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ABSTRACT. In this research, we introduce an iterative scheme by using the concept of
K-mapping for finding a common element of the set of fixed points of an infinite family of
nonexpansive mappings and the set of solution of a generalized mixed equilibrium problem
in a Hilbert space. Then, we prove strong convergence of the purposed iterative algorithm to
a common element of the two sets. Moreover, we also give a numerical result of the studied
method.
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1. INTRODUCTION

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let A : C — H be a nonlinear mapping, ¢ : C — RJ{+0o0} be a function
and F' : C x C — R be a bifunction. A mapping T of H into itself is called
nonexpansive if | Tz — Ty|| < ||z — y|| for all 2,y € H, f : C — C be a contraction
if || fx — fy|| < a|lx — y|| where a € (0,1). The set of fixed points of T' (i.e. F(T) =
{r € H : Tz = z}) denoted by F(T). Goebel and Kirk [2] showed that F(T) is
always closed convex and also nonempty provided 7" has a bounded trajectory.

A bounded linear operator A on H is called strongly positive with coefficient 7 if
there is a constant 4 > 0 with the property

(Az,2) > 7||z||* V2 € H.

For a bifunction F' : C x ' — R, equilibrium problem for F' is to find x € C
such that

F(z,y) >0Vy e C. (1.1)
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The set of solutions of (1.1) is denoted by EP(F). Many problems in physics,
optimization, and economics are seeking some elements of EP(F ), see [4], [5].
Several iterative methods have been proposed to solve the equilibrium problem,
see for instance, [1], [4], [5], [6], [10], [12].

In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme of finding
the best approximation to the initial data when EP(F) is nonempty and proved a
strong convergence theorem.

A mapping A of C into H is called inverse-strongly monotone, see [3], if there
exists a positive real number « such that

(x —y, Az — Ay) > oAz — Ay|]* Yo,y € C.

The variational inequality problem is to find a point u € C such that

(v —u, Au) Yv € C. (1.2)

The set of solutions of the variational inequality is denoted by VI(C, A).
In 2008, Ceng and Yao [10] considered the following mixed equilibrium problem:
Find z € C such that F(z,y) + ¢(y) > ¢(z), Yy € C, (1.3)

where ¢ : C — R is a function.
The set of solutions of (1.3) is denoted by M EP(F, ¢).

In 2008, Peng and Yao [6] considered the following generalized mixed equilibrium
problem:

Find z € C such that F(x,y) + (Az,y — z) + ¢(y) > ¢(x), Vy € C. (1.4)

The set of solutions of (1.4) is denoted by GM EP(F, p, A). It is easy to see that «
is a solution of problem (1.4) implies that € domyp = {x € C : p(z) < +00}.

In the case of A = 0, GMEP(F,9p,A) = MEP(F,p). In the case of F' =
¢ = 0, then GMEP(F,9,A) = V(C,A). In the case of A = ¢ = 0, then
GMEP(F,p,A) = EP(F).

In 2008, Peng and Yao [6] introduced an iterative scheme for finding a common
element of the set of solutions of problem (1.4), the set of fixed points of a nonexpan-
sive mappings and the set of solutions of a variational inequality for a monotone,
Lipschitz continuous mapping and obtained a strong convergence theorem.

In 2009, Peng and Yao [12] introduced iterative schemes by using the concept of
W-mapping for finding a common element of the set of solutions of GM EP(F, p, A)
and the set of common fixed point of infinitely family of nonexpansive mappings of
C into itself.

The concept of W-mapping was first introduced by Shimoji and Takahashi [7].
They defined the mapping W,, as follows:

Un,n+1 = Ia
Un,n = )\nTnUn,n+1 + (]- - )\n)Un,n+1;
Un,n—l = )\n—lTn—lUn,n + (1 - /\n—1)17
Un,n—2 = )\n—QTn—2Un,n—1 + (1 - )\n—2)17
Uni = MTUnp1+ (1= M),

Unjic1 = Mec1Tr—1Upg+ (1 — A1)1,
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Un2 = XToUp2+ (1—A)I,
Wn = Un,l = >\1T1Un,l + (1 - )\I)Ia (1.5)

where {\,} C [0,1] and {T},}$2, is a sequence of nonexpansive mappings of C
into itself. This mapping is called the W —mapping generated by T,,,T,,_1,...,T}
and A\, A\p—1, ..., A1. They proved that if X is strictly convex Banach space, then
F(W,) =sey F(T;) where 0 < \; < d < 1 for every i € N.

