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ABSTRACT. In this paper we have studied a class of complex valued multivalent meromor-
phic harmonic and orientation preserving functions by using the generalized hypergeometric
functions in the punctured unit disk and we have obtained coefficient estimates, distortion
theorem . Other interesting properties are also investigated.
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1. INTRODUCTION

A continuous function f = u 4+ iv is a complex-valued harmonic function in a
domain D C C if both u and v are real harmonic in D. In any simply connected
domain D , we can write
f = h + 79, where h and g are analytic in D.We call h the analytic part and g the
co-analytic part of f. A necessary and sufficient condition for fto be univalent and
orientation preserving in D that |h/(2)| > |¢'(z)] in D ( see [4]).

W. Hengartner and G. Schober [2], considered harmonic sense preserving uni-
valent mappings defined on NU = {2z : |z| > 1} that map oo to oo and represented
by

- (o] oo
f(z) = h(z) + g(z) + Alog |z| where h(z) = az+ > anz ™, 9(2) =2+ > bpz™"
n=0 n=1

are analytic in VU and |a| > || > 0,4 € C, further % is analytic and ‘%

z z

< 1.
Jahangiri [6] , O Ahuja and Jahangiri [1] and Murugusundaramoorthy [7] have
studied classes of meromorphic harmonic functions.

Let us denoted the family X,(H) consisting of all harmonic sense-preserving
multivalent meromorphic mapping in NU* ={z:2 € Cand 0 < |2| < 1}

f(2) =h(z)+g(2) (1-1
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where
hz) =2+ anip 12" g(2) =D bnip 12T byl <1 (1-2)
n=1 n=1

Also , we denote by X,,(H) the subfamily of ¥,,(H) consisting of harmonic functions
f = h+ g(2) of the form

F(2) =27 = anp 12T £ by 12D, (B[ < 1), (1-8)

n=1 n=1

The (- Convolution of¢(z) and ¢ (z) where

o(z) =277+ Z an+p_1z("+”_1) + Z bn+p_1z(”+p_1) (1-4)
n=1 n=1
and
P(z) =277+ Z Cn+p712(n+p_1) + Z dn+p71'z(n+p_1) (1-5)
n=1 n=1
is defined by
R an+p 1cn+p 1 S(ntp—1) n+;D 1d7l+17 1m 1-6
(p®p¢)(2) = = +Z +Z (n+p—1)~8 (1-6)

The O-convolution of qﬁ and 1 is the familiar Hadamard product,also the 1-convolution
of ¢ and v is named integral convolution.

For real or complex numbers a1, sz, ...., &g and 1, Bz ..., Bs(8; #0,—1,-2,-3,..;5 =
1,2, ..., s), we define the generalized hypergeometric function o Fi (a1, ..., ag; 1, .., Bs; 2)

by

o

qFS(ala"'aaq;ﬁla"'aﬁs;z) :;M;' (1-7)

(<s+1;¢,s € Ng=NU{0};2 € NU),
where (), is the pochhammer symbol, defined , in term of the Gamma function
L, by

T(x+ k)
(T)r = I(z)
Corresponding to a function
Hp(ala ---»aq;ﬁla "'7&8; Z) =z P qFS(a17 ---,aq;ﬁla "'7ﬁ8; Z>7 (1'8)
we consider a linear operator H,, ,, (a1, ..., g3 B, .., Bs) defined by the convolution

1
Hy(ay, ..., aqg; Bu, o Bs) * Hp (0, oo, 0g; B, -, Bs; 2) = Wo(ﬂ > —p)

Let Hp)qas(a17 "'7aq;ﬂlv ~-~7ﬁs) : Ep(H) — EP(H)deﬁned by
Y (01,0 043 B0 B (2) = Hypa(on, o0 B, o B 2) 5 (2). (1-9)
(aj, 85 #0,-1,-2,-3,.;i=1,...,q; 5 =1,2,...,s,u > —p; f € E,(H); 2 € NU")
For notational simplicity , we use shorter notation
Hquw‘?(al) = Hp(a17 "'705(];617 -'753)

Thus, from (1-9) we deduce that after simple calculations , we obtain

(H[L ( )f(Z)) —p+z N+p)p+n(/81)n+p ..... (ﬁS)n+pan+p,12n+p_l. (1-10)

e 1 (a1)ptnee (g ) ntp
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We note that the linear operator H 4.5 1s closely related to the Choi- Saigo-Srivastava
operator [3].In view of relationship 1-10 for harmonic function f = h+ @ given by

