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ABSTRACT. In this article, we studied the best coapproximation in probabilistic 2-normed
spaces. We defined the best coapproximation on these spaces and generalized some defi-
nitions such as set of best coapproximation, P,-coproximinal set and P,-coapproximately
compact and orthogonality relative to any set and proved some theorems about them.
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1. INTRODUCTION

In [5], K. Menger introduced the notion of probabilistic metric spaces. The idea
of K. Menger was to use distribution function in stead of non negative real num-
bers as values of the metric. The concept of probabilistic normed spaces (briefly,
PN-spaces) was introduced by A. N. Sertnev in 1963, [6].

In [7],[4] the authors have introduced the concept of p-best approximation in prob-
abilistic normed and 2-normed spaces. The main aim of this paper is to investigate
another kind of best approximation that called best coapproximation in probabilis-
tic 2-normed spaces. In the sequel after an introduction to probabilistic 2-normed
spaces, we define the concept of best coapproximation in probabilistic 2-normed
space and generalized some definitions such as set of best coapproximation, co-
proximinal set and coapproximatively compact set.

Chang et al. [1] defined some notions as follows:

A distance distribution function (briefly, d.d.f.), is a function F' defined from
extended interval [0, +00] into the unit interval I = [0, 1], that, is non decreasing
and left continuous on (0, +00) such that F(0) = 0 and F(4+o0) = 1. The family of
all d.d. f>s will be denoted by A™ and we denote

Dt ={F € A" | limi_oo F(t) = 1}.
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By setting F' < G when ever F(t) < G(t), forallt € R™, one introduces a natural
ordering in D". If a € RT then H will be an element of D, defined by H (t) = 0 if
t <0and H(t) =1ift > 0. Itis obvious that H > F ift > 0 forall F € D™
At-norm T is a two place function T" : I x I — I which is associative, commutative,
non decreasing in each place and such that T'(a,1) = a, for all a € [0, 1].

Let T be a t-norm and 7™ is the function given by

T*(.’E,y):].—T(l—l',]_—y)

for all z,y € I. Then T™ is the t-conorm of T.

A triangle function is a mapping 7 : AT x AT — A" which is associative, com-
mutative, non decreasing and for which H is the identity, that is, 7(H, F') = F, for
every F € DT,

Definition 1.1. Let V be a linear space of dimension greater than 1 over filed R of
real numbers, T a triangle function, and let F be a mapping from V x V into D
satisfying the following conditions:

a) F,, = H if and only if x and y are linearly dependent vectors.

b) F,, # H if and only if z and y are linearly independent vectors.

c) Fpy=F,  forallz,yecV.

d) Fopy = Fﬁ,y(ﬁ) foreveryt >0, a#0,a € Rand z,y € V.

e) Foiy,>71(F, ., Fy,)forallz,y,zeV.

Then ¥ is called a probabilistic 2-norm on V and (V, J, 7)is called a probabilistic
2-normed space(briefly P2N- Space), and J is a strong probabilistic 2-norm if b € V'
and t > 0, x — Fj (¢) is a continuous map on V.

If the triangle inequality (e)is formulated under a t-norm T:

(O Friyo(t1 +t2) > T(Fy .(t1), Fy 2 (t2)), for all x,y,z € V, t1,t3 € RT,

then the triple (V,F,T) is called a Menger probabilistic 2-normed space.

If T is a left continuous t-norm and 77 is the associated triangle function, then the
inequalities (e)and(f)are equivalent.

Remark 1.2. It is easy to check that every 2-normed space (V,||.,.||) can be made
a probabilistic 2-normed space, in a natural way, by setting F, , = H(t — ||z, /).
forevery z,y € V,t € RT and T' = Min.

Definition 1.3. Let G € AT be different from H, let (V, ||.,.||) be a 2-normed space.
Define be a mapping from ¥ : V x V — At | by F, , = H, if z and y are linearly

dependent and
t
Foy(t) == G(m

when z and y are linearly independent. The pair (V,J) is called the simple space
generated by (V,|.,.]|) and G.

) (t>0)

Let (V}].,.]|) be a 2-normed space. Define for each b € V, 7(F,G)(x) =
F(x).G(z) for every F,G € A" and Fﬂ"g'“(t) = m
is a P — 2 norm which is called the standard P — 2 norm induced by |, .||
L. Golet in [3] proved that if (V,JF, 7) is a probabilistic 2-normed space and A is the
family of all finite and non-empty subsets of the linear space V. For every A € A,
e >0and X € (0,1),(V,F,7) is a Hausdorff topological space in the topology T
induced by the family of (¢, \)-neighborhoods of x( vector:

Voo = {Nay (e, A):e>0, A€ (0,1) ,Ae A}

for every € V, then Fll-|

Where
Nyo(e,\A)={x €V :Fyy_pa(e) >1—X,a€ A}
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Under a continuous triangle function 7 such that 7 > 7

., where T,,(a,b) =
max{a + b —1,0}.

