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ABSTRACT. In this research, we introduce an iterative scheme by using the concept of
K-mapping for finding a common element of the set of fixed points of an infinite family of
nonexpansive mappings and the set of solution of a generalized mixed equilibrium problem
in a Hilbert space. Then, we prove strong convergence of the purposed iterative algorithm to
a common element of the two sets. Moreover, we also give a numerical result of the studied
method.
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1. INTRODUCTION

Let H be a real Hilbert space and let C be a nonempty closed convex subset
of H. Let A : C → H be a nonlinear mapping, ϕ : C → R

⋃
{+∞} be a function

and F : C × C → R be a bifunction. A mapping T of H into itself is called
nonexpansive if ‖Tx− Ty‖ ≤ ‖x− y‖ for all x, y ∈ H, f : C → C be a contraction
if ‖fx− fy‖ ≤ a‖x− y‖ where a ∈ (0, 1). The set of fixed points of T (i.e. F (T ) =
{x ∈ H : Tx = x}) denoted by F (T ). Goebel and Kirk [2] showed that F (T ) is
always closed convex and also nonempty provided T has a bounded trajectory.

A bounded linear operator A on H is called strongly positive with coefficient γ̄ if
there is a constant γ̄ > 0 with the property

〈Ax, x〉 ≥ γ̄‖x‖2 ∀x ∈ H.

For a bifunction F : C × C −→ R, equilibrium problem for F is to find x ∈ C
such that

F (x, y) ≥ 0 ∀y ∈ C. (1.1)
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The set of solutions of (1.1) is denoted by EP (F ). Many problems in physics,
optimization, and economics are seeking some elements of EP (F ), see [4], [5].
Several iterative methods have been proposed to solve the equilibrium problem,
see for instance, [1], [4], [5], [6], [10], [12].

In 2005, Combettes and Hirstoaga [5] introduced an iterative scheme of finding
the best approximation to the initial data when EP(F) is nonempty and proved a
strong convergence theorem.

A mapping A of C into H is called inverse-strongly monotone, see [3], if there
exists a positive real number α such that

〈x− y, Ax−Ay〉 ≥ α‖Ax−Ay‖2 ∀x, y ∈ C.

The variational inequality problem is to find a point u ∈ C such that

〈v − u, Au〉 ∀v ∈ C. (1.2)

The set of solutions of the variational inequality is denoted by V I(C,A).
In 2008, Ceng and Yao [10] considered the following mixed equilibrium problem:

Find x ∈ C such that F (x, y) + ϕ(y) ≥ ϕ(x), ∀y ∈ C, (1.3)

where ϕ : C → R is a function.
The set of solutions of (1.3) is denoted by MEP (F,ϕ).

In 2008, Peng and Yao [6] considered the following generalized mixed equilibrium
problem:

Find x ∈ C such that F (x, y) + 〈Ax, y − x〉+ ϕ(y) ≥ ϕ(x), ∀y ∈ C. (1.4)

The set of solutions of (1.4) is denoted by GMEP (F,ϕ, A). It is easy to see that x
is a solution of problem (1.4) implies that x ∈ domϕ = {x ∈ C : ϕ(x) < +∞}.

In the case of A ≡ 0, GMEP (F,ϕ, A) = MEP (F,ϕ). In the case of F ≡
ϕ ≡ 0, then GMEP (F,ϕ, A) = V (C,A). In the case of A ≡ ϕ ≡ 0, then
GMEP (F,ϕ, A) = EP (F ).

In 2008, Peng and Yao [6] introduced an iterative scheme for finding a common
element of the set of solutions of problem (1.4), the set of fixed points of a nonexpan-
sive mappings and the set of solutions of a variational inequality for a monotone,
Lipschitz continuous mapping and obtained a strong convergence theorem.

In 2009, Peng and Yao [12] introduced iterative schemes by using the concept of
W-mapping for finding a common element of the set of solutions of GMEP (F,ϕ, A)
and the set of common fixed point of infinitely family of nonexpansive mappings of
C into itself.