Recently, A. Kangtunyakarn and S. Suantai [13] introduced the concept of K-
mapping and employed this mapping for finding a common element of the set the
of the solution of an equilibrium problem and the set of common fixed points of a
finite family of nonexpansive mapping, they defined K,, : C — C as follows:

Un,O = Ia

U1 = MTUpo+ (1—X)Unp,

Un2 = DU, 1+ (1 —X)Un1,

Uns = XT3Up2+ (1 —X3)Up 2,

Un = MTuUpi—1+ 1 —Ne)Up k-1,
Uni+1 = Met1Th1Uni + (1 — Mg 1) Ui,
Un,nfl = Anfliz—‘nfl[]n,an + (1 - )\nfl)Un,n727

Kn = Un,n = )\nTnUn,n—l + (]- - )\n)Un,n—la

such a mapping K, is called the K-mapping generated by 73,75, ...,7T, and
AL, A,y Ap.
In this research, we introduce K-mapping defined as follows:

U7L,n+1 - I,

Unm = anTnUn,n+1 + (1 - an)Un,n+1a
Un,nfl = anflTnflUn,n + (]- - anfl)Un,n»
Un,n—Q = an—2T71,—2Un,n—1 + (1 - an—Q)Un,n—ly

Unt = uTkUnps+1+ (1 —ap)Up pt1,

Upk—1 = p1Th-1Unp+ (1 —p_1)Un i,

Upn2 = aToUy3+ (1 —a2)U,s,

K, = Uyi1=a1ThUp2+ (1 —0a1)Upo.

Such a mapping K, is called K-mapping generated by 7,,,7,,_1,...,7] and
Apy, Op—1,...,01.

In 2007, S. Takahashi and W. Takahashi [15] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problem by:

Let H be Hilbert space, C' be a nonempty closed convex subset of H, f be a
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contraction of H into itself, S be a a nonexpansive mapping from C to H, {z,} and
{un} be the sequences generated by z; € H and

{ F(Un,y) + %<y — Zny~&n — xn> >0, Vy eC,

1.6
Tpt1 = anf(xn) + (1 — an)Su,, Vn e N. (1.6

In 2008, S. Takahashi and W. Takahashi [14] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problems by:

Letu € C and 27 € C and let {z,} C C and {z,,} C C be sequences generated by

F(vay) + <Axn,y - Zn> + i(y — Znycn — zn> >0, Vy S Ca (1.7)
Tnt1 = Pnn + (1 — Bn)S[anu + (1 — an)zy], Vn € N. '

Motivated by this two works, we introduce an iterative scheme for finding a com-
mon element if the set of common fixed point of a countable family of nonexpansive
mappings and the set of solution of generalized mixed equilibrium problems.

2. PRELIMINARIES

In this section, we give some useful lemmas that will be used for the main
result in the next section.
Let C be closed convex subset of a Hilbert space H, let Po be the metric projec-
tion of H onto C'i.e., for x € H, Pox satisfies the property

— P = mi — ||
lz = Pe|| = min [z — y|
The following characterizes the projection Pc.

Lemma 2.1. (See [9]) Givenx € H andy € C. Then Pcx = y if and only if there
holds the inequality
(x—y,y—2y>0VzeC.

Lemma 2.2. (See[11]) Let {s,,} be a sequence of nonnegative real numbers satisfy-
ing
Sp41 = (1 - an)sn + 571’ Vn > 0,

where {ay, } is a sequence in (0,1) and {0, } is a sequence such that
o0
(1) Z Oy, = 00,
n=1

: On .
(2) hmsupa— <0or Z |0] < oo.

n—oo n
n=1

Then lim,,_, S, = 0.
Lemma 2.3. In a real Hilbert space H, there holds the inequality
& +ylI* < [l«]* +2(y, = +y) Yo,y € H.

Theorem 2.4. (See [16]) A Banach space X is said to satisfy Opial’s condition if
Ty, — T weakly as n — oo and x # y imply that

limsup ||z, — z|| < limsup ||z, — y||.
n—oo

n—oo
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For solving the generalized mixed equilibrium problem, let us give the following
assumptions for the bifunction F', the function ¢ and the set C:

(A1) F(z,2) =0Vx € C,

(A2) F is monotone, i.e. F(z,y) + F(y,z) <0Vz,y € C,

(A3) foreach y € C, x — F(x,y) is weakly upper semicontinuous,

(A4) for z € C,y — F(x,y) is convex and lower semicontinuous,

(Bl) Vx € H, and r > 0, there exist a bounded subset D, C ' and y €
C' () dom(p) such that for any z € C\D,,

F(a) + 9(a) + (e = 2,2 — 2) < (z),

(B2) C is bounded set.

Lemma 2.5. (See [6]) Let C' be a nonempty closed convex subset of a Hilbert space
H, F: CxC — R be a function such that satisfy (A1) —(A4) and ¢ : C — R|J{+o0}
be a proper lower semicontinuous and convex function. Assume that either (B1) or
(B2) holds. Forr > 0 and x € H, define a mapping T, : H — C as follows:
To(x) ={z € C: F(z,y) + p(y) + {y — 2,2 — z) > p(2), Yy € C}
forallx € H. Then the following conclusions hold:
(1) foreachxz € H, T,.(z) # 0,
(2) T is is single-valued,
(3) T’ is firmly nonexpansive, i.e.
1T, (@) = T, ()12 < (T () — To(y), — y) Yy € H,
(4) F(T,) = MEP(F, p),
(5) MEP(F, ) is closed and convex.

Lemma 2.6. In a strictly convex Banach space F, if
[zl = [lyll = [[Az + (1 = Nyl
forallz,y € Eand A € (0,1), thenx = y.

