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ABSTRACT. In this paper, we improve the outer approximation method proposed by Tuy [10]
for solving a dc programming problem. The improved algorithm has the global convergence
by generating a sequence of polytopes approximating a compact convex set from outside.
Moreover, by incorporating a procedure for calculating the vertex sets utilizing the relations
of connections among vertices by edges, the improved algorithm can calculate an approxi-
mate solution effectively.
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1. INTRODUCTION

Dc programming is one of the important subjects in global optimization and
has been studied by Avriel and Williams [1], Hillestad and Jacobsen [2], Meyer [3],
Rosen [5], Tuy [7] and Ueing [11]. It is known that many global optimization prob-
lems can be transformed into dc programming problems. In particular, Avriel and
Williams [1] and Zaleesky [12] have shown that dc programming problems often
occur in certain engineering design and economic management applications. More-
over, iterative solution methods for solving dc programming problems have been
proposed by Thoai[6], Tuy [9, 10] and many other researchers. Many algorithm of
them all are based on outer approximation methods. Outer approximation is one
of the powerful procedures in global optimization and can solve various global op-
timization problems. The algorithms have the global convergence by generating a
sequence of convex polyhedral sets. Therefore, it is shown that every accumulation
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point of the sequence of the provisional solutions generated by the algorithm is a
globally optimal solution.

In this paper, we consider a problem (DC) to minimize a dc (difference of two
convex) function over a compact convex set. To calculate an approximate solu-
tion of (DC) effectively, we improve the outer approximation method proposed by
Tuy [10]. The proposed algorithm has the global convergence by generating a se-
quence of polytopes approximating the intersection of a closed half space and the
epigraph of one convex function constructing the objective function of (DC) from
outside. Moreover, we propose a procedure for calculating all verteices of polytopes
by utilizing the relation of connections among vertices by edges. By incorporat-
ing the proposed procedure for calculating the vertex sets into the improved outer
approximation method, the efficiency of the algorithm is upgraded.

The organization of this paper is as follows: In Section 2, we consider a dc
programming problem. In Section 3, we explain the outer approximation algo-
rithm proposed by Tuy [10]. In Section 4, we improve Tuy’s outer approximation
algorithm. In Section 5, we propose a procedure for calculating the vertex sets
utilizing the relation of connections among vertices by edges. In Section 6, to verify
the effectively of the algorithm integrated the outer approximation method and the
procedure for calculating the vertex sets proposed in Sections 4 and 5, we show
computational experiments.

Throughout this paper, we use the following notation: R denotes the set of all
real numbers. For a subset X ⊂ Rn, int X, bd X and co X denote the interior,
the boundary and the convex hull of X, respectively. For a finite set X ⊂ Rn, |X|
denotes the number of elements of X. Given a convex polyhedral set (or polytope)
X ⊂ Rn, V (X) denotes the set of all vertices of X. For vectors a, b ∈ Rn, we use
two kinds of symbols for open and closed line segments: ]a, b[ := {x ∈ Rn : x =
a+δ(b−a), 0 < δ < 1} and [a, b] := {x ∈ Rn : x = a+δ(b−a), 0 ≤ δ ≤ 1}. Given
a vector a ∈ Rn, a> denotes the transposed vector of a. Given a convex function
f : Rn −→ R, ∂f(x) denotes the subdifferential of f at x, that is, ∂f(x) := {u ∈
Rn : f(y) ≥ 〈u,y − x〉+ f(x), y ∈ Rn}.

2. DC PROGRAMMING PROBLEM

Let us consider the following dc programming problem:

(DC)
{

minimize f(x)− g(x)
subject to hj(x) ≤ 0, j = 1, . . . ,m,

where f, g, hj : Rn −→ R (j = 1, . . . ,m) are continuously differentiable convex
functions. Since the objective function of (DC) is defined as the difference of two
convex functions, the objective function is called dc function. Let X := {x ∈ Rn :
hj(x) ≤ 0, j = 1, . . . ,m}. Then, from the convexity of hj , X is a convex set.

For (DC), we assume the following conditions.
(A1): int X = {x ∈ Rn : hj(x) < 0, j = 1, . . . ,m} 6= ∅.
(A2): X is compact.
(A3): A real number r is given and satisfies r ≥ max{‖x− y‖ : x,y ∈ X}.

From Assumption (A2) and the continuity of the objective function, (DC) has a glob-
ally optimal solution. Now, we notice that (DC) is a convex (concave) programming
problem if g (f ) is linear. Then, the useful solution methods have been already
proposed. Therefore, we add the following assumption for (DC).

