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1. INTRODUCTION

Let D be a nonempty subset of a Banach space X. Let T : D — D be a
singlevalued mapping. The Mann iteration process (see [1]), starting from xy € D,
is the sequence {xz,,} defined by

Tnt1 = anZp + (1 — ap) Ty, an €10,1],n >0,

where a,, satisfies certain conditions. The Ishikawa iteration process (see [2]),
starting from zy € D, is the sequence {z,} defined by

Yn = bpZpn + (1 = by) T2, by, € [0,1],n >0,
Tni1 = anTpn + (1 — ap)Tyn, an €10,1],n >0,

where a,, and b, satisfy certain conditions.
Recently, Agarwal et al. [3] introduced the following iterative process which is
both faster than and independent of the Ishikawa process.

rg=x €D,
Yn = bnl‘n + (1 - bn)Tx’ru bn S [Oa 1]377/ > 07
Tnt1 = anTzn + (1 —an)Tyn, ap € [0,1],n > 0.
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In the recent years, iterative process for approximating fixed point of nonexpan-
sive multivalued mappings have been investigated by various authors (see, e.g.,
[4-11]) using the Mann iteration process or the Ishikawa iteration process.

In this paper, inspired by [3] we introduce two new iterative process for a finite
family of generalized nonexpansive multivalued mappings in Banach spaces. Weak
and strong convergence theorems of the proposed iteration processes to a common
fixed point of a finite family of generalized nonexpansive multivalued mappings in
uniformly convex Banach spaces are established. Our results are new even for
single valued mappings.

2. PRELIMINARIES

A Banach space X is said to satisfy Opial’s condition if z,, — 2z weakly as
n — oo and z # y imply that
limsup ||z, — z|| < limsup ||z, — y||.
n——-aoo n——-aoo
All Hilbert spaces, all finite dimensional Banach spaces and /?(1 < p < oo) have
the Opial property.
A subset D C X is called proximal if for each x € X, there exists an element
y € D such that

| z —y ||= dist(x, D) = inf{||  — 2 ||: 2 € D}.

It is known that every closed convex subset of a uniformly convex Banach space is
proximal.

We denote by CB(D), K (D) and P (D) the collection of all nonempty closed bounded
subsets, nonempty compact subsets, and nonempty proximal bounded subsets of
D respectively. The Hausdorff metric H on CB(X) is defined by

H(A, B) := max{sup dist(x, B), sup dist(y, A) },
€A yeb

forall A, B € CB(X).
Let T : X — 2% be a multivalued mapping. An element 2 € X is said to be a
fixed point of T', if x € T'z. The set of fixed points of 7" will be denote by F'(T).

Definition 2.1. A multivalued mapping 7' : X — CB(X) is called
(i) nonexpansive if
H(Tx7Ty)§”$7yH7 Z,yEX.

(ii) quasi-nonexpansive if F(T) # ) and H(Tz,Tp) <|z —p | forall z € X
and all p € F(T).

J. Garcia et al. [12] introduced a new condition on singlevalued mappings, called
condition (E), which is weaker than nonexpansiveness. Very recently, Abkar and
Eslamian [13] used a modified condition for multivalued mappings as follows:

Definition 2.2. A multivalued mapping 7" : X — CB(X) is said to satisfy condi-
tion (E,,) provided that

dist(z, Ty) < pdist(z, Tx) + ||z —y|, =,y X.
We say that 7' satisfies condition (E) whenever 7' satisfies (E#) for some p > 1.

Lemma 2.3. Let T : X — CB(X) be a multivalued nonexpansive mapping. Then
T satisfies the condition (E1).



APPROXIMATION METHODS FOR FINITE FAMILY OF MULTIVALUED MAPPINGS 103

The proof of the following Lemma is similar to that of Theorem 3.3 in [10], hence
we omit the details.

Lemma 2.4. ([10]) Let D be a nonempty closed convex subset of uniformly convex
Banach space X with the Opial property. LetT : D — K (D) be a multivalued map-
ping satisfying the condition (E). If x,, — x weakly and lim,, ., dist(x,,, Tx,) = 0,
thenx € Tx.

The following Lemma can be found in [14].