By using the same argument as in [13] (Lemma 2.7 and Lemma 2.8), we obtain
that the two following lemmas.

Lemma 2.7. Let C' be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}2, be an infinite family of nonexpansive mappings of C' into itself
with N2, F(T;) # 0 and let A1, X2, ... be real numbers such that 0 < \; < 1
for every i = 1,2,... with Zfil Ai < o©o. Let K,, be the K-mapping generated
by T,,,Tp—1,..., 77 and Ay, A\n_1,..., A1 for eachn € N. Then for every z € C
lim,, .o K,z exists.

Let K : C' — C be defined by Kz = lim,, .o, K,,x. Such a mapping K is called
K-mapping generated by 71,75, ... and Aj, Ag, .. ..

Lemma 2.8. Let C' be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}52, be an infinite family of nonexpansive mappings of C' into itself
with(;o; F(T;) # 0 and let A1, Xs, . . . be real numbers such that0 < \; < 1 for every
1=1,2,... with Z;’il Ai < 0. Let K be the K-mapping generated by T,,,T,,_1, . . .
and Ap, A\y—1, ... foreachn € N. Then F(K) = (2, F(T}).

Lemma 2.9. Let C be a closed convex subset of Hilbert space, let {T;}?°, be
a infinite family of nonexpansive mappings of C' into itself with (\;—, F(T;) # 0
and let \i, Ao, ... be real numbers such that 0 < \; < 1 with Zf; A < oo for



342 S. CHAIYASIL, S. SUANTAI/JNAO : VOL. 2, NO. 2, (2011), 337-353

every i = 1,2,.... Let K, be the K-mapping generated by T,,,T,_1,...,T1 and
AnsAn_1,...,A1 foreachn € N. Then
o0
Z sup{||Kp+12 — Kyz|| : € B} < 00 2.1)
n=1

for every bounded subset B of C.
Proof. Let B be a bounded subset of C. Then for n € N, x € B, we have

|Kni1z — Kpzl| = ||Un+1,n+1x - Unnw”
= |IMTiUns122 + (1 = AM)Upy120 — (MT1Up 22 + (1 — A1) Uy 22) ||
M (T1Ups1,202 — TiUp 2x) + (1 — A1) (Upg1,2¢0 — Up 22)||

< MUns1,22 = Unpzll + (1 = M)||Unga,22 — Up 22|

= |Unt122 — Up 2zl

= ||Un+1,n+11' - Un,n+1xH

= | At1Tnr1ix + (1 = Apg1) Iz — Iz

= At1||Tos1z — ||

< M. (2.2)

where M = sup,,cysup{||Tph+12 — 2| : © € B}.
This implies sup{|| K412 — K,z| z € B} < \,4+1 M. By the assumption >~ \; <
00, we obtain

> sup{||Kp 17 — Knal : x € B} < oc.
n=1

O

Lemma 2.10. Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {T;}2, be a infinite family of nonexpansive mappings of C' into itself
with N;2, F(T;) # 0 and let A1, Ao, ... be real numbers such that 0 < \; < 1 for
every i = 1,2,... with Zf; Ai < oo. Let K,, be the K—mapping generated by
Tn,Tn-1,...,71 and Ay, Ap—1,..., A1 for eachn € N and {x,} C C a bounded
sequence. Then

K2y — Kpanll — 0asn — oo. 2.3
Proof. By Lemma 2.7, we have Kx,, = lim,, .o, K;,z,. For m > n, by (2.2) we have
||Kmxn - Knxn” = ||Kmxn - Km—lxn” + HKm—lxn - Km—2:17n||
Foo + | Knp12n — Ky ||
< (>\m+)\mfl + +)\n+1)M
m
> AM,
1=n+1
where M = sup{||Txx, — z»| : k € N,n € N}. It follows that

IN

e}
|K2n = Knao| = lim [|[Kpa, — Kpaa| < AM.
i=n+1

This implies lim, o || K2, — Kp2y| = 0. 0
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3. MAIN RESULT

In this section, we modify iterative scheme (1.6) by using concept of K-
mapping and prove strong convergence of the sequences {z,} and {x,} under
some control conditions.

Theorem 3.1. Let C' be a closed convex subset of areal Hilbert space, F' : CxC — R
be a bifunction satisfying the condition (A1)-(A4) and (B1) or (B2) and let p : C —
R J{+o0} be a proper lower semi-continuous and convex function. Let A be an -
inverse strongly monotone mapping of C into H, f : C — C be a contraction map
with coefficient 0 < a < 1, {T;}52, be an infinite family of nonexpansive mappings of
C into itself with Q = ;2 F(T;) NGMEP(F, A, o) # 0, and let A1, X2, . .. be real
numbers such that 0 < \; < 1 foreveryi = 1,2,... with y ;2 \; < co. Let K,, be
the K-mapping generated by T,,, T, _1,...,T1 and Ap, \n_1,..., A1 for each n € N.
Let z1 € C and {z,} and {z,,} be sequences generated by

F(zn,y) + ‘P(y) - ‘P(zn) + (Aa:n,y — Zn) + Tln<y — ZnyRn T xn> >0Vy e C,
Tna1 = anf(xn) + (1 — ) Knzn, Vn €N,

(3.1)
where

{an} € [0,1] and {r,} C [0, 2q] satisfy the following conditions :
(#)0<a<r, <b<2a

o0
(i1) Z [Tn41 — 1| < 00,

n=1

o) (o)
(4i7) nh—>ngo a, =0, Zan = o0 and Z lan+1 — ap| < 00,
n=1 n=1

Then {x,,} and {z,} converge strongly to z; € 2,
where zy = Po f(z0).