(A4): f and g are not linear.
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3. TUY’S OUTER APPROXIMATION ALGORITHM

In order to calculate an approximate solution of (DC), the following outer ap-
proximation algorithm has been proposed by Tuy [10].

Algorithm OA

Step 0:
Step 0-1: Find a feasible solution y1 ∈ X and set ω1 := f(y1) − g(y1).

Go to Step 0-2.
Step 0-2: Construct a polytope S ⊂ Rn satisfying S ⊃ X. Calculate the

vertex set V (S). Choose x′ ∈ V (S) satisfying f(x′) = max{f(x) :
x ∈ V (S)}. Set t̃ := f(x′) and D(y1) := {(x, t) ∈ Rn × R : x ∈
X, f(x)− t ≤ ω1, t ≤ t̃}. Go to Step 0-3.

Step 0-3: Construct a polytope P1 ⊂ Rn+1 satisfying P1 ⊃ D(y1) and
P1 ⊂ {(x, t) ∈ Rn × R : t ≤ t̃}. Calculate the vertex set V (P1). Go to
Step 0-4.

Step 0-4: Find (ȳ, t̄) ∈ int D(y1). Set a tolerance τ ≥ 0 and k = 1. Go
to Step 1.

Step 1: Choose (xk, tk) ∈ arg min{−g(x) + t : (x, t) ∈ V (Pk)}. Go to Step 2.
Step 2: If −g(xk) + tk ≥ −τ , then stop: yk is an approximate solution of

(DC). Otherwise, go to Step 3.
Step 3: Set yk+1, ωk+1, Pk+1 as follows:

yk+1 :=
{

xk if f(xk)− g(xk) < 0 and xk ∈ X,
yk otherwise,

ωk+1 :=
{

f(xk)− g(xk) if f(xk)− g(xk) < 0 and xk ∈ X,
ωk otherwise,

Pk+1 := Pk ∩ {(x, t) ∈ Rn ×R : `k(x, t) ≤ 0},
where

`k(x, t) := 〈dk, (x>, t)> − (zk, θk)>〉,
dk ∈ ∂φ(zk, θk),

(zk, θk) ∈ [(xk, tk), (ȳ, t̄)] ∩ bd D(yk).
Calculate the vertex set V (Pk+1). Set k ← k + 1 and return to Step 1.

The sequences {D(yk)} and {Pk} satisfy the following conditions.

D(y1) ⊃ D(y2) ⊃ · · · ⊃ D(yk) ⊃ D(yk+1) ⊃ · · · ,

P1 ⊃ P2 ⊃ · · · ⊃ Pk ⊃ Pk+1 ⊃ · · · ,
Pk ⊃ D(yk) for each k = 1, 2, . . . .

Moreover, we have the following inequality.

ω1 ≥ ω2 ≥ · · · ≥ ωk ≥ ωk+1 ≥ · · · ≥ min(DC),

where min(DC) denotes the optimal value of (DC). By approximating {D(yk} by
{Pk} from outside, Algorithm OA generates the provisional solution sequence {yk}.
Moreover, it is shown that every accumulation point {yk} is a globally optimal
solution of (DC). Hence, by setting τ > 0, Algorithm OA calculates an approximate
solution of (DC). However, {Pk} often do not converge effectively, because the shape
of D(yk) approximated by Pk is changed as the number of iterations increases.
Therefore, we improve Algorithm OA by fixing the target approximated by {Pk}
in Section 4. By such the improvement, the convergence of {Pk} becomes more
efficient.
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4. IMPROVEMENT OF TUY’S OUTER APPROXIMATION ALGORITHM

In order to enhance the computational efficiency of the algorithm, we improve
Tuy’s outer approximation algorithm as follows:

Algorithm IOA

Step 0:
Step 0-1: Find a feasible solution y1 ∈ X and set ω1 := f(y1) − g(y1).

Go to Step 0-2.
Step 0-2: Construct a polytope S ⊂ Rn satisfying S ⊃ X. Calculate the

vertex set V (S). Choose x′ ∈ V (S) satisfying f(x′) = max{f(x) : x ∈
V (S)}. Set t̃ := f(x′) and D := {(x, t) ∈ Rn × R : x ∈ X, f(x) ≤ t ≤
t̃}. Go to Step 0-3.