2. P,-BEST COAPPROXIMATION IN PROBABILISTIC 2-NORMED SPACE

Definition 2.1. Let A be a nonempty subset of a P2N-space (V,F). For ¢t > 0 and
b € V, an element ag € A is called a P,-best coapproximation to z € V from A if
for every a € A,
Fao—a,b(t) > Fz—a,b(t)-
The set of all such elements a( that called a P,-best coapproximation to z € V,
is denoted by R’, ,(z), i.e.,

RYyy(x) ={ao € A: Foy_ap(t) > Foqp(t) foralla € A, t > 0}.
Putting
Ay={x eV :F,(t)>F, ,,(t)forallac A, t >0} = (R )" ({0}),
it is clear ap € RY; ,(v) if and only if z — ag € Ay,

Definition 2.2. Let (V,J) be a P2N-space. For t > 0 and b € V, the nonempty
subset A C V is called P,-coproximinal set if Rf47b(:c) is non-void for every x € V
and A is called P,-coChebyshev set if for every z € V the set RY ,(z) contains
exactly one element. 7

Remark 2.3. Let A be a nonempty subset of a P2N-space (V,¥), and {z,} be a
sequence of V.

()Then the sequence {z, } is said to be P,-convergent to 2 € V and denoted by
T EiCN x, if im,_ o0 Fy, —p(t) =1, forallz € V and t > 0.

(i)The set A is closed if and only if, whenever {a,} is a sequence of points in A
converging to x € V, then z is also in A.

Theorem 2.4. Let A be a nonempty subset of a P2N-space (V,F). Then fort > 0:
© Ry, »(x+y) = RY ,(v) +y, foreveryz,y € V.
(i) Rlaaxb(ax) = aR'y ,(z), for every x € V and any scaler a € R\{0}.
(iii) A is P,-coproxminal (respectively P,-coChebyshev) if and only if A + y is P,-
coproxminal (respectively P,-coChebyshev) for everyy € V.

Proof. (i) For any 2,y € V, t > 0 and b € V, let a9 € RYy,, ,(x +y) if and
only if, Foy_(a4y)6(t) > Foty—(aty)(t) for all (a +y) € A+ y if and only if,
Flag—y)—ap(t) > Frap(t) for all a € A if and only if, (a9 —y) € Ry ,(z) ie.,
ag € Ry () +y.

(i) Let ag € RLO‘Xb(ozx), foranyz € V, ¢ > 0 and o € R\{0} ifand only, Fj;—qa,5(]
a|t) > Foz—aap(| | t) foralla € Aifand only, Fi, _,,(t) > Fr_ap(t) if and
only, Zag € R!y ,(x) if and only, a9 € R, ,(x). Therefore, RLﬂt’b(ax) = aRy ().

(iii) Is an immediate consequence of (i). O

Theorem 2.5. Let (V,F, 1) be a Menger P2N-space and A be a convex subset of V.
Thenfort > 0,b €V andz € V, Ry ,(2) is a convex subset of A (for Ry ,(x) # ).

Proof. Let ai,az € Ry ,(2),t>0,b€Vandz € V, then
Fooyp(t) > Fp_qp(t) and Fy_g, p(t) > Fy_qp(t) for all a € A.
For A € (0,1):

Faf()\alJr(lf)\)az),b(t) = FAa—Aa1+a—Aa—a2+)\az,b(t)
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= F\(a—a1)+(1-2)(a—az)b(t)

A (1— M)t
_ F _ N 7
)\ )7 a llQ,b( (1 _ A) ))

> T(Far—a,b(t)a Fx—a(t)) = Fx—a,b(t)a

Z T(Fa—al,b(

so for each A € (0,1), we have

Faf()\a1+(17)\)a2),b(t) > Fw*a,b(t)7
then Aa; + (1 — A)ag € RY ;(2).
Hence R, ,() is a convex. O

Theorem 2.6. Let (V,JF,7) be a Menger P2N-space and A be a subset of V and
beV. Ifag € RYy (x) and (1 — Nz + Xag € A, for x € V and every scaler \ # 0,
then (1 — Az + Aag € RYy (2).

