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1. INTRODUCTION

sults to interpret and analyze this problem. In (1934) Gauss
Gauss and Smaragdov was studied generalization of the following

& = ax —yp(x)
(1.1)

a = y(=7 +cp(@))

Above model states that the prey growth is enhanced by its own presence and its in-
crease growth is limited at predators present, but the predator growth is decreased
by its own presence and its growth rate is enhanced at preys present.

More general form of this model as an intermediate model of predator-prey inter-
actions is as follow:
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dx

G = z9(x) — yp(z)

(1.2)
W =y(=7 +aq(x))

Here the function g(x) is the specific growth rate of the prey in the absence
any predators and represents the relative increase of preys in unit of time. The
function p(z) is efficiency of predator on particular prey and expresses the number
of prey consumed by a predator in a unit of time. The function ¢(z) is the predat
response function with respect to that particular prey. The second statement
(1.2) describes the growth rate of the predator population and the function g(x)
gives the total increase of the predator population. It is clear that in the absence
prey the predator population declines.

Some of properties of p(z), ¢(z) and g(z) will be studied in continua

g9(0) = a >0, g(z) is continuous and differ:

forx >0,9, <0
When the environment has a carrying capacity, the
E>0:gk)=0

This last assumption is biologically realistic.
The term p(x) will have the following properties:

42 (0) >

as two equilibrium points (0,0) and (0, k).The prey isocline

PREDATOR-PREY GAUSS MODEL WITH TWO PREY AND ONE
PREDATOR

Let z and y are density of preys species and z is density of predator species.
Following system represents Gauss model with having two preys and one predator:

&= arx — zp1 ()
T = azy — 2p2(y) (2.1)

T = —c1z + cazpy (%) + c3zpa(x)
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In above system two preys species live in an ecosystem independently and each
species is bait of special predator z and all of coefficients a;, as, c1,c2 and c3 are
positive constant. In this system preys enhance in absences of predator species and
this increasing is limited by terms —zp; () and —zp2(x) respectively. In absence of
preys density of predators populations decrease and preys have positive efficigncy
on predator population.
For example, let two species rabbit and rat live in an ecosystem and each of t
species is baits of fox species. More than assumptions of Gauss model, as,
that p; and py has properties of p(z) in Gauss model.

In system (2.1) following properties are holds:

i. Equilibrium point (0, 0,0) is stable point for system (2.1), in other han
density of populations is zero density of population species wi
different time.

ii. If population density of one of preys species is zero,phen syst
system (1.1).

iii. If population density of predator species is zero,

to
to
iv. If population density of two species are ze convert to

equation of growth rate.
v. Orbit of solutions system (2.1) is inth' =in

means, we ac trix, which may be found as the follow:

0 —pi(z)
as — deéilgy) _pQ(y)
@,Z% —c1 + copr(x) + c3p2(y)

ay — fdpéif) 0 - (E)
0 as — Eidpjéy) —p2(¥)
cﬁdﬁ}igﬁx) ngdpji;y) —c1 + c2p1(T) + e3p2(Y)

il A < 0 and detA > 0, then system (2.1) is locally asymptotically stable.

Let p1(z), p2(¥) > 0

Al = a; — Zidpdla(f)
AQ = as — Eidp;;y)
Az = —c1 + cap1(T) + capa(Y)
Ay = 0227(1]);;?)

_ dp2 (Y
As = ng%
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So
Ay 0 —P1 (f)
A= J|(E,§,E) = 0 A2 —Db2 (y)
Ay As As
Therefore

detA = A1A2A3 — p2A1A5 —|—p1A2A4
Now if A1, A3 < 0 and Ay > 0 Then detA > 0, if Ay < Ay + Az too, then trA < o
and so system (2.1) is locally asymptotically stable.
So following proposition is proved.

Proposition 3.1. Let p(T),p2(y) > 0, the system (2.1) is locally asymptotica
stable in equilibrium point (Z, ¥, Z) provided A1, A3 < 0 and Ay > 0 and

4. GLOBAL STABILITY

In this section, we will prove the global stability of the sys, .1)b

ing a suitable Lyapunove function.

