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ABSTRACT. In this paper, a new iterative method for finding a common fixed point of a
countable nonexpansive mappings in a Hilbert space, is introduced. Then a strong conver-
gence theorem for a countable family of nonexpansive mappings is proved. This theorem
improve and extend some recent results of Tian (2010) and Xu (2004).
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1. INTRODUCTION

Let H be a real Hilbert space. Amapping S of H into itself is called nonexpansive,
if | Sz — Sy|| < ||z —y| forall z,y € H. Let Fiz(S) denote the fixed points set of S.
We assume Fiz(S) # ), it is well known, F'iz(S) is closed and convex. Recall that
a contraction on H is a self-mapping f of H such that ||f(z) — f(v)| < allz — y|
for all x,y € H, where « € (0,1) is a constant. Let A be a bounded linear operator
on H. A is strongly positive; that is, there exists a constant 7 > 0 such that
(Az,x) > 7||z||?, forallz € H.

Moudafi [5] introduced the viscosity approximation method for nonexpansive
mappings. Let f be a contraction on H, starting with an arbitrary initial o € H,
define a sequence {z,,} recursively by

Tpg1 = anf(xy) + (1 — ay)Szy, n >0, (1.1)

where {a,} is a sequence in (0,1). Xu [9] proved that under certain appropriate
conditions on {«,, }, the sequence {x,,} generated by (1.1) converges strongly to the
unique solution z* in Fix(S) of the variational inequality:

((I—f)z*,z* —x) <0, for all x € Fiz(S). (1.2)
Note that iterative methods for nonexpansive mappings can be used to solve a
convex minimization problem. See, e.g., [2, 8, 10] and references therein. A typical

* Corresponding author.
Email address : msh_yazdi@ikiu.ac.ir(M. Yazdi).
Article history : Received 17 March 2012. Accepted 25 March 2012.



86 A. RAZANI AND M. YAZDI/JNAO : VOL. 3, NO. 1, (2012), 85-92

problem is that of minimizing a quadratic function over the set of the fixed points
of nonexpansive mapping on a real Hilbert space

. 1
in -

A — 1.
IEIII‘}lm(S)2< .’L',.T) <.7J,b>, (1.3)

where b is a given point in H.
In [8], it is proved, the sequence {z,} defined by the iterative method below with
an arbitrary initial zo € H

Tpi1 = anb+ (I — apA)Sz,, n >0, (1.4)

converges strongly to the unique solution of the minimization problem (1.3) pro-
vided the sequence {a,} satisfies certain conditions. Combining the iterative
method (1.1) and (1.4), Marino and Xu [4] consider the following general iterative
method:

Tnt1 = anyf(xn) + (I — @, A)Sxy,, n > 0. (1.5)

It is proved, if the sequence {«,} satisfies appropriate conditions, then the se-
quence {x,} generated by (1.5) converges strongly to the unique solution of the
variational inequality

((vf—A)x*,x —z*) <0, for all z € Fiz(S).

which is the optimality condition for the minimization problem

1
i (A ’ —h )
i g 3 (AT ) = ha)
where h is a potential function for vf (i.e., h'(z) = vf(z) for z € H).

On the other hand, Yamada [10] introduced the following hybrid iterative method
for solving the variational inequality

Tpy1 = STy — pA F(Sxy), n >0, (1.6)

where F' is k — Lipschitzian and n-strongly monotone operator with £ > 0,7 > 0
and 0 < p < 2n/k?, then, if {)\,} satisfies appropriate conditions, the sequence
{z,} generated by (1.6) converges strongly to the unique solution of the variational
inequality

(Fa™,x — ) > 0, for all z € Fiz(S).

Tian [7] combined the iterative method (1.5) with the Yamada’s method (1.6) and
considered the following iterative method:

Tnt1 = anyf(zn) + (I — payp, F)Sz,, n > 0. (1.7)

He proved, if the sequence {«,, } satisfies appropriate conditions, then the sequence
{zn} generated by (1.7) converges strongly to the unique solution z* € Fiz(S) of
the variational inequality

((vf — pF)z*,z — x*) <0, for all x € Fix(S).