Proof. Letag € RYy ().t >0,be Vandz € V, then F,_q, 4(t) > Fy_,(t) for alla €
A. '
Then for, for A # 0:

Fo =2 at2ra0],0(t) =Fa—(1-2)a—ra+ra—rao,b(t)
= F1—x)a—(1—N)a+A(a—ao) b (1)
= Fu-x)(a—z)+A(a—ao).b(t)
((a_i))t)vFa—ao,b():\t))
> 7(Faeap(t), Foeap(t)) = Fo—ap(t),
forall a € A, thus (1 — \)z + Aag € RYy ,(z). O

> T(Fa—m,b(

Example 2.7. Let V = R?. Define 7 : R2 x R? — Dt as

—1
Flar2),(51,92) (1) = (exp(l1yz — 2211 /1))
Then (V,J,7) is a Menger P2N-space where 7(F(t),G(t)) = F(t).G(t) for every
Fand Gin DF. Let A = {(z1,22) € R? | -1 <2, <1, 0 < 29 < |24/} and
z =(0,3),b = (0,2). Then for every t >0, (1,1),(~1,1) € Ry ;(0,3).
Theorem 2.8. Fort > 0 andb € V, let A be a P,-coproximinal subspace of a P2N-
space (V,F). Then
(1) if A, is a compact set then Rf&b(x) is compact, for every xz € V.
(2) if 4, is a close set then Rfé‘yb(x) is close, for every x € V.

Proof. (1) Suppose z € V and {a,,} is a sequence in R, (). Since = —a,, € Ay and
fib is a compact set, there is a subsequence {x - ank} that convergence to ug € fib.
Since r — ug = ag, therefore ag € R';Lb(x).

(2) It is clear. O

The following lemma shows that the P,-best coapproximation in probabilistic
2-normed spaces is a generalization of best coapproximation in 2-normed spaces.

Lemma 2.9. Let (V,||.,.|) be a 2-normed space and F!Il be the induced prob-
abilistic 2-norm. Then for b € V, yo € A is a best coapproximation to x € V in
the 2-normed linear space if and only if yo is a P,-best coapproximation to x in the
induced probabilistic 2-normed linear space (V,F -1 T),
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Proof. Forb € V, since yj is a best coapproximation to z € V, we have {||y—yo, b|| <
lz =y, bl ;s Yy € A} if and only if { 5 =7 = 77 ¢ VY € A} if and only if

{FJ:}JL,b(ﬂ > Filj'yl"b(t) ; Vy € A} ifand only if yo € RY , (). O

Definition 2.10. Fort > 0 and b € V, let (V,JF, 7) be a Menger P2N-space and A
be a subset of V. An element = € V is said to be b-orthogonal to an element y € V,
and we denote = 1% y, if Fi iy 5(t) < Fyp(t) for all scalar A € R, A # 0 and ¢ > 0.

Also, An element x € V is said to be b—orthogonal to A, and we denote = 1.° A,
ifx 1%y, forally € A.

Theorem 2.11. Fort > 0 andb € V, let (V,F, 1) be a Menger P2N-space and A be
a subset of V. Then forx € V, yg € Rf47b(x) ifand only if A 1% x — yj.

Proof. Suppose x € V and A L z — 1. Then Foia@—yo)p(t) < Fap(t) foralla € A
and all scalar A € R, A # O0and ¢t > 0, ifand only ifo7y0+>r1a,b(ﬁ) < F)\—la’b(ﬁ),

if and only if F 7y0+a',b(|%\) < Fa/7b(ﬁ) and fora = A laand yp —a = a , if

x

and only if waa”,b(ﬁ) < Fyofa”,b(ﬁ) for every A # 0, if and only if F,,_,, ,(t) >

Fy_ap(t) forall a € A and for each t > 0, if and only if yo € Ry (). O

Remark 2.12. Fort > 0 and b € V, let (V, F,7) be a Menger P2N-space and A be
a subset of V.

(RYy,) ' ({0}) ={z € V1 Foy(t) > Fagp(t)forallac A, t >0} ={z €V : A 1b 2},

Ay={zeV:A1lbz}.

Theorem 2.13. Let A be subspace of a Menger P2N-space (V, F,7), then A, (A =

{0}.

Proof. Let a € /IbﬂA, we show that a = 0. To see this, we have a € /Ib, then
A 1% aand a € A, this implies that i L° a for all h € A.
Therefore, Fpiqp(t) < Fpp(t) forall h € A, t > 0, and all scaler A.