Step 0-3: Construct a polytope P1 ⊂ Rn+1 satisfying P1 ⊃ D and P1 ⊂
{(x, t) ∈ Rn × R : t ≤ t̃}. Calculate the vertex set V (P1). Go to
Step 0-4.

Step 0-4: Find (ȳ, t̄) ∈ int D. Set a tolerance τ ≥ 0 and k = 1. Go to
Step 1.

Step 1: Choose (xk, tk) ∈ arg min{−gk(x) + t : (x, t) ∈ V (Pk)}, where
gk(x) := g(x) + ωk. Go to Step 2.

Step 2: If −gk(xk) + tk ≥ −τ , then stop: yk is an approximate solution of
(DC). If φ(xk, tk) ≤ τ , then stop: xk is an approximate solution of (DC),
where

φ(x, t) := max{h1(x), . . . , hm(x), f(x)− t}.
Otherwise, go to Step 3.

Step 3: Set yk+1, ωk+1, Pk+1 as follows:

yk+1 :=
{

xk if f(xk)− gk(xk) < 0 and xk ∈ X,
yk otherwise,

ωk+1 :=
{

f(xk)− g(xk) if f(xk)− gk(xk) < 0 and xk ∈ X,
ωk otherwise,

Pk+1 := Pk ∩ {(x, t) ∈ Rn ×R : `k(x, t) ≤ 0},
where

`k(x, t) := 〈dk, (x>, t)> − (zk, θk)>〉,
dk ∈ ∂φ(zk, θk),

(zk, θk) ∈ [(xk, tk), (ȳ, t̄)] ∩ bd D.

Calculate the vertex set V (Pk+1). Set k ← k + 1 and return to Step 1.
From Assumption (A4), int D 6= ∅ and hence (ȳ, t̄) ∈ int D can be found. For each
k, since D = {(x, t) ∈ Rn × R : φ(x, t) ≤ 0, t ≤ t̃} and φ(x, t) is convex on Rn+1,
we have D ⊂ {(x, t) ∈ Rn × R : `k(x, t) ≤ 0}. Hence,

P1 ⊃ P2 ⊃ · · · ⊃ Pk ⊃ · · · ⊃ D.

By the definition of yk at Steps 0-1 and 3, {yk} ⊂ X. At iteration k, if f(xk) −
gk(xk) < 0,

f(xk)− gk(xk) = f(xk)− g(xk)− ωk = f(xk)− g(xk)− (f(yk)− g(yk)) < 0,

that is, f(xk)−g(xk) < f(yk)−g(yk). Therefore, for each k, we have the following
inequalities.

f(yk)− g(yk) ≥ f(yk+1)− g(yk+1) ≥ min(DC),

ωk ≥ ωk+1 ≥ min(DC).
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Moreover, the following theorems hold.

Theorem 4.1. Assume that −gk(xk) + tk ≥ 0 at iteration k of Algorithm IOA. Then,
yk is a globally optimal solution of (DC).

Proof. At iteration k of Algorithm IOA, it follows from the definition of yk that
yk ∈ X. Hence, in order to complete the proof, we shall show that f(yk)− g(yk) ≤
f(x)− g(x) for each x ∈ X. Let x′ ∈ X. Then, (x′, f(x′)) ∈ D. Since D ⊂ Pk and
gk is convex, from the definition of (xk, tk), we have

−gk(x′) + f(x′) ≥ min{−gk(x) + t : (x, t) ∈ D}
≥ min{−gk(x) + t : (x, t) ∈ Pk}
= min{−gk(x) + t : (x, t) ∈ V (Pk)}
= −gk(xk) + tk ≥ 0

Hence,

f(x′)− gk(x′) = f(x′)− g(x′)− ωk = f(x′)− g(x′)− (f(yk)− g(yk)) ≥ 0.

Therefore,
f(x′)− g(x′) ≥ f(yk)− g(yk).

Consequently, yk is a globally optimal solution of (DC). �

Theorem 4.2. Assume that φ(xk, tk) ≤ 0 at iteration k of Algorithm IOA. Then, xk

is a globally optimal solution of (DC).

Proof. Since φ(xk, tk) ≤ 0, (xk, tk) ∈ D. Hence,

−gk(xk) + tk ≥ min{−gk(x) + t : (x, t) ∈ D}
≥ min{−gk(x) + t : (x, t) ∈ Pk}
= min{−gk(x) + t : (x, t) ∈ V (Pk)}
= −gk(xk) + tk.