Lemma 2.5. Let X be a Banach space. Then X is uniformly convex if and only if
Jor any given number r > 0 there exists a continuous, strictly increasing and convex
Sunction ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

laz+ (1 -a)yP<allz|®+1—-a) |y |* —al - a)e(lz -yl
Jorallz,y € B.(0)={z € X ||z ||[<7}, and a € [0,1].

Definition 2.6. Let D be a nonempty closed subset of a Banach space X. A
mapping T : D — CB(D) is hemi-compact if for any bounded sequence {z, }
in D such that dist(Tz,,z,) — 0 as n — oo, there exists a subsequence
{Zn, } of {x,} such that z,,, — p € D. We note that if D is compact, then every
multivalued mapping T : D — C'B(D) is hemi-compact.

3. CONVERGENCE THEOREMS

Let D be a nonempty convex subset of a Banach space X, let 71,75, ..., T}, be
finite multivalued mappings from D into CB(D). Let {x,, } be the sequence defined
by z; € D and

Yn1 = (1 - an,l)xn + A 12n,1;
Yn,2 = (]- - an,Q)Zn,l + Up,22n,2,
(A):
Yn,m—1 = (1 - an,m—l)zn,m—2 + Gn,m—12n,m—1,
Tn+1 = (1 - an,m)zn,m—l + AnmZn,m n>1,

where 2,1 € T1(zy,) , 2nk € Tk(Yn.k—1) for k =2,...;m, and {a,;} € [0,1].

Definition 3.1. A mapping T : D — CB(D) is said to satisfy condition (I) if
there is a nondecreasing function g : [0,00) — [0, 00) with g(0) = 0, g(r) > 0 for
r € (0,00) such that

dist(z, T'z) > g(dist(z, F(T)).
LetT; : D — CB(D), (i = 1,2,...,m) be finite given mappings. The mappings
11,75, ..., T, are said to satisfy condition (II) if there exists a nondecreasing function
g:[0,00) — [0, 00) with g(0) =0, g(r) > 0 for r € (0, 00), such that

max dist(z, T;z) > g(dist(z, F)),
1<i<m

where F = (", F(T;).

Theorem 3.2. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — CB(D), (i = 1,2, ...,m) be a finite family of quast-
nonexpansive multivalued mappings satisfy the condition (E). Assume that F =
Niv, F(T;) # 0 and T;(p) = {p}, (i = 1,2,...,m), for eachp € F. Let {x,,} be the
iterative process defined by (A), and a,, ; € [a, 5] C (0,1)(i=1,2,...,m). Assume further
that the mappings 11,15, ..., T,, satisfying the condition (II). Then {x,} converges
strongly to a common fixed point of Ty, T5, .., Ty, .
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Proof. Let p € F. It follows from (A) and the quasi-nonexpansivness of T;, (i =
1,2,...,m) that

[ yn1—pll = [[(1=an1)Tn+ani2n1—p |
< (A=an1) | zn—pll +ani [ 201 — Pl
= (I=ana) | 20 —p || +anadist(zn,1,T1(p))
< (I=any) 2 —p | +an 1 H(T1(zn), T1(p))
< (=an1) lzn—pll +ani |z —p |
< lzn —pll
and
[ Yn2 =2l = [(1—-an2)zn1+an22n2—p]|

< (I—an2) | zna—p p

= (1 —apo)dist(zy 1, T1(p)) + an 2dist(z,,2, T2(p))

< (I —=an2)H(Ti(zn), T1(p)) + an2H(T2(yn,1), T2(p))

< (=an2) lzn —pll +tan2 | yn1 —p |

< lzn —pll

Continuing the above process, we get
Yt —pll <llzn —p| for k=3,...,m—1.

In particular

[znt1 =2l = [ (1=anm)znm-1+anmznm—p|
< (I =anm) | 2nm—1 =0 | +anm || 2nm —p |
= (1= anm)dist(znm-1, Tm—1(p)) + an mdist(zn m, Tm(p))
< (= anm)H(Tn-1Yn,m-2)s Tm-1(p)) + anmH (T (Yn,m—1), T (p))
< (A =anm) | Ynm—2—=p | +anm | Ynm—1 =1 ||
< (A =anm) |0 —p Il +anm || 20 —p |
< Az =l

Thus lim,— o || ©, — p || exists for any p € F. Since the sequences {z,} and
{Yn,i}, (1 =1,...,m — 1) are bounded, we can find r > 0 depending on p such that
n — D, Yni — P € By(0) for all n > 0. From Lemma 2.5, we get
lyna—p* = I Q=an1)zn+anizns —p |
< (=any) lzn—p1* +ang | zea —p |
—an1(1 = an,1)@(l|lzn — 2n1l])
= (1=ana) | 2n —p|* +anadist(zn,1, T (p))?