Now, if we choose A = —% and h = a, then Fo_143(t) < Fap(t), and so, Fz, ,(t) =
Fou(3t) < F,u(t). and hence, a = 0, i.e., A,NA C {0}. But {0} C 4,NA,

together, we get A, (A = {0}. O

Theorem 2.14. Fort > 0 and b € V, let A be a P,-coproximinal subspace of a
Menger P2N space (V,F, 7). If Ay is a convex set, then A is P,- coChebysheuv, for
everyrz €V.

Proof. Supposet >0, x € V and a1,a2 € qu,b(:c); then z — a1,z —as € fib. Put
a1 = x —a; and a; = x — as and let us have * = a1 + a1 = as + a2. Since
%(dl — ag) € Ay, it follows that a; — as € A, N A = {0}; then a1 = as. O

Definition 2.15. For ¢ > 0 and b € V, let (V,F, 7) be a Menger P2N-space, A and
H be subsets of V. Define: RY ,(H) = U, cgy R4y, (h)-

Theorem 2.16. Fort > 0 andb eV, let (V,F,7) be a Menger P2N-space, A and A
be subspaces of V', such that A C A/, and letx € V. Then:

Ry y(Rly (@) C Ry ().
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Proof. Suppose ag € RY ,(R',, ,(z)), then ag € Rf&b(aé) for ay € RY, (2), so
A" 1Y (z —ay), and A L° (ay — ag). Thus, F ' fA(o—al) p(t) S Fy () forall A € R

a
anda € A, and F o aal—ao) o(t) < Fup(t) forall A € R and a € A. Now since,

a+Mag—ag) € A for \e Randa € A C A, therefore,
Fa+>\(I_a0)7b(t) = Fa-&-)\(a:)—ao)-i-/\(w—a:)),b(t) S Fa-l-/\(a:,—ao),b(t) S Fa»b(t)v

since Fy i\ (z—ag)p(t) < Fap(t). so, a L° (x —ag) forall a € A, then A L? (z — ay),
ie. ag € Ry ,(x). Hence RY (R, ,(x)) C Ry (). O
Corollary 2.17. Fort > 0andb €V, let (V,F,7) be a Menger P2N-space, and A be
subspace of V. Then Ry ,(x) = A(\(x — Ap).

Proof. Let ag € A((z — Ay), if and only if ag € A, and ag € (z — A), if and only if
ap € A, and ag = = — d, where G € Ay, ifand only ifag € A, and a =z — ag € A, if
and only if ag € R’y , (). Therefore, R') ,(z) = A(\(z — Ap). O

Theorem 2.18. Let A be subspace of a Menger P2N-space (V,F, T), then
(1) A is a Py-coproximinal subspace if and only if V = A + Ay.
(2) Ais a P,-coChebyshev subspace if and only if V = A @ A,.

Proof. (1)(=)Let t > 0, assume that A is P,-coproximinal, and let x € V and
ap € Rf47b(l‘). Then, 7 — ag € Ay. Now, x = ag + (x —ap) € A+ A,. Hence,
V = A+ A,

() Lett >0,V =A+ A4, = {a+y: a€ A yce fib}, and x € V. Then
& = ag+ vy, where ag € A, y € Ay. Since y € A, = R;‘,tb(()), then 0 € Ry ,(y).
Since © = ag + y, then y = = — ag, so RYy ,(y) = RY ,(x — ap), this implies that
0 € Riyy(y) = Riy (@ — ag).
Then FOf(mfag),b(t) > Faf(xfao),b(t)’ So Faofw,b(t) > F(a+a0)7m,b(t) where (a+a0) S
A; hence ag € RY ,(x). Therefore A is P,-coproximinal.

(2)(=) Suppose that A is P,-coChebyshev subspace and z € V, x = a1 + d4; =
as + G, where aq,a2 € A and a1, ds € fib.
We show that a; = a9, and @1 = a9, since x = a1 + a1 = ag + as, then x — a; =
41,7 — as = s € A, this implies that a;,as € Rf47b(x).
Therefore, a; = as because A is P,-coChebysheyv, it follows that a; = as. Thus
V=Aa A4,

(«<)Let V=A@ fib and suppose for z € V, there exist a;,as € Rg,b(x). We
show a1 = as.
Since a1, as € Rf&b(x), thenz—ai,r—as € Ay and therefore, 7 = aj +d; = as+ds,
where G; = ¥ — ay and Gy = ¥ — as. Since V = A& A, then a; = as and G; = ds.
Hence A is P,-coChebyshev. O
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