Proof. First, we show that (I — r, A) is nonexpansive. Let 2,y € C. Since A is
a—inverse strongly monotone and r,, < 2a Vn € N, we have

I = rnA)e = (I = raA)yl? = o~y —ra(Az — Ay)|?
llz = ylI? = 2rp(z — y, Az — Ay) + 7} || Az — Ay||?

< o —yll® = 2ar, || Az — Ay|* + 7 || Az — Ay|)?
= |z =yl + ro(rn — 20) || Az — Ay|]?
< = -yl (3.2)

Thus (I — r, A) is nonexpansive.
Since

1
F(Znay) + @(y) - @(Zn) + <A$n,y - Zn> + 7<y — RnsRn — xn) 2 0 Vy € C,

n

we obtain
1
F(zn,y) +¢(y) —@(zn) + — (Y — 2n, 20 — (I —rpA)zy) > 0Vy € C.

By Lemma 2.5, we have z,, = T}. (x, — r,Az,) ¥n € N.
Let 2 € ;2 F(Ti)) NGMEP(F, A, ¢). Then F(z,y) +(Az,y—2) +¢(y) —¢(2) > 0
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forally € C, so
1
Fliz,y)+ —(y—z,2z—z+r,Az) + o(y) — p(z) > 0forally € C.
r

Again by Lemma 2.5, we have z = T,. (z — r,Az). Since I — r, A and T, are
nonexpansive, we have

lzns1 — 2l = lan(f(zn) —2) + (1 — @) (Knzn — 2)||
an f(zn) + anf(2) — anf(2) — anz + (1 — an)(Knzn — 2)|
0l F@) = FEI + onll £2) = 2]+ (L= ) [ Koz — 2|
anallan — 2l +17() = 2l) + (1~ an)llen ]
anallzn — 2l + 17(2) — 2I)
+(1 —a)|Ty, (I — Az — T, (I — 1, A)z||
n(allz — 2l + 1£(2) — 21) + (L~ ) — 2]
= aalfen — 2+ (1~ @)z — 2l + 0l £(2) ]

IAIA

= (1—an+ana)||z, — 2] + an(l - )”“’Z(l )_a)z”
P
< max{|lz, -z, Hf(( o= ) . (3.3)
By induction, we have |z, — z| < max{||z; — z||, Hf((lz)a)z”} Vn € N, this implies

{z,} bounded. It follows that {z,} and {K,z,} are also bounded. Next, we will
show that
lim ||zp4+1 — 20| = 0.
n—oo
Putting u,, = z,, — 7, Az,,. Then, we have z,_1 =T}, u,—1 and 2, = T}, u,. By
definition of x,,, we have
||xn+1 - xn” = ||anf(xn) + (1 - an)KnZn - anflf(xnfl) - (]- - anfl)anlznfln
||anf(xn) - anf(xn—l) + anf(xn—l) - an—lf(xn—l)
+(1 - an)KnZn - (1 - an)Kn—lzn—l + (1 - an)Kn—lzn—l
_(1 - anfl)anlznfln

< an| f(@n) = flen—)ll + an — anal|| f(@a-1)|

+(1 — an)[[Knzn — Kn—12n-1]| + [an — an_1[|[Kn—12n-1]|
< anallwy — Tpoa| + lon — an—a || f (@n-1) |l

+(1 = an)[[Knzn — Kp—12n-1]l + [an — an—1[|[Kn—12n-1]|
= anallry, — xpoal| + (1= an) | Knzn — Kn—12n-1]|

+lan = an—1|(| f(@n-1)ll + [ Kn-12n-1])
< anallry =zl + (1= an)[[[Knzn — Knzp—1||

+HKnZn71 - anlznfln] + ‘an - an,ﬂL
< anallen — Tnoafl + (1= an)|l|zn — 20|

+HK7LZ7L—1 - Kn—lzn—ln] + ‘an - an—l‘La (3.4)

where L = sup{||f(z,)|| + |Knzn|| : n € N}. Since T, and I — r,, A are nonexpan-
sive, we have

l2n — 2n-1ll = T un — Ty un-1ll

= HTrnun - Trnunfl + Trnunfl - Trn,lunfln
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< |NTroun = Trptn—all + ([T un—1 = Try 1|
é ||un - un71| + ||Trnun71 - Trn_lunfln (35)
and
”un - un—l” = Hxn - TnAIn — Tp—1+ Tn—lAIn—ln