_an,l(l - a”rb,l)gp(Hx’ﬂ - Z’”JH)

< (I—apa) lzn—p ||2 +an,1H(T1($n)vT1(p))2
—an1(1 = an,1)o(zn — 2n1)

< (T=ap) 20 =p I +an | 20 —p|?
—an,1(1 = an1)e([|[Tn — 2n1)

< lzn = pl* = an1 (1 = an)@(llzn = 2nall)

and

(]- - an,2)zn,1 + Gn22n2 — P ”2

lyn2—pI|? = |
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<

IN

IA

IN

(1—=an2) |l 2n1 —p ||2 +an2 || 2n2 —p H2

—an2(1 = an2)e(|2n1 — 2n2l)

(1 —ap2)dist(z,,1,Th (p)* + ap 2dist(zp 2, Ts(p))?
—an2(1 = an2)@(llzn1 — 2n2|)

(1 — an2)H(T1(n), Ty ()2 + an 2 H(To(yn1), To(p))?
—ap,2(1 = an2)p(|lzn1 — 2n2[)

(1 - an72) || In —P ”2 +an,2 H Yn,1 — D H2

—an,z(l - an,2)90(||zn,1 - Zn,2||)

20 = plI* = an1an,2(1 = an1)@((|2n = 20a)

—an,2(1 — an2)e(||2n,1 — zn2|])-

Applying Lemma 2.5 again, we have

| Yz —p I

IN

IN

IN

IN

IN

I (1= an3)zn2+anszns —p ”2

(1 =an3) | Zn2 = p |* +ans || 2oz —p |
—an3(1 = an3)o(l[2n,2 — 2n3ll)

(1 = an,3)dist(zn,2, T2(p))? + an 3dist(zn3, Ts(p))?

—an3(1 = an3)o(|2n,2 = 2n3]))

(1= an 3)H(T2(yn1), T2(p))? + ansH(Ts5(yn,2), T5(p))*

—an,3(1 = an3)o(l[2n,2 — 2n3ll)

(1= an3) | yn1 =2 I* +ans [ ynz —p |17
—an3(1 = an3)o(l[2n,2 — 2n3ll)

(1 —ang)llzn _pH2 + a3l 70 — pH2
—p,30n,20n,1(1 = an 1)@ ([[2n — 2n 1)
—n,3an,2(1 — an2)@(|[2n,1 — 2n,2l|)

—an3(1 = an3)@(llzn2 — 2n,3ll)

|20 — p”2 — an,105,20n,3(1 = an,1) (|20 — 2n1l])
—n,3an,2(1 — an2)@(|[2n,1 — 2n,2l])

—an3(1 = an3)@(|2n,2 — 2n3l))

By continuing this process we obtain

| 2nsr —p |7

IN

IA

IN

IN

| (1= @nm)2nm—1 + nmZnm — D ||
(1= anm) || 2nm—1—p ||2 +anm || Znm —p H2

_anﬂn(l - an,m)ﬂﬁ(”zn,m—l - Zn,mH)

(1 — an,m)dist(zn,m—1, Tm,1(p))2 + an,mdist(zn, m, Tm(p))2

—an,m(1 = anm)e(||2nm—1 — 2nmll)

(1 - an,m)H(Tm—l(yn,m—Q)a Tm—l(p))2
+an,mH(Tm(yn,m,1),Tm(p))2

—an,m (1 = @nm) (| 2n,m—1 = Zn,ml|)

(1 —an,m) | Yn,m—2 —p ||2 +anm || Ynm—1 —p ”2
—an,m (1 = anm)e([|znm-1 = 2nmll)

||(En —P||2 - an,man,mflan,mfluan,l(]- - an,l)‘p(”xn - Zn,l”)