1-1, we define the operator

Hy o f(2) = Hp h(z) + Hpg.59(2).

p.q,s p,q,s

Afunction f € ¥,(H) is said to be in the subclass JH («) of meromorphic harmonic
a-starlike function in NU™ if its satisfies the condition

oo [ 2T )Y — g G |
Hzﬁq,sh(z) + Hzﬁq’sg('z)

where (0 > a < p) and H!, . f(2) is given by 1-10. We also let JH (o) = JH(a) N
Xp(H).
In this paper we obtain coefficient conditions for the classes JH (a)and JH («)

2. COEFFICIENT ESTIMATES

Theorem 2.1 : Let f = h + g where g and h are given by (1-2) if

oo

Z(l —a—=n=p)lanip-1|T)(n) +(n+p—1—=a)|bpyp1|T)(n) <1, (2-1)

n=1

then f € JH(«), where T}'(n) = (WtP)psn(Brinsp--(Bo)ntp

(a1)pgn-eee (ag)n+p

Proof :Suppose the condition (2-1) holds true, we show that

e _Z(Hg,q,sh(z))/_m ~ e A(z) N
R{ HE g oh(2) + Hlgg(2) } R{B<z>}>’

where
A2) = —z(H}, h(2) — 2(Hpq,s9(2)) = —(=pz "~ + 302 T (n)(n + p —
Dantp-12"1P72) + 2(35,2, Ty (n)(n +p — Dbpip—12mP2)
and

B(z) = H]l;,q,sh(z) + Hpg,59(2)= 277 + fozl T#(”)anﬂ)—lznﬂ)il

+ 3 T ()b p1 2P

Using the fact that Rew > « if and only if |1 — o+ w| > |1 + o — w], its suffices
to show that
|A(z) + (1 — a)B(2)| — |A(z) — (1 + a)B(z)| > 0. (2-2)
Substituting for A(z) and B(z) in (2-2), and performing elementary calculations,
we find that
|A(2) + (1 = a)B(2)| = [A(z) — (1 + ) B(2)]|
> 20277 =237 | [(L—a—n—p)lantp-1] + (n+p — 1 — ) buip-1[|Tf (n) 2" P71
S 21— S (U= 1= p)lanspoa| + (1 p— 1 — )by [TE() > 0,
which implies that f € JH («).
Theorem 2.2 : For0 < a <p, f =h+g € JH(a) if and only if

Y (—a—n=planpy1|Tn) + (n+p—1=a)bupa|Th(n) <1, ©2-3)
n=1

_ (H+p)p+n(ﬁl)n+P """ (ﬁs)n+p
where T3 (n) = =5 S
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Proof : SinceJH (a) C JH(«), we need to prove the "only if" part. To this end, for
functions f of the form (1-3) , we have

. {_z<H,ﬁtq,sh<z>>' O] } -
Hpg,sh(z) + Hﬂq,sg(z)

implies that

o 7 T T = @ =1 = Py S Ty T
e = = — > 0.
2P =3 Ty (n)antp—12" TP+ 3700 Ty (n)bpypo1 27t P~1

The above required condition must hold for all values of z in NU* . Upon
choosing the values of z on the positive real axis where 0 = r < 1, we must have

o J Lo Xt TE) (1 =0 = n = p)angp-ar™ 2t 50 | T ()b ar TP
e 1 Lp \")Ontp—1]
1= 30t Ty (n)anpar™ 2P~ 4 3000 T (n)bpap a7 H2P 7

> 0.