The concept of W -mapping was first introduced by Shimoji and Takahashi [7].
They defined the mapping Wn as follows:

Un,n+1 = I,

Un,n = λnTnUn,n+1 + (1− λn)Un,n+1,

Un,n−1 = λn−1Tn−1Un,n + (1− λn−1)I,

Un,n−2 = λn−2Tn−2Un,n−1 + (1− λn−2)I,

...
Un,k = λkTkUn,k+1 + (1− λk)I,

Un,k−1 = λk−1Tk−1Un,k + (1− λk−1)I,
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...
Un,2 = λ2T2Un,2 + (1− λ2)I,

Wn = Un,1 = λ1T1Un,1 + (1− λ1)I, (1.5)

where {λn} ⊆ [0, 1] and {Tn}∞i=1 is a sequence of nonexpansive mappings of C
into itself. This mapping is called the W−mapping generated by Tn, Tn−1, . . . , T1

and λn, λn−1, . . . , λ1. They proved that if X is strictly convex Banach space, then
F (Wn) =

⋂∞
i=1 F (Ti) where 0 < λi ≤ d < 1 for every i ∈ N.

Recently, A. Kangtunyakarn and S. Suantai [13] introduced the concept of K-
mapping and employed this mapping for finding a common element of the set the
of the solution of an equilibrium problem and the set of common fixed points of a
finite family of nonexpansive mapping, they defined Kn : C → C as follows:

Un,0 = I,

Un,1 = λ1T1Un,0 + (1− λ1)Un,0,

Un,2 = λ2T2Un,1 + (1− λ2)Un,1,

Un,3 = λ3T3Un,2 + (1− λ3)Un,2,

...
Un,k = λkTkUn,k−1 + (1− λk)Un,k−1,

Un,k+1 = λk+1Tk+1Un,k + (1− λk+1)Un,k,

...
Un,n−1 = λn−1Tn−1Un,n−2 + (1− λn−1)Un,n−2,

Kn = Un,n = λnTnUn,n−1 + (1− λn)Un,n−1,

such a mapping Kn is called the K-mapping generated by T1, T2, . . . , Tn and
λ1, λ2, . . . λn.
In this research, we introduce K-mapping defined as follows:

Un,n+1 = I,

Un,n = αnTnUn,n+1 + (1− αn)Un,n+1,

Un,n−1 = αn−1Tn−1Un,n + (1− αn−1)Un,n,

Un,n−2 = αn−2Tn−2Un,n−1 + (1− αn−2)Un,n−1,

...
Un,k = αkTkUn,k+1 + (1− αk)Un,k+1,

Un,k−1 = αk−1Tk−1Un,k + (1− αk−1)Un,k,

...
Un,2 = α2T2Un,3 + (1− α2)Un,3,

Kn = Un,1 = α1T1Un,2 + (1− α1)Un,2.

Such a mapping Kn is called K-mapping generated by Tn, Tn−1, . . . , T1 and
αn, αn−1, . . . , α1.

In 2007, S. Takahashi and W. Takahashi [15] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problem by:
Let H be Hilbert space, C be a nonempty closed convex subset of H, f be a
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contraction of H into itself, S be a a nonexpansive mapping from C to H, {xn} and
{un} be the sequences generated by x1 ∈ H and{

F (un, y) + 1
rn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Sun, ∀n ∈ N.
(1.6)

In 2008, S. Takahashi and W. Takahashi [14] modified the following iterative
solution for finding a common element of the set of fixed point of a nonexpansive
mapping and the solution of equilibrium problems by:
Let u ∈ C and x1 ∈ C and let {zn} ⊂ C and {xn} ⊂ C be sequences generated by{

F (zn, y) + 〈Axn, y − zn〉+ 1
λn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = βnxn + (1− βn)S[αnu + (1− αn)zn], ∀n ∈ N.
(1.7)

Motivated by this two works, we introduce an iterative scheme for finding a com-
mon element if the set of common fixed point of a countable family of nonexpansive
mappings and the set of solution of generalized mixed equilibrium problems.

2. PRELIMINARIES

In this section, we give some useful lemmas that will be used for the main
result in the next section.

Let C be closed convex subset of a Hilbert space H, let PC be the metric projec-
tion of H onto C i.e., for x ∈ H, PCx satisfies the property

‖x− PCx‖ = min
y∈C

‖x− y‖.

The following characterizes the projection PC .