In this paper, motivated by Tian [7], we prove a strong convergence theorem for a
countable family of nonexpansive mappings in a Hilbert space. Our result improve
and extend the corresponding results in recent works.
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2. PRELIMINARIES

Let H be a real Hilbert space with inner product (.,.) and the norm ||.||. Weak
and strong convergence is denoted by notation — and —, respectively. In a real
Hilbert space H,

Az + (1= Nyll* = All® + (1 = Vllyl* = A1 =Nz -y,

for all z,y € H and A € R. Let C be a nonempty closed convex subset of H. Then,
for any = € H, there exists a unique nearest point in C, denoted by Pc(x), such
that

lz = Po(@)|| < [lz —yll, forallyeC.
Such a Pg is called the metric projection of H onto C. It is known, P¢ is nonex-
pansive. Further, for z € H and z € C,
z=Pe(z) & (x—z,2z—y) >0, forallyeC.

Now, we collect some lemmas which will be used in the main result.

Lemma 2.1. Let H be a real Hilbert space. Then, for all x,y € H,

M [lz+yl? < l|lz]? + 2(y, z + y);
@ [z +yl? > =]+ 2y, z).

Lemma 2.2. [1] Assume {a,} is a sequence of nonnegative real numbers such that
Ap+41 S (]- - ’Vn)an + YnUn + Tn,y

where {v,} is a sequence in (0,1), {r,} is a sequence of nonnegative real numbers
and {v,} is a sequence in R such that
1)) Zzozl Tn = O0;
(In limsup,, . vn < 0;
am >0 7, < oo.

Then, lim,, _,» a,, = 0.

Lemma 2.3. [3] Let C' be a nonempty closed convex subset of H and S : C — C
a nonexpansive mapping with Fiz(S) # 0. If {z,} is a sequence in C weakly
converging to x and if {(I — S)(x,)} converges strongly to y, then (I — S)z = y.

Lemma 2.4. [1] Let C' be a nonempty closed convex subset of H. Suppose

oo
Z sup{||[T+1z — Tnz|| : z € C} < .

n=1

Then, for each y € C, {T,y} converges strongly to some point of C. Moreover, let
T be a mapping of C into itself defined by Ty = lim,, .o, Tny, for ally € C. Then
lim,, oo sup{||Tz — Tp,2|| : z € C} = 0.

Theorem 2.5. [7] Let H be a real Hilbert space, S : H — H be a nonexpansive
mapping with Fiz(S) # 0, f : H — H be a contraction with coefficient 0 < o < 1
and F' be a k-Lipschitzian and n-strongly monotone operator on H with k > 0,n > 0.
Let0 < p < 2n/k? and 0 < v < p(n — ”Tkg)/oz = 7/a. Then the unique fixed point
x¢ € H of the contraction x — tyf(x) + (I — tuF)Sx converges strongly to a fixed
point g of S as t — 0 which solves the following variational inequality

(uF —~vf)q,q — 2)) <0, forall z € Fiz(S).
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Theorem 2.6. [7] Let H be a real Hilbert space, S : H — H be a nonexpansive
mapping with Fixz(S) # 0, f : H — H be a contraction with coefficient 0 < a < 1
and F be a k-Lipschitzian and n-strongly monotone operator on H with k > 0,7 > 0.
Let0 < pu < 2n/k* and 0 < v < p(n — “Tkz)/a = 7/a. Suppose {ay,} is a sequence
in (0, 1) satisfying the following conditions:

m >o,2, an = o9;
A

I >0 |antr — an| < 00 orlim, =1

Let xo € H. Then the sequence {x,,} defined by (1.7) converges strongly to q that is
obtained in Theorem 2.5.

3. MAIN RESULTS

In this section, we prove the following strong convergence theorem for finding a
common element of fixed points set of a countable family of nonexpansive mappings
in a Hilbert space.