Hxn - ’rnAxn - TnAxn—l + TnAxn—l — Tp—1 + Tn—len—ln
(I =rpA)zy, — (I —rpA)zn_1+ (rp—1 — rn)Azn_1]|
|zn — Zp-1|l + |rn-1 — rull|Azn-1]|- (3.6)

IA

By Lemma 2.5, we have
1

F(T,, _ un—1,y)+ (y=Tr, _sun—1,Tr, _,tun—1—un—1)+p(y)—p(Tr,_,upn-1) >0,

n—1

Vy € C and

1
F(Trnun—lay)+7<y*Trnun—1aTmun—l*Un—1>+90(y)*§0(Trnun—l) >0, Vy e C.

n

In particular, we have

F(Trn,lun—lz Trnun—l) + <Trnun—1 - Trn,lun—ly Trn,lun—l - un—1>

Tn—1
+o(Tr,un-1) — o(Tr,_yun-1) 20, Vy € C (3.7)

and

1
F(Trnun_17Trn71un_1) + 7<TT”71U7L—1 - Trn,un—laTrnun—l - 'Um—1>
n

+o(Ty,, yun—1) — @(Tr, un—1) >0, Vy € C. (3.8)
Summing up (3.7) and (3.8) and using (A2), we obtain

r <Trn_1un—1 - Trnun—lv Trnun—l - un—1>
n

+ <Trnun—1 - Trn,lun—laTrn,lun—l - Un—1> Z 0 vy € O

Tn—1
It then follows that

Trtn—1—Up—1 Trp_jUp-1—Up_1

<Trn71un_1 — Trnun_l, > >0, Vy eC.

Tn Tn—1

This implies that

Tn—1
0 S <T7'nun—1 - TTn,lun—la Trn,lun—l — Up—1 — (Trnun—l - un—1)>
n
= <Trnun71 - Trn,lunfla Trn,lunfl - Trnunfl + Trnunfl — Up—1
Tn—1

(TTnun—l - un—1)>

Tn—1

= <Trnun—1 - Trn,lun—laTrn,lun—l - Trnun—l + (1 - r
n
It follows that
Tn—1
[ N T e

Tn

1T, 1 =T, 1 || (| T, i1 |+ [ 1 [])-
Hence, we obtain

Tr— 1 1
HTrnunfl _Trn,lunflu S |1 - :_71|LI = 7|71n _Tnfl‘L/ S a|rn _TnfllL/7 (39)

n n

)(Trnun—l - un—1)>~
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where L' = sup,cy |17, Un—1|| + sup,ey ||un—1]|. From (3.5), (3.6), and (3.9), we
have

lzn = zn-1ll < lun —wn—1ll + 1T, n-1 — Tr,_ tn—1]|

N

1
lTn — Zn_1ll + |rn_1 — mnll|Azpn_1]| + g|7“n —rn_1|L'(3.10)

By (3.4) and (3.10), we have

[Zns1 —2nll < anallzy — 21l + (1 = an)(lzn — 2n-1ll + [ Knzn—1 — Kn-12n-1]|)
+an — an—1|L

< apal|zn — a1+ (1= an)([Tn — 2p-all + [ra—1 — ol | Azp—1 |
1
+a|rn - rn71|L/ + ||ann71 - anlznle) + ‘an - anfllL
< apal|zn, —zp—1| + (1= an)|zn — zn—1| + [rn—1 — rall|Azn—1]]

—|—2|rn T 1|l + | Knzn-1 — Kn_12n_1|| + +|an — an_1|L
= (I-an(l—a))llzn —zn_1l| + [rn-1 — || Azn_1]]

+%|rn — 1|l + | Knzn-1 — Kn_12n_1| + |an — an_1|L
= (l-an(l=a))llzn = zn-rll+ |rn-1 — ral|Azp—1||

1
+alrn—rn71|L’+ sup ||Knz — Kn_12| + |an — an_1|L.  (3.11)
ZE{Zn}

From the conditions (i%), (#i7), Lemma 2.9 and Lemma 2.2, we can conclude that
lim ||@pr1 — zn] = 0. (3.12)
n—oo

By monotonicity of A and nonexpansiveness of ;. , we have

lan(f(2n) = 2) + (1 = an)(Kpzn — Z)”Z

lnr1 — 2|

< anllf(@n) — 217+ (1= an)|l2n — 2|7
< anllf(zn) — Z||2 + (1 = a)| Ty, (zn — 10 Azy) = Tp, (2 — TnAZ)HQ
< anlf(zn) — Z||2 + (1 —an)l|zn —rnAz, — 2+ rnAz)||2
= anllf(zn) - Z||2 + (1= an)|[(wn — 2) = rn(Azy — Az)||2
= anllf(zn) — 217 + (1 = an) (|20 — 21> + ri || Az, — Az
=2rp{xy — 2, Az, — Az))
< anllf(@n) = 212+ (1= an)(|ln — 211 + 72| Az, — A2|?
—2ar,|| Az, — Az|]?)
= anllf(@n) — 217 + (1 — an) (|0 — 27
+rp(rn — 20)|| Az, — Az||2)
< anllf(@n) — 2| + on — 2|