105
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— an,man,mfl(l - an,mfl)@(nzn,mf? - zn,mfln)
_an,m(]- - an,m)@(Hzn,mfl - Zn,m”)
Thus we have
an,man,mfl(l - an,mfl)@(”'zn,m72 - Zn,mfln) S Hl'n - p||27 || Tn+1 — P ||2 .
It follows from our assumption that
a®(1 = B)e(llznm-2 = 2nm-1ll) < 20 = pl* = | znsr —p [I*.
Since lim,, o ||z, —p|| exists for all p € F, taking the limit as n — oo yields that
lm o(||2n,m-2 — Zn,m-1l]) = 0.
n——-:oo
Since ¢ is continuous at 0 and is strictly increasing, we have
lm ||znm—2 — Znm—1| = 0.
n—-aoo

Similarly, we can obtain that

lim |z, —2zp1|| =0,
n—-aoo
and
lim ||z, — 2nk-1]| =0 for k=2,...,m.
n——-~o0
Using (A) we have
lim |z, —ynill =an1 lim |z, —2,1] =0.
— 00 n—--oo
Also we have
zn — zn2ll < llzn — znall + (201 — 2n2ll — 0, n— o0
Hence
Im ||z —Ynoll =1 —an2) lim ||z, — 2zp 1] +ane lIm |z, — 2,2| =0.
n—aoo n—-~o00 n—-00

Continuing the above process , for k = 2, ..., m we have

|20 = 20kl < l2n = 2n k-1l + 12n,k—1 — 20kl — 0, n— 00
and also for k = 2,....m — 1
hm ey —ynkll = (1 —ank) lm ey —zp el +anp lm oy —zn k] = 0.
n—-o00 n—:o0 n—aoo

Also we have
dist(xy, T12n) < ||Tn — 2n1|| — 0.

For k = 2,...,m , since T; satisfies the condition (E) we have

dist(zy, Tprn) < |@n — Ynk—1] + dist(yn k-1, TrTn)
< en = Y1l + pdist(n k-1, Teynp—1) + |20 — Yn k-1l
< en = yngp—1l| + pdist(@n, Trynk—1) + 1|0 — Ynk—1]|
Hzn = Y1l
< (2T = Ynp—1ll + pllzn — 2okl — 0, 1 — oo

Note that by our assumption lim,,_, dist(z,,, F) = 0. Next we show that {z,,} isa
Cauchy sequencein D. Lete > 0 be arbitrarily chosen. Since lim,, ., dist(x,, F) =
0, there exists N such that for all n > N, we have

dist(xy,, F) < Z
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In particular, inf{||zx — p|| : p € F} < ¢/4. Thus there exist a ¢ € F such that
€
e~ all < 5.

Hence for m,n > N we have

A

||xn+7n - xn” = ||-rn+7n - CZH + ||xn - Q||

g
< 2y —qfl < 2(5

This implies that {z,} is Cauchy sequence in D and hence converges to some
w € D. For i =1,...,m, since T; satisfies the condition (E), we have

dist(w, T;w)

) =¢e.

e — @u | + dist(,, Tw)

IAIA

2 |w — x| + (u)dist(zn, Tix,) — 0, n— oo

from which it follows that dist(w, T;w) = 0 which in turn implies that w € T;(w).
Thus w € F. This completes the proof. O

Theorem 3.3. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — CB(D),(i = 1,2,...,m) be a finite family of
quasi-nonexpansive multivalued mappings satisfying the condition (E). Assume that
F=N"1,F(T;) # 0 and T;(p) = {p}, (i = 1,2,...,m) for eachp € F. Let {x,,} be
the iterative process defined by (A), and a,,; € [o, 5] C (0,1)(=1,2,...,m). If one of
the mappings T;, (i = 1,2, ...,m) is hemi-compact, then {x,,} converges strongly to a
common fixed point of 11,15, .., Tpy,.

Proof. As in the proof of Theorem 3.2, we have lim,,_,, dist(T;x,,x,) = 0, (1 =
1,2,...,m). Without loss of generality, we assume that 7} is hemi-compact. Then
there exists a subsequence {x,, } of {z,} such that limz,, = w for some w € D.
Since T; satisfies the condition (E) for ¢ = 1, 2, ..., m, we have

dist(w, Ti(w)) < flw —an, || + dist(zn,, T;(w))
< (w)dist(zn,, Ti(zn,)) + 2||lw — zp, || — 0, as k — oo.