Theorem 3.1. Let H be a real Hilbert space H. Let {S,}°2, be an infinite family
of nonexpansive self-mappings on H which satisfies (,—, Fiz(S,) # 0. Let f be
a contraction of H into itself with coefficient 0 < o < 1 and F' a k-Lipschitzian
and n-strongly monotone operator on H with k > 0,7 > 0. Let 0 < p < 2n/k?,
0<vy<pln-— "Tkz)/oz = 7/a and 7 < 1. Define a sequence {x,} C H as follows:
Ty =x € H and

{ yn = Y f(20) + (I = anpiF) Sy, 3.1

Tpt+1 = (1 - ﬂn)yn + annynv n>1,

where {a,, } and {3, } are two sequences in [0, 1] satisfying the following conditions:

O lim, oo, =0and Y ;7| a, = o0;
) lim, .o B, =0o0rf, € [0,b) forsomeb € (0,1) and Y| |Bnt1—0Bn| < o0;

[e'e] 1 e
I 307 [apg1 — an| < 0o orlimy, o ofiﬂ =1

Suppose >~ sup{||Sn+12 — Spz|| : 2 € K} < oo for any bounded subset K of
H. Let S be a mapping of H into itself defined by Sz = lim,,_,o, Spz forall z € H
and suppose Fiz(S) = (., Fiz(S,). Then the sequences {x,} defined by (3.1)
conwerge strongly to q € Fixz(S) which is a unique solution of the following variational
inequality

Proof. Let Q = Phx | Fix(s,)- So

1QU — pF +~f)(x) = QU — uF + 7)) < (I — pF +~vf)(x)—
(I = pF +~f) )l

< T = pF) (@) = (I = pF) ()]l
I f (@) = F)
(1 =7z =yl +yallz -y

[ IA

(1= (=)l -yl
for all x,y € H. Therefore, Pn=  rix(s,)(I — pF +~f) is a contraction of H
into itself, which implies, there exists a unique element ¢ € H such that ¢ =

QU — pF +~vf)(a) = Pnz=_, pia(s,) (I — pF + 7vf)(q) or equivalently
((WF —~f)g,q— z)) <0, forall z € Fiz(5). (3.2)
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We proceed with following steps:
Step 1. {z,} and {y,,} are bounded. Let p € Fiz(S). Then, from (3.1), we have

||(1 - ﬁn)(yn _p) + 6n(5nyn _p)H < Hyn _p”
Han(')/f(xn) - MF(p)) + (I - anMF)(Snxn - p)”

(1 —an7)llzn — pll + anyallzn —pll + anllvf(p) — nF(p)|l
(L —an(r —ya))lzn — p|| + anllvf(p) — nF®)|l

max{||z, — p|, va(li):;f(p)\l I

241 = pll

INININA I

By induction,

[n = pll < max{]|z,

. ”ﬁ(i)__;f(p)” Y

Hence, {z,} is bounded, so are {y,}, {f(zn)}, {(FSn)z,} and {S,y,}. Without
loss of generality, we may assume {z,}, {yn}, {f(2n)}, {(FSp)xn}, {Shyn} C K,
where K is a bounded set of H.

Step 2. limy o0 [|[Tn+1 — Znl| = 0. Since K is bounded, {Snyn — yn}, {f(zn)}
and {(F'S,)z,} are bounded. Let

My = sup{[[Snyn = ynll, [ f @n) [, [(ESn)znll : n € N}

From the definition of {x,}, it is easily seen

||mn+2 - xn-&-l” = H(l - ﬂn+1)yn+1 + ﬂn-{—lsn-i-lyn-i-l - (1 - 6n>yn - ﬂnSnyn”

= (X = Bat1)¥n+1 + Brt1Sn41Yn+1 — (1 = Brt1)Yn — BnSnn
H(1 = Bt 1)¥n — (1 = Bn)Yn — Bat1SnYn + Bt 1Snnll

= (1 = Bat1)Wnt1 — Yn) + Brt1(Snt1Ynt1 — Snyn)
+(ﬁn+1 - ﬁn)(snyn - yn)”

< (= Bur)yn+1 = Ynll + Brs1lSnt19Yn+1 — Snynll
+|ﬂn-‘r1 - ﬂn‘Ml

S (1 - 5n+1)”yn+l - ynH + 5n+1||sn+lyn+l - SnynJrl”
+/8n+1||yn+1 - yn” + |5n+1 - 6n‘M1