+7n(1 = o) (rn — 20a) || Az, — Az||?, (3.13)
which implies that
r(l = on) (20 = )| Az — A2l < anllf(@n) = 217 + llon = 2lI* = ll2p4 — 2]
anllf(@n) = 21* + (l2n — 2] = w1 = 2[))
(lzn = 2l + llznsr = 2[))
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= anlf(zn) = 2l” + (|2 — 2nsal])
(lzn = 2l + [|2ns1 — 2[)-

This implies by condition (7i7) and (3.12) that

lim ||Az, — Az|| =0. (3.14)
n—0oo
By nonexpansiveness of T, and [ — r, A, we have
l|2n — Z||2 = |7, (xn —rnAz,) = T, (2 — TnAZ)HQ
< (zp —rpdxy) — (2 —rpAz), 2z, — 2)
1

5(I@n = radzy) = (z = ra A + |20 = 2|
—N(@n —rnAzn) — (2 — rpAz) — (20 — Z)||2)

1
< glllzn - 2l + llzn = 217 = [l(@n — 2n) — rn(Azn — A2)|1?)
1
= 5llzn - 2l + llzn = 201? = llzn — 2nl?
420 (T — 29, Ay — AZ) — 72| Az, — Az|)?). (8.15)
It follows that
llzn — 2|I* < ||lzn — 2|2 (3.16)

and
ll2n — Z||2 < lon - z||2 —lzn — ZnH2 +2rp)|Tn — 2n||[|Azy — Az]. (8.17)
By (3.17), we have

lznsr =27 = llan(f(zn) = 2) + (1 = an) (Knzn — 2)|I?
< anllf(zn) = 22 + (1 = an)llzn — 2|
< anllf(zn) = 22+ (1 = an)(len = 2lI* = l|lzn — 20|
+2rn||xn — zn || Az — Az|))
< anllf(zn) = 2l + lzn = 21* = (1= an)llzn — zal®

+ 2r, |2, — 2| Az, — Az||.
This implies
(L —an)llzn =2l < anllf(zn) = 2l + (20 = zaga D (len — 2] + 2ns1 — 2])
+2rp||Tn — 20| Az, — Az||.
Again by the condition (ii7), (3.12) and (3.14), we obtain
lim ||z, — z,|| = 0. (3.18)

n—oo
Since 41 = [ () + (1 — ) K2, we have x,, 11 — Kz, = o (f(2n) — Knzn)-
This implies that
lm ||@p+1 — Knzn| = 0. (8.19)

n—oo
By (3.12), (3.18) and (3.19), we have
| K nzn — 2ol < | Knzn — Tnt1ll + | Zn+1 — Tull + |20 — 20]] = 0@as n — oo. (3.20)
Putting zo = P f(z0). Then
o0
(f(z0) — 20,20 —2) > 0Vz € ﬂ F(T;))NGMEP(F, A, ). (3.21)

i=1
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We shall show that
lim sup(f(z0) — 20, Tn — 20) < 0. (3.22)

n—oo
To show this inequality, take a subsequence {xz,, } of {x,} such that
lim sup(f(z0) — 20, Zn — 20) = lim (f(20) — 20, Tn,, — 20)- (3.23)
n— o0 k—o0
Without loss of generality, we may assume that z,, — w as k — oo where w € C.
We first show w € GMEP(F, A, ). Then we have z,, — w as k — oo. From
zn =Ty, (xy — rpAxy,), we obtain

n

1
F('znay) + (p(y) - (p(zn) + <Awn7y - Zn> + 7<y — ZnyRn — xn> 2 0» Vy cC.

n
From (A2), we have

go(y) - SD(ZH) + <Axn7y - Z’ﬂ> + i<y — Rny&n — xn> > F(Z/, zn)
Then

1
w(y)iw(znk)+<‘4xnk7yiznk>+ri<yiz"k7an 7‘/'Enk> Z F(yvznk)v Vy cC. (3-24)
n
Fort € [0,1] and y € C, put z; = ty + (1 — t)w. Then, z; € C. So, from (3.24), we
have

(2t — zny, Azt) = {2t — 2y, Aze) — (2t — 20y, ATny ) + F(2t, 2n,,) — 0(2t) + ©(2n,,)

_<Zt ~ Zngs Ere T >
Ty,

= (2t —zn,, Azt — Azp, ) + (2t — 2n,, Azn, — Axy,)

+F (2, 2n,,) — ¢(2t) + p(2n,)
e — Tg

—(2t — Zn,, -

k

> aflAze — Az, I + (2t = 2ny, Azny, — Az,)
+F(Zt7 an) - @(Zt) + @(ch)
o Zng — Ty,
<Zt anv Tnk >
> <Zt - an7Aan - Axnk> + F(Zt7 an) - (P(Zt) + <P(an)
(2 — 2n,, Ere — Ty,
Nk

It follows from (3.18), (A4) and weakly lower semicontinuity of ¢ that
(2t —w, Az) + p(2t) — p(w) > F(z1,w). (3.25)

From (A1), (A4) and (3.25), we also have

0 = F(zt,2t) <tF(ze,y) + (1 = t)F(z,w)
< tF(zy) + (1= 8) (2 — w, Azg) + 0(2) — p(w))
< tF(z,y) + (1= )y —w, Az) +to(y) + (1 = t)e(w) — pw))
= tF(z,y) + (1 = 0)(Hy —w, Aze) + tp(y) — to(w))
= tF(z,y) + (1 = t((y — w, Az) + o(y) — ¢(w)),

hence
0 < F(zt,y) + (1 =) ({y — w, Azp) + 0(y) — p(w)).