Lemma 2.1. (See [9]) Given x ∈ H and y ∈ C. Then PCx = y if and only if there
holds the inequality
〈x− y, y − z〉 ≥ 0 ∀z ∈ C.

Lemma 2.2. (See [11]) Let {sn} be a sequence of nonnegative real numbers satisfy-
ing

sn+1 = (1− αn)sn + δn, ∀n ≥ 0,

where {αn} is a sequence in (0, 1) and {δn} is a sequence such that

(1)
∞∑

n=1

αn = ∞,

(2) lim sup
n→∞

δn

αn
≤ 0 or

∞∑
n=1

|δn| < ∞.

Then limn→∞ sn = 0.

Lemma 2.3. In a real Hilbert space H, there holds the inequality

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉 ∀x, y ∈ H.

Theorem 2.4. (See [16]) A Banach space X is said to satisfy Opial’s condition if
xn → x weakly as n →∞ and x 6= y imply that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖.
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For solving the generalized mixed equilibrium problem, let us give the following
assumptions for the bifunction F , the function ϕ and the set C:

(A1) F (x, x) = 0 ∀x ∈ C,
(A2) F is monotone, i.e. F (x, y) + F (y, x) ≤ 0 ∀x, y ∈ C,
(A3) for each y ∈ C, x 7→ F (x, y) is weakly upper semicontinuous,
(A4) for x ∈ C, y 7→ F (x, y) is convex and lower semicontinuous,
(B1) ∀x ∈ H, and r > 0, there exist a bounded subset Dx ⊆ C and y ∈

C
⋂

dom(ϕ) such that for any z ∈ C\Dx,

F (z, yx) + ϕ(yx) +
1
r
〈yx − z, z − x〉 < ϕ(x),

(B2) C is bounded set.

Lemma 2.5. (See [6]) Let C be a nonempty closed convex subset of a Hilbert space
H , F : C×C → R be a function such that satisfy (A1)−(A4) and ϕ : C → R

⋃
{+∞}

be a proper lower semicontinuous and convex function. Assume that either (B1) or
(B2) holds. For r > 0 and x ∈ H , define a mapping Tr : H → C as follows:

Tr(x) = {z ∈ C : F (z, y) + ϕ(y) + 1
r 〈y − z, z − x〉 ≥ ϕ(z), ∀y ∈ C}

for all x ∈ H. Then the following conclusions hold:
(1) for each x ∈ H , Tr(x) 6= ∅,
(2) Tr is is single-valued,
(3) Tr is firmly nonexpansive, i.e.
‖Tr(x)− Tr(y)‖2 ≤ 〈Tr(x)− Tr(y), x− y〉 ∀x, y ∈ H ,

(4) F (Tr) = MEP (F,ϕ),
(5) MEP (F,ϕ) is closed and convex.

Lemma 2.6. In a strictly convex Banach space E, if

‖x‖ = ‖y‖ = ‖λx + (1− λ)y‖

for all x, y ∈ E and λ ∈ (0, 1), then x = y.

By using the same argument as in [13] (Lemma 2.7 and Lemma 2.8), we obtain
that the two following lemmas.

Lemma 2.7. Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {Ti}∞i=1 be an infinite family of nonexpansive mappings of C into itself
with

⋂∞
i=1 F (Ti) 6= ∅ and let λ1, λ2, . . . be real numbers such that 0 < λi < 1

for every i = 1, 2, . . . with
∑∞

i=1 λi < ∞. Let Kn be the K-mapping generated
by Tn, Tn−1, . . . , T1 and λn, λn−1, . . . , λ1 for each n ∈ N. Then for every x ∈ C
limn→∞ Knx exists.

Let K : C → C be defined by Kx = limn→∞ Knx. Such a mapping K is called
K-mapping generated by T1, T2, . . . and λ1, λ2, . . ..

Lemma 2.8. Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {Ti}∞i=1 be an infinite family of nonexpansive mappings of C into itself
with

⋂∞
i=1 F (Ti) 6= ∅ and let λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every

i = 1, 2, . . . with
∑∞

i=1 λi < ∞. Let K be the K-mapping generated by Tn, Tn−1, . . .
and λn, λn−1, . . . for each n ∈ N. Then F (K) =

⋂∞
i=1 F (Ti).