This implies that w € F. Since {x,, } converges strongly to w and lim,,__, ||z, —
w|| exists (as in the proof of Theorem 3.2), it follows that {x,,} converges strongly
to w. 0

Theorem 3.4. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X with the Opial property. LetT; : D — K(D), (i = 1,2,...,m) be
finite family of quasi-nonexpansive multivalued mappings satisfying the condition (E).
Assume that F = (|-, F(T;) # 0 and T;(p) = {p}, (i = 1,2, ...,m) for each p € F.
Let {x,} be the iterative process defined by (A), and a,, ; € [a, 5] C (0,1)(=1,2,....m).
Then {z,,} converges weakly to a common fixed point of Ty, Ts, .., Tp,.

Proof. As in the proof of Theorem 3.2, {z,} is bounded and for i = 1,2,...,m,
lim dist(z,, T;(x,)) = 0.
—00

n
Consider wi,ws € D, two weak cluster points of the sequence {xn} Then there
exist two subsequences {y,} and {z,} of {z,,} such that y, — w; weakly and
zZn — wo weakly. By Lemma 2.4 we have wi,ws € F. As in the proof of Theorem
3.2, lim,, ., ||, — w1 and lim,,_ ||z, — ws| exist. We claim that w; = ws.
Indeed, assume to the contrary that w; # ws. By the Opial property we have
Jim e —wil] = Hm g =] < lm g, — e

= lim |z, —we| = lim |z, —ws
n——--o0 n——->o0
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<  lm |zp —wi|| = lim |z, —wi],
n—-aoo n—moo

which is a contradiction, hence w; = ws. Thus the sequence {z,} has at most one
weak cluster point. Since D is weakly sequentially compact, we deduce that the
sequence {z, } has exactly one weak cluster point w € D, that is z,, — w weakly.
By Lemma 2.4 we obtain that w € F. 0

We now intend to remove the restriction that T;(p) = p for each p € F. We define
the following iteration process.

Let D be a nonempty convex subset of a Banach space X, and let Ty, 75, ..., T},
be finite multivalued mappings from D into P(D), and

Pr,(z) ={y € Ty(2) :|| @ — y ||= dist(z, T;(2)) }.

Then, for x; € D, we consider the following iterative process:

Yn1 = (]- - an,l)xn + Un,12n,1,
Yn2 = (1 - an,Q)Zn,l + Un,22n,2,
(B) :
Yn,m—-1 = (1 - an,m—l)zn,m—Q + anm—12n,m—1,
Tn+1 = (1 - an,m)zn,m—l + An,mZn,m, n 2 13

where z, 1 € Pr,(2,) . 2nk € Pr,(Ynk—1) for k =2,...,;m, and {a,;} € [0,1].

Theorem 3.5. Let D be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : D — P(D), (i = 1,2,...,m) be multivalued mappings
such that Pr, is quasi-nonexpansive and satisfies the condition (E). Assume that
F = N2, F(T;) # 0. Let {x,,} be the iterative process defined by (B), and a,; €
[a, B8] € (0,1) (i=1,2,....m). Assume that the mappings Ty, Ts, ..., T, satisfy the
condition (I). Then {x,,} converges strongly to a common fixed point of T1, Ta, ..., Tp,.

Proof. Let p € F, then, Pr,(p) = {p} for i = 1,2,...,m. It follows from (B) that

|| Yn,1 — D || = || (1 - an,l)xn +an,12p1 — P H
< (T=ap) | @n—p| +ana || zag —pl
= (I—=ana) | 20 —p || +anadist(zn1, Pr, (p))
< (I=ana) | 2n —pll +an 1 H(Pr, (zn), Pr, (p))
< (A—=ang) 2o —pll +ans |20 —pl
< lan — ol

Continuing the above process, we get
Ynie —pll < |lxn —p|| for k=2,....,m—1.
It follows that