S Hyn+1 - yn” + ||Sn+1yn+1 - SnynJrl” + |ﬁn+1 - ﬁn|M1a
(3.3)

for all n € N. From (3.1), we obtain

lan17f (Tnt1) + (I — a1 tF) Spy1®n g1 — any f(2n)
—(I — anpF)Span|

(I = anp 1 pF) (Spt1Zn41 — Sn®n) — (Qng1 — an) uF (Span)
Fan1Y(f(ng1) — f(@n)) + (g1 — an)vf(2n)|

1Yn+1 — ynll

< (1= an1m)[Snt1Znt1 = Snnll + a1y T — |
+lant1 — anll[vf(@n) — pF (Span) ||

< (1 - O‘n—&-lT)(HSn—&-lxn—i-l - Sn—f—lxn” + ||Sn+1xn - Snan)
tant17al|Tnir — Tall + a1 — an|(y + 1) My

< (U g1 (7 — 90)) [ns1 — ull + Mr(y+ Dlanss — )

+||Sn+1xn - nxn||7
(3.4)
for all n € N. Using (3.4) in (3.3), we have

[Znt2 = Tnt1ll < (1= apy1 (7 — ya))|[Tnt1 — 24|
+2sup{||Snt+12 — Spz| : z € K} (3.5)

+M2(|an+1 - an' + ‘ﬁn—i—l - Bn|)7
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where My = M;(y+1). Assume Y | |1 —ay| < 0o. Setting ry, = Mo (41 —
|+ 18nt1 — Bnl) + 2sup{||Spy12 — Snz| : 2 € K}

oo oo oo

Zrn = M, Z(|an+1—an|+|ﬁn+1—ﬂn|)+2 Zsup{HSnHz—SnzH iz € K} < oo.
n=1 n=1 n=1
Therefore, it follows from Lemma 2.2, lim,,_, ||Zn+1 — Zn|| = 0. Now, suppose
lim,, oo aa—zl = 1. From (3.5), we get

[Znt2 = Tnsall < (1 = any1 (7 = ya)) 201 — 2|
+2sup{||Snt+12 — Snz|| : z € K} + M3|Bny1 — On
+(Xn+1M2‘1 — Y= |

Qn 41

Setting r, = Ma|Bn+1 — Bn| + 2sup{||Sn+12 — Snz| : 2 € K}, we have

Zrn = M, Z |Bnt1 — Onl +2Zsup{||5n+1z — Szl sz € K} < o0.

n=1 n=1 n=1
Therefore, it follows from Lemma 2.2, lim,, o ||Zp+1 — 25| = 0.
Step 3. limy, 0 ||Zn — Yn|| = 0. Indeed, from (3.1), we obtain
12041 = ynll = Bnllyn — Snynl|

If limy,—oo B = 0, limy, oo || Tnt1 — ynl| = 0. If 5, € [0,b) for some b € (0,1), we
have

”xn-‘rl - yn” ﬁn“yn - SnynH

< Bualllyn — Snxnll + [Snzn — Snynl)
< b(llyn = Snzall + 20 —ynl)
< (|lyn — Tptall + lzn — Zoga | + [[yn — Snzal).
Hence
b
lns1 = ynll < 7= (lzn = 2naall + lyn = Snzal))-
So, by Step 2 and
lim [y, — Span| = Im an|vf(@n) — pF (Shzs)|| = 0, (3.6)
n—oo n—oo
we have lim,, . ||Zn+1 — Yn|| = 0. This implies lim,, . ||z, — yn| = 0.
Step 4. limy, o ||Tn — Sz,|| = 0. Since

lzn — Snxnll < |7 — Zng1ll + [ Tng1 — Ynll + Y0 — Snxall,
it follows from Step 2, Step 3 and (3.6) that lim,, . ||x, — Spz,| = 0. By
|2n — Szn|l < [[STn — Snxn|l + [|Sn2n — 20|
< sup{||Sz — Spz| : z € {zn}} + [|zn — Snzn