(2-4)
If the condition (2-3) does not hold , then the numerator in (2-4) is negative for r
sufficiently close to 1 . Here , there exist 2y = 7 in (0,1) for which the quotient of
(2-4) is negative .This contradicts the required condition for f(z) € JH(«) .
The following result gives the distortion bounds
Theorem 2.3 :Let the function f be in the class JH («). Then , for 0 < |z| =7 < 1,

we have " "
rP— CEI0) <|fR)<r P+ CEED)

Proof :In view of Theorem 2.2 ,for 0 < |z| =7 < 1,

o 5%
O = 574 3 27 = 3 gy
n=1

n=1

<r PP Z(anﬂ?fl + bnyp-1)

n=1
T m— o 0} (MY
- (p — a T“ 1 n:1 P P P
STﬁp+( —aT“ XZTH (I-a-n—planp-1+@n+p—1—a)bpip1]
P
<P
(p — ) T3 (1)
and
o0 o0
|f(z)| = ‘pr =+ Z an+p—12n+p71 - Z b7z+p—12n+p_1
n=1 n=1
2 r P —r? Z(a’ﬂer*l + anrpfl)
n=1
> S (= T () (antpot + brpe)
- (p—a)Ty(1) =~ P
P rr S TH 1 1 b
e NYL TR - - - — - - n —
=r (p _ OZ)T]#(I) x Z P (TL)[( a—n p)an+p 1+ (TL +p a) +p 1]
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p P
>r Y =
(p— )T (1)
Theorem 2.4 :Let ¢(z) and 9 (z) have the form (1-5) and (1-6), respectively be in

JH (o) .Then the 8- Convolution of¢(z) and (=) belongs to JH (o) where
B > max {(log(n +p—1))"llog m, (log(n+p—1))"'log m}

Proof : Since ¢(z),9(z) € JH(a) we can write
Z[(l —a—"n _p)an+p—1 + (TL +p- 1- (X)bn-&-p—l]T;(n) < 1 (2'5)

n=1

Z[(l —a—=n-—plepip-1+(n+p—1—-a)d,,1]TH(n) <1,
n=1

also we have ¢, 4,1 < ﬁ, dpyp-1 < m,we must show
i[(l —a-n- p)an-&-p—lcn-‘f-p—lT;ﬁL(n)_i_(n +p—-1- O‘)bn-i-p—ldn-i-p—lT;#(n) <1
ot (n+p—1)~» (n+p—1)» -
(2-6)
For this purpose we have
i[(l — &= N — P)Unip—1Cnip-1 + (n+p—1—a)bpip-1dnip-1 1T (n)
—1)8 —_1)8 P
o (n+p—1) (n+p—1)
< i An+p—1 + bn—l—g—l7
— (n+p-1)
thus in view of (2-5) the (2-6) holds true if both the following hold true
1 1
n+ —15>77 n+p—1F>——
(n+p—-1"2> T —— (n+p—1) Z -1 a
Equivalently if

1 1
ﬁ Z max {(log(n +p — 1))_1 log m7 (10g<n +p — 1))_1 log W} .

Theorem 2.5: Let 0 < o <y < land ¢ € JH(«),? € JH(7). Then
pxp € JH(y) C JH(a)
Proof :Its clear thatJH (y) C JH(«), also we have

oo

Z[(l —Y=n—plantp1+(n=p—1- 'Y)bn+p—1]T;éL(n) <1

n=1

o

Z[(l —a—"n— p)cn+p—1 + (n +p —1- a)dn-ﬁ-p—l}T;ﬁL(n) S 1a
n=1

and consequently we can write ¢, 1,1 < —1 _d therefore

< 1
T—a—n—p>“ntp=1 = 3 T o>
we obtain

oo

(1—~y—n~— P)antp-1Cnip-1+(n+p—1— ’V)bn+p71dn+p71]T;(n)

n=1
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< Z[W“HMW(”)

—(l-—a—-n-p
= (n —-1-
+;[En 1£ -1 7; batp—] T (n) < 1
and this shows that
¢x1p e JH(y)
Theorem 2.6: Let f;(z) = 2P+ | anﬂ,,l’jznﬂ—l — 3% bpip-1,2"TP~1 be-

long to JH () for j = 1,2, ..... Then F(z) = 3772, 0, f;(2)belongs to JH (a),where

Yoy 05 =1,80;>0.

Proof :We have F(z) = = 7+3° (0375, 0t po1,) P =3 (555 b1, )77,
therefore

S TEm) (I —a—n—p)O ojanip-1) +Tn)n+p—1- ) 0jbuip1)
n=1 j=1 J=1

=> 0; > THm)(1—a—n—p)angp +Tn)(n+p—1— )by

7j=1 n=1
oo
S ZUJ‘ =1.

j=1

oo

Then F(z) € JH(a).

Corollary 2.7: JH(«) is convex set.
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