This implies that −gk(xk)+ tk ≥ min{−gk(x)+ t : (x, t) ∈ D}. Since (xk, f(xk)) ∈
D, −gk(xk)+ tk ≤ −gk(xk)+f(xk), that is, tk ≤ f(xk). Moreover, since (xk, tk) ∈
D, tk ≥ f(xk). Hence, tk = f(xk). Since −gk(x) + t ≥ −gk(x) + f(x) for each
(x, t) ∈ D, we have

−g(xk) + f(xk)− ωk = min{−g(x) + t− ωk : (x, t) ∈ D}
= min{−g(x) + f(x)− ωk : x ∈ X}.

Since ωk is constant, f(xk) − g(xk) = min{f(x) − g(x) : x ∈ X}. Consequently,
xk is a globally optimal solution of (DC). �

Corollary 4.3. Assume that φ(xk, tk) > 0 at iteration k of Algorithm IOA. Then, there
exists (zk, θk) ∈ [(xk, tk), (ȳ, t̄)] ∩ bd D. Moreover, (xk, tk) 6∈ Pk+1.

Proof. We note D = {(x, t) ∈ Rn × R : φ(x, t) ≤ 0, t ≤ t̃}. Since (ȳ, t̄) ∈ int D,
φ(ȳ, t̄) < 0. Hence, from the assumption of this corollary, there exists (zk, θk) ∈
[(xk, tk), (ȳ, t̄)] such that φ(zk, θk) = 0, that is, (zk, θk) ∈ bd D. Moreover, from
the convexity of φ,

`k(ȳ, t̄) = 〈dk, (ȳ>, t̄)> − (zk, θk)>〉 = φ(zk, θk) + 〈dk, (t̄>, t̄)> − (zk, θk)>〉
≤ φ(ȳ, t̄) < 0.

We note that there exists µ > 0 satisfying

((xk)>, tk)> − (zk, θk)> = −µ((ȳ>, t̄)> − (zk, θk)>).
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Therefore,

`k(xk, tk) = 〈dk, ((xk)>, tk)> − (zk, θk)>〉 = −µ〈dk, (ȳ>, t̄)> − (zk, θk)>〉 > 0.

Consequently, (xk, tk) 6∈ Pk+1. �

Theorem 4.4. Assume that τ = 0 and that {(xk, tk)} is an infinite sequence gener-
ated by Algorithm IOA. Then, every accumulation point of {(xk, tk)} is contained in
D.

Proof. Since {(xk, tk)} ⊂ P1 and P1 is bounded, {(xk, tk)} has an accumula-
tion point. Moreover, since {(zk, θk)} ⊂ bd D and bd D is bounded, {(zk, θk)}
has an accumulation point. Furthermore, since {dk} ⊂ ∪(x,t)∈bd D∂φ(x, t) and
∪(x,t)∈bd D∂φ(x, t) is bounded (see Theorem 24.7 in [4]), {dk} has an accumula-
tion point. Let (x̂, t̂), (ẑ, θ̂) and d̂ be accumulation points of {(xk, tk)}, {(zk, θk)}
and {dk}, respectively. Without loss of generality, we can assume that (xk, tk) −→
(x̂, t̂) and (zk, θk) −→ (ẑ, θ̂) as k −→ +∞. Then, from the upper semi-continuity
of ∂φ, d̂ ∈ ∂φ(ẑ, t̂) (see Theorem 24.4 in [4]).

In order to obtain a contradiction, we suppose that (x̂, t̂) 6∈ D. Since {(xk, tk)} ⊂
P1 ⊂ {(x, t) ∈ Rn × R : t ≤ t̃} and D = {(x, t) ∈ Rn × R : φ(x, t) ≤ 0, t ≤ t̃},
t̂ ≤ t̃ and hence φ(x̂, t̂) > 0. Then, there exists µ > 0 such that (x̂, t̂) − (ẑ, θ̂) =
−µ((ȳ, t̄)− (ẑ, θ̂)). Since 〈d̂, (ȳ>, t̄)> − (ẑ>, θ̂)>〉 ≤ φ(ȳ, t̄) < 0,

〈d̂, (x̂>, t̂)> − (ẑ>, θ̂)>〉 = −µ〈d̂, (ȳ>, t̄)> − (ẑ>, θ̂)>〉 > 0.

Moreover, we have

lim
k−→+∞

`k(xk, tk) = lim
k−→+∞

〈dk, ((xk)>, tk)> − ((zk)>, θk)>〉

= 〈d̂, (x̂>, t̂)> − (ẑ>, θ̂)>〉 > 0.