and Lemma 2.4, we have lim,,_, ||z, — Sz, | = 0.
Step 5. We claim lim sup,, _, o ((vf—1F)q, yn—q) < 0, where ¢ = P~ | pia(s,)(I—
wE + v f)(q). Take a subsequence {z,, } of {z,} such that
limsup((yf — pF)g, 2n — q) = lim ((vf = pF)g, 2p, = q)-

n—oo

Since {z,, } is bounded in H, without loss of generality, we assume z,, — z € H.
It follows from Step 4 and Lemma 2.3 that z € Fiz(S). So, from (3.2), we obtain

liﬂsotip«vf—uF)q, Yn—q) = 1igl_}b‘olip<(7f—uF)q, tp—q) = ((vf—pF)q, z2—q)) < 0.
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Step 6. {z,} converges strongly to ¢. From (3.1) and Lemma 2.1, we get

21 —all?> = [[(1=Bn)(Wn — @) + Bu(Snuyn — @)

S Hyn - Q||2 = ”an'Yf(xn) + (I - anMF)Sn-'I;n - QH2

= |len(vf(@n) = uF(q) + (I — anpF)(Snzn — )|

< ”(I - O‘nﬂF)(Snzn - Q)||2 + 204n<7f(xn) - NF(L])ayn - Q>

< (1= anm)?|an = ql® + 20 (v f(2n) = 7 (@) Yn — @)
+2an (vf(q) — 1F(9),yn — q)

< (1= a7z — gl + 2anval|zn — qll([yn — 2ol + 20 — qll)
+20, (v f(q) — 1F(q); yn — @)

< (1 =2an(1 —7a))llzn — ql” + (anT)?|J2n — ¢

+2anyal|lzn = allllyn — nll + 200 (vf(0) = 1F(9), yn — @)
anT°)M.
< (1= 200(m = ya)) an — ql® + 200 (7 — yo){ G2
+280%8 ||y, — x| + 25 (7 (@) — 1F(9), v — @)}
= (1=én)llwn — CIH2 + 0nbn,

(ocn‘rz)M2
=y T
1My |4 = (f(g) — wF(g), g — 0). Ttis casy to see, limy o 6 = O,
Yoo 10, = oo and limsup,,_, . 6, < 0. Hence by Lemma 2.2, {z,} converges
strongly to ¢q. From Step 4, Step 6 and Lemma 2.3, we have ¢ € Fixz(S). This

completes the proof. O

where M5 = sup{||z, — ¢q|| : n > 1}, §, = 2a,(7 — ya) and 6,, =

Taking F' = A (A is a strongly positive bounded linear operator on H), p = 1 in
Theorem 3.1, we get

Corollary 3.2. we have {z,,} generated by

Yn = Oén’}/f(xn) + (I - anA)*gnxm
Tni41 = (1 - ﬂn)yn + ﬂnsnyna n>1,

converges strongly to q € Fiz(S) which solves the variational inequality
((A=~f)g,q—2)) <0, forall z € Fiz(S).
Taking F ' =1, u =1,y =1 in Theorem 3.1, we get

Corollary 3.3. we have {z,} generated by
{ Yn = Oénf(mn) + (1 - an)*gnxna
Tnt1 = (1= Bn)yn + BnSpyn, n 21,
converges strongly to q € Fix(S) which solves the variational inequality
((I—-f)g,q—=)) <0, forall z € Fiz(S5).

Remark 3.4. Theorem 3.1 can be obtained without assumption 7 < 1. Therefore,
Theorem 3.1 is a generalization of Theorem 2.6.

Proof. We only use the assumption 7 < 1 for finding ¢ € H which solves the
variational inequality (3.2) in Theorem 3.1. It is needed to prove Step 5 of the proof
of Theorem 3.1. So, we just retrieve Step 5 of the proof of Theorem 3.1. By Theorem
2.5, there exists ¢ € Fiz(S) such that

(uF —~f)g,q — z)) <0, for all z € Fiz(95).

Thus the Step 5 in the proof of Theorem 3.1 is obtained. The rest of the proof is
similar to the original one. O

Remark 3.5. Corollary 3.3 is a generalization of [9, Theorem 3.2].
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