Lemma 2.9. Let C be a closed convex subset of Hilbert space, let {Ti}∞i=1 be
a infinite family of nonexpansive mappings of C into itself with

⋂∞
i=1 F (Ti) 6= ∅

and let λ1, λ2, . . . be real numbers such that 0 < λi < 1 with
∑∞

i=1 λi < ∞ for
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every i = 1, 2, . . .. Let Kn be the K-mapping generated by Tn, Tn−1, . . . , T1 and
λn, λn−1, . . . , λ1 for each n ∈ N. Then

∞∑
n=1

sup{‖Kn+1x−Knx‖ : x ∈ B} < ∞ (2.1)

for every bounded subset B of C.

Proof. Let B be a bounded subset of C. Then for n ∈ N, x ∈ B, we have

‖Kn+1x−Knx‖ = ‖Un+1,n+1x− Un,nx‖
= ‖λ1T1Un+1,2x + (1− λ1)Un+1,2x− (λ1T1Un,2x + (1− λ1)Un,2x)‖
= ‖λ1(T1Un+1,2x2 − T1Un,2x) + (1− λ1)(Un+1,2x− Un,2x)‖
≤ λ1‖Un+1,2x− Un,2x‖+ (1− λ1)‖Un+1,2x− Un,2x‖
= ‖Un+1,2x− Un,2x‖

...
= ‖Un+1,n+1x− Un,n+1x‖
= ‖λn+1Tn+1x + (1− λn+1)Ix− Ix‖
= λn+1‖Tn+1x− x‖
≤ λn+1M. (2.2)

where M = supn∈N sup{‖Tn+1x− x‖ : x ∈ B}.
This implies sup{‖Kn+1x−Knx‖x ∈ B} ≤ λn+1M . By the assumption

∑∞
i=1 λi <

∞, we obtain
∞∑

n=1

sup{‖Kn+1x−Knx‖ : x ∈ B} < ∞.

�

Lemma 2.10. Let C be a nonempty closed convex subset of a strictly convex Banach
space. Let {Ti}∞i=1 be a infinite family of nonexpansive mappings of C into itself
with

⋂∞
i=1 F (Ti) 6= ∅ and let λ1, λ2, . . . be real numbers such that 0 < λi < 1 for

every i = 1, 2, . . . with
∑∞

i=1 λi < ∞. Let Kn be the K−mapping generated by
Tn, Tn−1, . . . , T1 and λn, λn−1, . . . , λ1 for each n ∈ N and {xn} ⊂ C a bounded
sequence. Then

‖Kxn −Knxn‖ → 0 as n →∞. (2.3)

Proof. By Lemma 2.7, we have Kxn = limm→∞ Kmxn. For m ≥ n, by (2.2) we have

‖Kmxn −Knxn‖ = ‖Kmxn −Km−1xn‖+ ‖Km−1xn −Km−2xn‖
+... + ‖Kn+1xn −Knxn‖

≤ (λm + λm−1 + . . . + λn+1)M

≤
m∑

i=n+1

λiM,

where M = sup{‖Tkxn − xn‖ : k ∈ N, n ∈ N}. It follows that

‖Kxn −Knxn‖ = lim
m→∞

‖Kmxn −Knxn‖ ≤
∞∑

i=n+1

λiM.

This implies limn→∞ ‖Kxn −Knxn‖ = 0. �
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3. MAIN RESULT

In this section, we modify iterative scheme (1.6) by using concept of K-
mapping and prove strong convergence of the sequences {zn} and {xn} under
some control conditions.

Theorem 3.1. Let C be a closed convex subset of a real Hilbert space, F : C×C → R
be a bifunction satisfying the condition (A1)-(A4) and (B1) or (B2) and let ϕ : C →
R

⋃
{+∞} be a proper lower semi-continuous and convex function. Let A be an α-

inverse strongly monotone mapping of C into H , f : C → C be a contraction map
with coefficient 0 < a < 1, {Ti}∞i=1 be an infinite family of nonexpansive mappings of
C into itself with Ω =

⋂∞
i=1 F (Ti)