Theorem 4.1. The system (2.1) is globally asymptoti stdble ine
(Z,9,z) providedx < T,y <gyandz > Z.

point

Proof:
Let us consider a suitable Lyapunove funcig
’U(l‘, y’ Z) =
where h = ¢ and k = c3. Obviously p it itj Now the time derivative

2y — 2p2(y) — a2y + Zp2(Y)] + [—c1z +
p2(y)] = hai(x =) — h(zp1(z) —2Zp1(T)) +

& = hlayz — 2py
cazp1(x) + c32p2
kaz(y—7)—h(z)

ple 1. Consider following system:

% = a1 — bll‘Z
dt 2y — b2y '
% = —c12 + bicozx + bacszy

In the above system all of coefficients a1, as, by, be, 1, co and c3 are positive con-
stant. In system (4.1) efficiency of the predator species on preys species and so
efficiency of the preys species on predator species are linear.

Points (0,0, 0), (0, b;g, ‘;—j) and (bfiz ,0, Z—ll) are equilibrium points of system (4.1),
in which we analyzing stability of this point by using Jacobian matrix. Now as-
sume that by = bo = b and a; = a; = a, thus intersection points of two lines bz = a

and cobz + c3by are equilibrium points of system (4.1) too. In order to analyzing
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this points, which we denote these by (T, 7, Z) using the Lyapunov function. First
Jacobian matrix of system (4.1) is found out as follow:

ay — blz 0 —b1x
J|(m,y’z) = 0 as — bgz —bzy
blcgz bQCgZ —C1 + bQCQSC + bgng
So
aq 0 0
Jloooy=1 0 az 0
0 0 —C1

Thus equilibrium point (0, 0, 0) is a saddle point for system(4.1).

J‘(O €1 '12): 0 0

?boc3 by

asbic
Zb; 2 ascs

0
So a; — b})% and +i,/ascq are eigenvalues of ab matrix, thus

( C1 a

92) is hyperbolic point for system (4.1).

rium point

) bQC?,’ bz

). Because

So zero and as — i . atrix, thus system (4.1)in equilib-

rium point ( 5o 0,

, ‘;—;) is hyperbolic point for system (4.1).

stable in equilibrium point (bf; ,0, ‘;—11)

e system (4.1) is stable in equilibrium point (T,7, Z).

sider Lyapunov function
=cy f; ST s+ cg fyy FTydt—l— f; == Jy

S v

NowWy differentiate of above Lyapunov function with respect to variable ¢t 4% is

dt
found out as follow:
_z =) —z
dU:CQw wdl+63y y7y+z Zdz

dt xr dt y dt z dt
lc\lIow by instituted Z—f, % and % from system (4.1) % is found out as follow:
v

S = ca(r —T) (a1 — b12) + c3(y —Y)(az — boz) + (2 — Z)(—c1 + bicoz + bacsy)
As regarding, by = by =band a; = a1 = a and bz = a and cybx + c3

dv __
<=0

and proof is completed.
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4.2. Analysis of Example 2. Consider following system of system (2.1):

dw:l’(l* z )

dt 14z
dy _ 1 _ _=
a =yl —135) (4.2)

d2 = 21— = — =)

It is clear that z,y and z # 0. To obtaining equilibrium points of system (4.
let first equation of above system is zero, in other hand 1 + x = 2. Now let t
equation of above system is zero, in other hand 1+y = z. two terms above conclu
z = y. Now constitute z and y in third equation of system (4.2) and simplify z
given by:

Viv2 h
v1+v2

Therefor equilibrium point(s) of system (4.2)is given by (;1c7
Jacobian of system(4.2) is as follow:

z =

1-— 7(1_;;)2 0
z
Tl .2 = 0 1-awp
v1x? vay?

by:
A= J|(9c,ac,hx) =
And by simplifying
2 2 2
1 = Rl + ey
If trA < 0 and detA > 0t is locally asymptotically stable. Let
1< 12 and1 : i tions of proposition(3.1) is true, thus the

(1+=x)?
system (4.2) is Ig
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