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ABSTRACT. This article presents an existence of monotonic solution for the nonlinear mixed
Volterra-Fredholm integral equation acting on L1[0, 1]. By using the techniques of the De
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Darbo’s theorem to obtain the mentioned aims in Banach spaces.
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1. INTRODUCTION

In the present paper, we try to prove the existence of monotonic solution of the
following mixed Volterra-Fredholm integral equation

t ol
wet) = )+ [ [ gotenneruten) dedr (.0 € 0] x 0.1, 0.
0 Jo
in Ll[O, 1]
Here u(z,t), is an unknown function, and the functions f(z,t), g(z,t,€,7) and
h(e, 7,u(e, 7)) are analytic on D = [0,1] x [0,7] and ¢t € [0, 1].

This equation arises in the theory of parabolic boundary value problems, the math-
ematical modeling of the spatio-temporal development of an epidemic and varies
physical and biological problems.

The aim of this paper is to use Theorem 2.1 and the fixed point theorem with respect
to a measure of weak noncompactness in the Banach algebras for solving Eq.1.1.
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2. BACKGROUND CONCEPTS

Let X be a banach space and 0 its zero vector. Denote by B, the closed ball in
X centered at 6 and with radius r. Let H be a nonempty bounded subset of X,
De-Blasi measure of weak noncompactness [ is defined in [1] as

B(H) = inf{ r > 0: there exists a weakly compact subset W of X such
that H C W + B,.}.

[ has the following useful properties (see [2] for a proof):
i) S(H) = 0 if and only if H is relatively weakly compact;
i) B(H1) < B(Hz) if Hy C Ha;

it) B(H) = A(@o(H)):

) B(rH) =[r | B(H), r € R;

v) If (H,,) is a decreasing sequence of nonempty, bounded, closed and convex of X
with G(H,) — 0, then H = (| H,, is nonempty (obviously, it is closed, convex and
relatively weakly compact by i) and ii)).

The Appell and De Pascal formula [3]
B(H) = lir%{ sup {sup ([, |¥(t)|dt : D C[0,1] x [0,1], meas(D) < e]}},
YV YeH
where meas(D) is the Lebesgue measure of D, so easy in calculation.

Another useful measure is the Hausdorff measure y of noncompactness is de-
fined as [4]

X(H) = inf{r > 0: there exists a compact subset W of X such
that H C W + B, }.

Both § and x have several properties, also these two measure are connected in the
following theorem.

Theorem 2.1. [5]Let H be an arbitrary nonempty and bounded subset of L0, 1].
If H is compact in measure then $(H) = x(H).

Consider the following integral operator

Gu(z,t) = A A g(z,t, e, 7)ule, 7) drde, (z,t) € [0,1] x [0, 1]

generated by the kernel g : [0, 1] x [0, 1] x [0, 1] x [0,1] — R which is assumed to be
measurable with respect to all its variables. Then we have the following proposition

Proposition 2.2. [6]If the linear integral operator G transforms the space L0, 1]
into itself, then G is continuous on L4 0, 1].

3. MAIN RESULT

In this section we discuss the solvability of the nonlinear integral equation of mixed

type

u(z, t) = f(x,t) + /0//0 g(x,t,e,7)h(e, T, ule, 7)) de dr, (z,t) € [0,1] x [0,1].
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For simplicity we suppose the operator

(Tu)(z,t) (z,1) / / (z,t,e,7)h(e, T, ule, 7)) dedr, (x,t) € [0,1] x [0, 1].

(8.1)
In what follows, we formulate the assumptions under which Eq.3.1 will be investi-
gated. Namely we assume the following hypotheses:

Hy) f:]0,1] x [0,1] — R is a continuous function.

Hj) h:[0,1] x [0,1] x R — R is continuous and satisfies in sublinear condition, so
that there exist the nonnegative constants c and d such that

hie,m,ule, 7)) <c+d|ule,T)].
Hs) g :[0,1] x [0,1] x [0,1] x [0, 1] — R is continuous function and measurable and
the integral operator G maps L; into itself.

H,) There exists a positive constant, satisfies d || G ||< 1.

Theorem 3.1. Let the assumptions (H1) — (H4) be satisfied. Eq.(1) has at least
one solution in L]0, 1].

Proof. In view the assumptions and Proposition 2.2 ,we deduce that the operator 7'
maps continuously the space L; into itself. Further applying our assumptions we
derive the following estimate:

| @ |- [ 1 / )+ / t / (et e (e, u(e, 7)) dedr] dde
//fxtdxdt—i—//// glx,t,e,7) || h(e, 7 ule, 7)) | dedrdxdt
<||fH+/ / / / g(z,t,e,7) | [c+ d | u(e,7) |] dedrdadt

In the assumption (H3), g is continuous function in L;. Then it is bounded, namely
| g |< M (M is positive constant). We have

I (Tw) (@, ) [[<|| f Il +Me+d || G| || ue, ) ||

Hence the operator 7' maps the ball B, into itself where

_ Il +Me

1—d| ]

Next, let @, be a subset of B, consisting of all functions that are a.e nonnegative
and nondecreasing on [0, 1], then as in [7] we deduce that (), is nonempty, closed,
convex, bounded and compact in measure. Moreover, by using the assumptions
and Proposition 2.2 we deduce that the operator T transforms @, continuously into

Qr-

Finally, we show that the operator 7' is contraction to the De-Blasi measure of
weak non-compactness. For this, let U C @,, € > 0, then for a measurable subset
D c [0,1] x [0,1] with meas.(D) < € and for arbitrary v € H we have

> 0.

/|Hu xt|dt<||f||L1(D)+// / glx,t,e,7) | [c+d | ule,7) |] dedrds
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1 1
<I| £ o, () +eMmeas(D) + d / / / gz, t,e7) || ule, ) | dedrds
D JO 0

<I fllzioy +eMmeas(D) +d || G [|Ip [| u(e; 7) [, (D),

where || G ||p is the norm of the operator G : Ly(D) — L1(D).

Since
Il f ||L1(D): gg%{ sup {/D flz,t)ds : D C [0,1] x [0,1],meas(D) < e}} = 0.

Thus as € — 0 and take the supremum for all w € U, D C [0, 1] x [0, 1], we see that
B(IU) <d | G| BU).
Since U C @, and @), is compact in measure, then we have

X(TU) <d| G || x(U).

Using all properties of (), and applying Darbo fixed point [3] we deduce that our
operator 7" has a fixed point which is the solution of Eq.3.1 and the proof is com-
plete. O
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