APPROXIMATION METHOD FOR GENERALIZED MIXED EQUILIBRIUM AND FIXED POINT PROBLEMS 349

Letting ¢ — 0, we have
0< Fw,y)+ (¥ —w, Aw) + ¢(y) — (w)
for all y € C' and hence w € GMEP(F, A, ¢).

Next, we show that w € (-, F/(T;). Assume that w # Kw. By using the Opial
property, (3.20) and Lemma 2.10 we have

liminf ||z, —w| < liminf |z, — Kw|
k—o0 k—o00

<
< liminf ||z, —w|,
k—o0

which is a contradiction. Thus Kw = w, so w € F(K). By Lemma 2.8, we obtain

that w € ;2, F(T;). Hence w € (2, F(T;) NGMEP(F, A, ¢).

Since z,, = wandw € (o, F(T;) N\GMEP(F, A, ¢), by (3.21), we have

limsup(f(z0) — 20, 2n — 20) = lim (f(20) = 20,20, —20) = (f(20) = 20,w — 20) < 0.
(3.26)

From Lemma 2.3 and (3.16) we have

llon (f(zn) = 20) + (1 — an)(Knzn — ZO)||2

[#n41 — 20|

< (1= n)?[[Knzn — 20l + 200 (f (n) = 20, Zny1 — 20)
< (1- O‘n)2||zn - ZO||2 + 200 (f(zn) — 20, Tn+1 — 20)
< (L= an)?llzn — 20l* + 200 (f (2n) — f(20), Tns1 — 20)
+200, (f(20) — 20, Tnt1 — 20)
< (L= an)?llzn — 20l* + 2anallzs — 2ol 241 — 20
+200, (f(20) — 20, Tnt1 — 20)
< (1= an)’llen = 20l* + ana{llzn — 20ll* + lznt1 — 20%}
+2an (f(20) = 20, Tn41 — 20)- (3.27)
This implies
1—an)?+ ana 2
_ 2 < (”—" _ 2, _ _
[#n1 — 2] < 1—ana [0 — 20" + 1= ana<f(zo) 20, Tn41 — 20)
1 =20, +aga 9 . 9
Rl
2«
+ﬁ(f(zo) — 20, Tn+1 — 20)
2(1 —a)ay, 9
< (1- 2"y, —
< -y )
21 —a)ay, , anM 1
20, Tna1 — 20)), (3.28
where M = sup{||z,, — 20||? : n € N}. Put 3, = % and
2(1—a)on f an,
On = e (5520 + 122 (f (20) = 20, @041 — 70)}. Then
lZni1 — 20> < (1= Bo)||lzn — 20]|* + 6, ¥n € N. (3.29)

It follows from assumption (iii) that 220:1 Bn = 00. By (3.26) and lim,, ., a,, = 0,
we have limsup,,_, % < 0. By Lemma 2.2, we obtain that ||z, — 2] — 0 as
n — 00, This completes the proof. U
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By setting A = 0 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let C be a bounded closed convex subset of a real Hilbert space,
F : C x C — R be a bifunction sastisfing the condition (A1)-(A4) and ¢ : C —
R |J{+oc} be a proper lower semi-continuous and convex function and f : C — C
be a contraction map with coefficient 0 < a < 1. Let {T;}?°, be an infinite family
of nonexpansive mappings of C into itself with @ = (\;—, F(T;) \MEP(F,¢) # 0.
and let A\, A2, ... be real numbers such that 0 < \; < 1 for every i = 1,2,...
with Zfil Ai < o0. Let K,, be the K-mapping generated by T,,,1T,_1,...,T1 and
Ay An—1,-..,A1 foreachn € N. Let x; € C and {z,} and {z,} be sequences
generated by

F(zn,y) +9(y) = ¢(20) + 1y — 20, 20 — 20) 2 0, Yy € C, (3.30)
Tnt1 = nf(n) + (1 — an)Knzn, Vn €N, '

where
{an} € [0,1] and {r,} C [0, 2q] sastisfy the following conditions:

()0<a<r, <b<2a

oo
(i4) Z |Trt1 — Tnl| < 00,

n=1

oo o
(144) nlLH;O o, =0, Z oy, = 0o and Z |ap+1 — | < o0,
) n=1 n=1

Then {z,} and {z,} converge strongly to zy € {2,
where zy = P f(z0).