Hence, there exists k1, k2 > 0 such that `k2(x̂, t̂) > 0 and `k2(x
k, tk) > 0 for each

k ≥ k1. This implies that {(xk, tk)}k≥k1 ∩ Pk2+1 = ∅. However, from the defin-
itions of Pk and (xk, tk), {(xk, tk)}k>max{k1,k2} ⊂ Pk2+1. This is a contradiction.
Consequently, (x̂, t̂) ∈ D. �

Theorem 4.5. Assume that τ = 0 and that {(xk, tk)} is an infinite sequence gener-
ated by Algorithm IOA. Then, every accumulation point of {xk} is a globally optimal
solution of (DC).

Proof. In the same way of Theorem 4.4, we can assume that (xk, tk) −→ (x̂, t̂) as
k −→ +∞. Since {yk} ⊂ X and X is bounded, {yk} has an accumulation point.
Hence, without loss of generality, we can assume that yk −→ ŷ as k −→ +∞.
Moreover, since ωk = f(yk) − g(yk), from the continuity of f and g, we can set
ω̂ := lim

k−→+∞
ωk. Then, by the definitions of gk and D, we have

t̂− g(x̂)− ω̂ = lim
k−→+∞

tk − g(xk)− ωk

= lim
k−→+∞

min{t− g(x)− ωk : (x, t) ∈ V (Pk)}

= lim
k−→+∞

min{t− g(x)− ωk : (x, t) ∈ Pk}

≤ lim
k−→+∞

min{t− g(x)− ωk : (x, t) ∈ D}

= lim
k−→+∞

min{f(x)− g(x)− ωk : (x, t) ∈ D}

= min(DC)− ω̂.
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Hence, t̂ − g(x̂) ≤ min(DC). Moreover, from Theorem 4.4, (x̂, t̂) ∈ D. By the
definition of D, t̂ ≥ f(x̂). Therefore, t̂− g(x̂) ≥ f(x̂)− g(x̂) ≥ min(DC). Thus, we
have

t̂− g(x̂) = f(x̂)− g(x̂) = min(DC).
Consequently, x̂ is a globally optimal solution of (DC). �

Corollary 4.6. Assume that τ = 0 and that {yk} is an infinite sequence generated by
Algorithm IOA. Then, every accumulation point of {yk} is a globally optimal solution
of (DC).

Proof. In the same way of Theorem 4.5, we can assume that yk −→ ŷ as k −→ +∞.
Since {yk} ⊂ X and X is compact, ŷ ∈ X. Hence, f(ŷ) − g(ŷ) ≥ min(DC).
Moreover, by Theorem 4.5 and the definition of yk, we have

min(DC) == lim
k−→+∞

f(xk)− g(xk) ≥ lim
k−→+∞

f(yk+1)− g(yk+1) = f(ŷ)− g(ŷ).

Therefore, f(ŷ)− g(ŷ) = min(DC). Consequently, ŷ is a globally optimal solution
of (DC). �

From Theorems 4.1 and 4.2, it is shown that the stopping criteria of Algo-
rithm IOA are valid. In the case where infinite sequences {xk} and {yk} are
generated by Algorithm IOA, by Theorem 4.5 and Corollary 4.6, every accumula-
tion point of {xk} and {yk} is a globally optimal solution of (DC). Moreover, by
setting τ > 0, it follows from Theorem 4.4 that Algorithm IOA terminates within a
finite number of iterations.

5. PROCEDURE FOR CALCULATING THE VERTEX SET

At Step 3 of Algorithm IOA proposed in Section 4, the vertex set V (Pk) is cal-
culated. In the classical methods, to obtain the vertex set, many systems of linear
equations are solved. However, it is known that such procedures are inefficient. In
this section, we propose a procedure for calculating the vertex set V (Pk) utilizing
the relation of connections among vertices by edges. Hence, in order to construct
such a procedure, we introduce the following definitions on convex analysis.

Definition 5.1. ([8]) Let P be an n-dimensional polyhedral set and let H be a
supporting hyperplane of P . Then, the intersection F := H ∩ P is called a face of
P . If dimF = 1, F is called an edge of P . If dimF = n− 1, F is called a facet of P .

