCFC L

n Inzn (Inz)'—3
1
q 0o q q oo q
*  (Inz)2~! an, ni—1 e
d E ——ad . 3.10
/1 z(1—01(2))17! | Inan oo o (Inn)'—32 n (3.10)
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