H Tny1 — P || || ( — Gnp m)znm 1tan min,m — P ||

< (I =anm) | Znm—1 =2 | +anm | Znm — 2 ||
= (1= anm)dist(zym—-1, Pr,_,(p)) + an mdist(zn,m, Pr,, (p))
< (I—=anm)H(Pr,_,(Ynm—2), Pr,_, ()
+anmH(Pr,, (Yn,m-1), Pr,, (p))
< (1 - an,m) H Ynm—-2 — P H +n,m H Ynm—-1 — P ||
< (I=anm) |20 —pll +anm | 0 —p |
< lzn —pll-
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Thus lim, . || #, — p || exists for any p € F. Since the sequences {z,} and
{yn,i}, i = 1,...,m — 1 are bounded, we can find r > 0 depending on p such that

Tn — P, yn,i_peBr

lyna—pII?

(0) for all n > 0. From Lemma 2.5, we get

= | (1=an1)Zn+ aniznn —p |

< (L=ang) |20 =p P +an [ 200 =2 |12
—an,1(1 = an1)e(|zn — 2n])
(1 —an1) || ®n —p||* +an1dist(z, 1, Pr, (p))?
—an,1(1 = an,1)@(||zn — 2n))
(1= ana) | zn —p > +an H(Pr(22), Pr, (p)?
—an,1(1 = an,1)e(|zn — 2p])
< (I—apa) lzn—p H2 +an || 20 —p ||2

—an,1 (L = an1)e(llzn — 2nall)

< lzn = pl? = an1 (1 = an1)e(llzn = 20 l)-

IN

It follows from lemma 2.5 that

l 2ot —pII* =

IA

IA

IN

IN

I (1— an,m)zn,m—l + GnmZnm — P H2

(1— an,m) ” Znym—1 — P ||2 +an,m || Znym — P H2

—n,m (1 = @nm) (| 2n,m—1 — Zn,mH)

(1 = anm)dist(znm—1, Pr,, 1 () + anmdist(znm, Pr,, (p))?
_a'n,m(l - an,m)@(”'zn,m—l - Zn,mH)

(I = anm)H(Pr,,_, (Yn,m—2), Pr,,_, (p))2

+anmH(Pr,, (Yn,m-1), Pr,, (p))2

_an,m(l - anml)‘ﬂ(”'zn,m—l - Zn,mH)

(1= anm) | Yn,m—2 —p H2 +an,m || Ynm—1 —p ||2

—n,m (1 = @nm) (| 2n,m—1 = Zn,ml|)

|l zn —p”2 - an,man,m—lan,m—z-~-an,1(1 - an,1)<p(||:l:n - Zn1||)
- an,man,m—l(l - an,M—l)W(”zn,m—2 — Zn,m—1 )

—@n,m(1 = anm)@(|2nm—1 — Znml)-

Now, by a similar argument as in the proof of Theorem 3.2 we have lim,, o ||z, —

Znkll =0fork =2,.

have

om—1and lim,_ o ||&y — Ynk| = 0 for k =2, ..., m. Also we

dist(xy, T1x,) < dist(zn, Przn) < ||zn — 21| — 0.

For k = 2,...,m , since Pr, satisfies the condition (E) we have

dist(z,,, Tpr,) <

<
<

IN

dist(zy, Pr,zyn) < ||Tn — Yn,k—1| + dist(Yn k-1, Pr,.Tn)
0 = Ynp—1ll + pdist(Yn k-1, Pr¥nr—1) + |20 — Yn k-1l
20 — Ynr—1ll + pdist(n, Pr,ynr—1) + |0 — ynk—1|
Hzn — Y1l

(14 2)llzn = yng—1ll + pllzn — 2zppll — 0, n — oo

Note that by our assumption lim,,__, ., dist(x,, F) = 0. By a similar argument as
in the proof of Theorem 3.2 we show that {x,, } is Cauchy sequence in D and hence

converges to w € D.

dist(w, T;w)

For ¢ =1, ...,m, since Py, satisfies the condition (E), we have

< dist(w, Pr,w)
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< lw — x| + dist(x,, Pr,w)
< 2||lw— x| + (p)dist(zy, Pr,x,) — 0, n — 00
from which it follows that dist(w,T;w) = 0, which in turn implies that w €
T;(w), (i =1,2,...,m). Thus w € F. This completes the proof. O
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