We remember that Pk is given at iteration k of Algorithm IOA. Let (v(i), t(i))
(i ∈ ∆k ⊂ {1, . . . , α(k)}) be vertices of Pk and let Fj (j ∈ Γk ⊂ {1, . . . , β(k)}) be
facets of Pk, where

• α(k) and β(k) denote the numbers of vertices and facets generated by
iteration k, respectively,
• ∆k is the index set of all vertices of Pk, that is, {(v(i), t(i)) : i ∈ ∆k} =

V (Pk)
• Γk is the index set of all facets of Pk, that is, Fj ∩ Pk 6= ∅ for each j ∈ Γk

and Fj′ ∩ Pk = ∅ for any j′ ∈ {1, . . . , β(k)}\Γk.
For each i ∈ ∆k, we set the index sets Vi and Fi as follows:

Vi := {j : co {(v(i), t(i)), (v(j), t(j))} is an edge of Pk, j ∈ ∆k\{i}},
Fi := {j : (v(i), t(i)) ∈ Fj , j ∈ Γk}.

The procedure proposed in this section consists of the following three parts.
Section 5.1: Search for all vertices of Pk to remove.
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Section 5.2: Calculation of all vertices of Pk+1 to generate.
Section 5.3: Check for the availability of Fi (i ∈ Γk).
Section 5.4: Update the index sets Vi.

5.1. SEARCH FOR ALL VERTICES TO REMOVE. Since Pk+1 = Pk ∩ {(x, t) ∈
Rn × R : `k(x, t) ≤ 0} and `k(v(ik), t(ik)) > 0, there exist vertices of Pk which are
not contained in Pk+1. Hence, to construct the vertex set V (Pk+1), it is necessary
to search for all (v, t) ∈ V (Pk) satisfying `k(v, t) > 0. For this reason, we propose
the following procedure.

Procedure A

Step 0: SetM :=M′ = {ik}. Go to Step 1.
Step 1: IfM′ = ∅, then stop. Otherwise, choose j ∈M′ and go to Step 2.
Step 2:

Step 2-0: Set T := Vj and go to Step 2-1.
Step 2-1: If T = ∅, then go to Step 3. Otherwise, choose q ∈ T and go

to Step 2-2.
Step 2-2: If `k(v(q), t(q)) > 0 and q 6∈ M, set M ← M ∪ {q} and
M′ ←M′ ∪ {q}. Go to Step 2-3.

Step 2-3: Set T ← T \{q} and return to Step 1.
Step 3: SetM′ ←M′\{j} and return to Step 1.

Procedure A attain the following.
• M listed the indices of all vertex of Pk which are not contained in Pk+1.

Hence, for each i ∈M,

(v(i), t(i)) ∈ V (Pk) and (v(i), t(i)) 6∈ V (Pk+1).

5.2. CALCULATION OF ALL VERTICES TO GENERATE. Let (v(i1), t(i1)), (v(i2), t(i2)) ∈
V (Pk) satisfy

i2 ∈ Vi1 , `k(v(i1), t(i1)) > 0 and `k(v(i2), t(i2)) < 0.

Then, co {(v(i1), t(i1)), (v(i2), t(i2))} is an edge of Pk and there exists a ver-
tex (v′, t′) of Pk+1 generated at iteration k of Algorithm IOA, that is, (v′, t′) ∈
V (Pk+1)\V (Pk). Moreover, the following assertions hold.

• (v′, t′) ∈ Fj for all j ∈ Fi1 ∩ Fi2 .
• (v′, t′) ∈ Fβ(k)+1.

Here, Fβ(k)+1 := Pk+1 ∩ {(x, t) ∈ Rn × R : `k(x, t) = 0} = Pk ∩ {(x, t) ∈ Rn × R :
`k(x, t) = 0}. We note that Fβ(k)+1 is a unique facet of Pk+1 at iteration k of
Algorithm IOA. Hence, we can set β(k + 1) := β(k) + 1.

In order to calculate all vertices generated at iteration k of Algorithm IOA, we
proposed the following procedure.

Procedure B

Step 0: Set W := ∅, α(k + 1) := α(k) andM′ :=M, whereM is generated
by Procedure A. Go to Step 1.

Step 1: IfM′ = ∅, then set ∆k+1 := (∆k ∪ {α(k) + 1, . . . , α(k + 1)})\M and
β(k+1) := β(k)+1, and stop. Otherwise, choose j ∈M′ and go to Step 2.

Step 2:
Step 2-0: Set T := Vj and go to Step 2-1.
Step 2-1: If T = ∅, then go to Step 3. Otherwise, choose q ∈ T and go

to Step 2-2.
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Step 2-2: If `k(v(q), t(q)) < 0, then go to Step 2-3. If `k(v(q), t(q)) = 0,
then go to Step 2-4. Otherwise, go to Step 2-5.