4. NUMERICAL RESULT

In this section, we give a numerical example of using the iterative method
introduced in our main result. Let H = R and C' = [-5,5]. For n € N, let
T, : C — C be defined by

T ,if x > 0.
T,x = 4.1)
—nLHx ,if x < 0.

andLet F:CxC —R,p:C—R, f:C— Cand A: C — C be defined by
F(y,2) = 2y* + 22y — 422,
py) = -y
Ax =z,
fla) = 3.
It can be shown that that GM EP(F, ¢, A) = {0}. Let {x,} and {z,} be sequences
generated by (3.1). Then we have

1
F(yvzn) + @(y) - @(Zn)"_ < Awnvy —2Zp > +—< Y — 2Zn,%n — Tn >2 07
r

n

1
2% + 22,y — 422 —y? + 22+ Ax,y — Az + T—(yzn — Yz, — 22 4+ 2,1,) > 0,

n
rnyz + 2rpzny — 37'7,,22 + TnTnlY — TnTnzn + Y2n — YTy — z,% + zpxy > 0,

rnyz + 2rnzny + ZnY — ThTnly — Tpy + T'nTnzZn + Tnln — 3Tnzr2L - Z’r21 2 07
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Ty’ + [(2rn + 12p) — (rn + D]y + (rnZnzn + Tnzn — 37°n22272l — Z?L) > 0.

Let G(y) = 'rny2 + [(2rn + 1zn) - (Tn + 1)] Y+ (Tnxnzn + Tnzn — 37"nZQZr2L - ZTQL)
G(y) is a quadratic function of y with coeffient a = r,, b, = (2r, + 12,,) — (rp, + 1),

2.2 2
C=TnpTpZn + Tnin — ITn2°2, — 25,

Determine the discriminant A of G as follows
A = b —dac
= [2rn+ 1)z, — (rn+ 1)a:n}2 — A7y (PaXnzn + Tpzp — a2 — 22)
= 7222 + 2,2 422 — 8ria,z, — 10r, 22, + 2002, + 167222 + 481,22 + 22
= [(rn + 1)21:% —2(rp + 1) (4r, + Dapz, + (4r, + 1)22,21}
= [(rn+ Dy — (47 + 1)2,)°
We know that G(y) > 0 Vy € C. If it has most one solution in C, then A < 0, so

P Z: 111) Z,. Now (3.1) becomes
T rn+1
Tpi1 = Qp— + (1 — ) Ky, | (52 Yn | - 4.2)
2 4Tn+1
Now, we set «,, = w%’ Ty = nL+1 Ap = QL and z; = 1. The following table shows
numerical results of {x,} and {z,}.
n | x, Zn

1.000000000 | 0.500000000
0.500000000 | 0.227272727
0.228409091 | 0.099928977
0.100404829 | 0.043030641
0.043209935 | 0.018281126
0.018347603 | 0.007694156
0.007718817 | 0.003216174
0.003225368 | 0.001337349

W N O O W N =

18 | 0.000000441 | 0.000000179
19 | 0.000000179 | 0.000000072
20 | 0.000000072 | 0.000000028
Table 1:
We observe that {z,,} and {z,} converge to 0 € (.2, F(T;) NGMEP(F, A, ¢) and
220 = 0.000000072 and z29 = 0.000000028 are approximate solutions with accuracy
at 7 decimal places.
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Remark 4.1. If we use W, instead of K,, in (3.1) we also obtain a strong con-
vergence theorem as Theorem 3.1. The next table give comparisons of numerical
results among algorithm 1, algorithm 2 and algorithm 3.

When the initial point are z; = 1 for algorithm 1 and algorithm 2, x; = 0.005 for

algorithm 3. We set a,, = ﬁ’ Ty = niﬂ Ap = %
Using K-mapping and | Using W-mapping and | Using K-mapping and
fl@)=% flan) =2 f(x) = 0.005
n| Tp T, T,
1 -1.000000000 -1.000000000 0.005000000
2 -0.162500000 -0.162500000 0.002750000
3 -0.014295691 -0.028914536 0.001437500
4 -0.000927083 -0.004701357 0.000077461
5 -0.000050769 -0.000073748 0.000044867
6 -0.000002513 -0.000011301 0.000028603
7 -0.000000116 -0.000001704 0.000020128
8 -0.000000005 -0.000000254 0.000015410
Table 2:
Algorithm 1:

F(Znuy) + (P(y) - (p(z’ﬂ) + <A(En,y - Zn> + %<y — RnyRn — $n> Z 0 Vy € Ca
Tpt1 = anf(xn) + (1 — an)Kpzn, Yn €N,

(4.3)
Algorithm 2:

F(Zmy) + ‘P(y> - ‘P(zn> + <A$n7y - Zn> + r%<y — ZnyRn T xn> >0Vy e,
Tnt1 = @ f(n) + (1 — an)Wyz,, Yn €N,
4.4)
Algorithm 3:

F(zn,y) +¢(y) — ¢(2n) + (AT, y — Zn> + i@ — ZnyRn T xn> >0, VyeC,
Tt = apu+ (1 — ) Kpz,, Yn € N.
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