Step 2-3: Set (v(α(k + 1) + 1), t(α(k + 1) + 1), Fα(k+1)+1 and Vα(k+1)+1

as follows:

(v(α(k + 1) + 1), t(α(k + 1))) := (1− λ)(v(j), t(j)) + λ(v(q), t(q)),

Fα(k+1)+1 := (Fj ∩ Fq) ∪ {β(k) + 1},
Vα(k+1)+1 := {q},

Vq ← (Vq\{j}) ∪ {α(k + 1) + 1},
W ←W ∩ {α(k + 1) + 1},
α(k + 1)← α(k + 1) + 1,

where

λ :=
`k(v(q), t(q))

`k(v(j), t(j))− `k(v(q), t(q))
.

The renewal of Vα(k+1)+1 are incomplete at this step. The index set
Vα(k+1)+1 will be corrected by Procedure D proposed in Section 5.4.
Go to Step 2.

Step 2-4: Update Fq and Vq as follows:

Fq ← Fq ∪ {β(k) + 1},
Vq ← Vq\{j},
W ←W ∪ {q}.

Go to Step 2-5.
Step 2-5: Set T ← T \{q}, and return to Step 2-1.

Step 3: SetM′ ←M′\{j} and return to Step 1.
By Procedure B, we have
• ∆k+1, α(k+1) and β(k+1) are calculated. Hence, V (Pk+1) := {(v(i), t(i)) :

i ∈ ∆k+1}.
• {(v(i), t(i)) : i = α(k) + 1, . . . , α(k + 1)} = V (Pk+1)\V (Pk) is calculated.
• W listed the indices of all vertices of Pk+1 contained in {(x, t) ∈ Rn × R :

`k(x, t) = 0} is constructed. Hence, W = {α(k) + 1, . . . , α(k + 1)} ∪ {i ∈
∆k : `k(v(i), t(i)) = 0}. We note that for each i ∈ W, Vi needs to be
generated or updated.
• For each i ∈ ∆k\{i ∈ ∆k : `k(v(i), t(i)) = 0}, Vi is updated completely.
• For each i ∈ ∆k+1, Fi is updated.

5.3. CHECK FOR THE AVAILABILITY OF FACETS. In this section, we propose a
procedure for checking the availability of facets Fi (i ∈ Γk ∪ {β(k + 1)}) for Pk+1.
Then, it is clear that the following theorem holds.

Theorem 5.2. Let P ⊂ Rn be an n-dimensional convex polyhedral set and let
F (1), . . . , F (β) be facets of P . Then, for each i ∈ {1, . . . , β} and j ∈ {1, . . . , β}\{i},
Fi ∩ Pk 6⊂ Fj .

By Theorem 5.2, we propose a procedure for omitting i ∈ Γk satisfying Fi ∩
V (Pk+1) ⊂ Fj for some j ∈ (Γk ∪ {β(k + 1)})\{i} from Γk ∪ {β(k + 1)} as follows.

Procedure C

Step 0: Set Γk+1 := Γk ∪ {β(k + 1)} and i := 1. Go to Step 1.
Step 1: If i = β(k + 1), then stop. If i 6∈ Γk+1, go to Step 4. Otherwise, go to

Step 2.
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Step 2: Set Ψi := {q ∈ ∆k+1 : i ∈ Fq}. Go to Step 3.
Step 3:

Step 3-0: Set j := i + 1 and go to Step 3-1.
Step 3-1: If j = β(k + 1) + 1, then go to Step 4. If j 6∈ Γk+1, then go to

Step 3-4. Otherwise, go to Step 3-2.
Step 3-2: Set Ψj := {q ∈ ∆k+1 : j ∈ Fq}. Go to Step 3-3.
Step 3-3: If Ψi ⊂ Ψj , then set Γk+1 ← Γk+1\{i}, Fq ← Fq\{i} for each

q ∈ ∆k+1, and go to Step 4. Otherwise, go to Step 3-4.
Step 3-4: Set j ← j + 1 and return to Step 3-1.

Step 4: Set i← i + 1 and return to Step 1.
From Procedure C, for each i ∈ Γk+1,

dim (Pk+1 ∩ Fi) = n− 1.

5.4. UPDATE THE INDEX SETS. Procedure B generates V (Pk) by utilizing Vi (i ∈
M), whereM is constructed by Procedure A. Hence, in order to generate V (Pk+2)
at iteration k + 1 of Algorithm IOA in the same way, it is necessary to construct
Vα(k)+1, . . . ,Vα(k+1), and to update Vi for each i ∈ {i ∈ Γk : `k(v(i), t(i)) = 0}.
Then, the following theorem holds.

Theorem 5.3. Let P ⊂ Rn be an n-dimensional convex polyhedral set and let
{Fi :∈ Γ} be the set of all facets of P , where Γ is the index set. The line segment
co {v′,v′′} (v′,v′′ ∈ V (P ), v′ 6= v′′) is an edge of P if and only if there exist
i1, . . . , in−1 ∈ Γ such that co {v′,v′′} ⊂ Fij for each j = 1, . . . , n− 1.

By Procedure C, {Fi : i ∈ Γk+1} is the set all facets of Pk+1. Hence, to construct
Vi for each i ∈ W (W is generated by Procedure B), we propose the following
procedure.

Procedure D

Step 0: Set j = 1 and go to Step 1.
Step 1: If j = α(k + 1), then stop. If j 6∈ W, then go to Step 3. Otherwise, go

to Step 2.
Step 2:

Step 2-0: Set q := j + 1 and go to Step 2-1.
Step 2-1: If q = αk+1, then go to Step 3. If q 6∈ W, then go to Step 2-3.

Otherwise, go to Step 2-2.
Step 2-2: If |Fj ∩ Fq| = n− 1, set Vj ← Vj ∪ {q} and Vq ← Vq ∪ {j}. Go

to Step 2-3.
Step 2-3: Set q ← q + 1 and return to Step 2-1.

Step 3: Set j ← j + 1 and return to Step 1.
By Procedures B and D, all index sets Vi (i ∈ ∆k+1) are updated completely.

6. COMPUTATIONAL EXPERIMENTS

In order to investigate the efficiency of Algorithm IOA, we did numerical experi-
ments for the following problem:

minimize

1
2

n∑
i=1

f1
i x2

i −
n∑

j=1

f2
j xj + f

−
1

2

n∑
i=1

g1
i x2

i −
n∑

j=1

g2
j xj + g


subject to

1
2

n∑
i=1

ai(xi − bi)2 − c ≤ 0, x ∈ Rn,

(6.1)
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where f i
j , g

i
j , aj , bj , f, g, c ∈ [1, 10] (i = 1, 2, j = 1, . . . , n) are defined by a random

number generator. For each n satisfying 1 ≤ n ≤ 8, we generated 60 problems in
the form of (6.1). The numerical experiments were performed by a computer (CPU:
Xeron MP 3.33GHZ–8MB×3, RAM: 6GB). Algorithm IOA was encoded by the C
language on Linux. The computational result of Algorithms IOA for such problems
are written in Table 1, where the tolerance is τ = 0.001. Here, |V (Plast)| in Table 1
denotes the number of vertices of Pk at the last iteration.

Table 1. Computational results of Algorithm IOA

Number of iteration CPU-time(sec) |V (Plast)|

n Average Standard Average Standard Average Standard

deviation deviation deviation

1 3.379 1.495 0.009 0.032 6.379 1,473
2 15.917 5.460 0.000 0.001 34.933 10.535
3 50.950 87.218 0.002 0.011 256.017 511.184
4 68.617 26.764 0.009 0.009 907.633 448.863
5 151.879 98.777 0.351 0.608 7166.828 6302.436
6 227.076 159.698 10.464 26.017 40650.830 41346.200
7 318.729 172.307 586.560 1005.900 233899.100 186763.300
8 243.350 75.510 4626.178 4006.415 540451.800 264155.460

The computational result shows that the proposed algorithm is effective for not
so large size problems.

7. CONCLUSIONS

In this paper, we have improved Tuy’s outer approximation algorithm for solving
(DC). Both Tuy’s algorithm and the improved algorithm generate the sequences of
polytopes to guarantee the global convergence. The sequence of polytopes gener-
ated by Tuy’s algorithm approximates the sequence of compact convex sets. On the
other hands, the improved algorithm generates the sequence of polytopes approx-
imating a compact convex set from outside. By fixing the target set approximated
by the sequence of polytopes, the efficiency of the proposed algorithm has been
upgraded. Moreover, to improve the computational efficiency of the algorithm, we
have proposed a procedure for calculating the vertex sets. By utilizing the relation
of connections among vertices by edges, the proposed procedure calculates the
vertex sets without solving systems of linear equations.
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