⋂
GMEP (F,A, ϕ) 6= ∅, and let λ1, λ2, . . . be real

numbers such that 0 < λi < 1 for every i = 1, 2, . . . with
∑∞

i=1 λi < ∞. Let Kn be
the K-mapping generated by Tn, Tn−1, . . . , T1 and λn, λn−1, . . . , λ1 for each n ∈ N.
Let x1 ∈ C and {zn} and {xn} be sequences generated by{

F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+ 1
rn
〈y − zn, zn − xn〉 ≥ 0 ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Knzn, ∀n ∈ N,
(3.1)

where

{αn} ⊂ [0, 1] and {rn} ⊂ [0, 2α] satisfy the following conditions :

(i) 0 < a ≤ rn ≤ b < 2α,

(ii)
∞∑

n=1

|rn+1 − rn| < ∞,

(iii) lim
n→∞

αn = 0,

∞∑
n=1

αn = ∞ and
∞∑

n=1

|αn+1 − αn| < ∞,

Then {xn} and {zn} converge strongly to z0 ∈ Ω,
where z0 = PΩf(z0).

Proof. First, we show that (I − rnA) is nonexpansive. Let x, y ∈ C. Since A is
α−inverse strongly monotone and rn < 2α ∀n ∈ N, we have

‖(I − rnA)x− (I − rnA)y‖2 = ‖x− y − rn(Ax−Ay)‖2

= ‖x− y‖2 − 2rn〈x− y, Ax−Ay〉+ r2
n‖Ax−Ay‖2

≤ ‖x− y‖2 − 2αrn‖Ax−Ay‖2 + r2
n‖Ax−Ay‖2

= ‖x− y‖2 + rn(rn − 2α)‖Ax−Ay‖2

≤ ‖x− y‖2, (3.2)

Thus (I − rnA) is nonexpansive.
Since

F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+
1
rn
〈y − zn, zn − xn〉 ≥ 0 ∀y ∈ C,

we obtain

F (zn, y) + ϕ(y)− ϕ(zn) +
1
rn
〈y − zn, zn − (I − rnA)xn〉 ≥ 0 ∀y ∈ C.

By Lemma 2.5, we have zn = Trn(xn − rnAxn) ∀n ∈ N.
Let z ∈

⋂∞
i=1 F (Ti)

⋂
GMEP (F,A, ϕ). Then F (z, y)+ 〈Az, y−z〉+ϕ(y)−ϕ(z) ≥ 0
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for all y ∈ C, so

F (z, y) +
1
rn
〈y − z, z − z + rnAz〉+ ϕ(y)− ϕ(z) ≥ 0 for all y ∈ C.

Again by Lemma 2.5, we have z = Trn
(z − rnAz). Since I − rnA and Trn

are
nonexpansive, we have

‖xn+1 − z‖ = ‖αn(f(xn)− z) + (1− αn)(Knzn − z)‖
= ‖αnf(xn) + αnf(z)− αnf(z)− αnz + (1− αn)(Knzn − z)‖
≤ αn‖f(xn)− f(z)‖+ αn‖f(z)− z‖+ (1− αn)‖Knzn − z‖
≤ αn(a‖xn − z‖+ ‖f(z)− z‖) + (1− αn)‖zn − z‖
= αn(a‖xn − z‖+ ‖f(z)− z‖)

+(1− αn)‖Trn(I − rnA)xn − Trn(I − rnA)z‖
≤ αn(a‖xn − z‖+ ‖f(z)− z‖) + (1− αn)‖xn − z‖
= αna‖xn − z‖+ (1− αn)‖xn − z‖+ αn‖f(z)− z‖

= (1− αn + αna)‖xn − z‖+ αn(1− a)
‖f(z)− z‖

(1− a)

≤ max{‖xn − z‖, ‖f(z)− z‖
(1− a)

}. (3.3)

By induction, we have ‖xn − z‖ ≤ max{‖x1 − z‖, ‖f(z)−z‖
(1−a) } ∀n ∈ N, this implies

{xn} bounded. It follows that {zn} and {Knzn} are also bounded. Next, we will
show that

lim
n→∞

‖xn+1 − xn‖ = 0.

Putting un = xn − rnAxn. Then, we have zn−1 = Trn−1un−1 and zn = Trnun. By
definition of xn, we have

‖xn+1 − xn‖ = ‖αnf(xn) + (1− αn)Knzn − αn−1f(xn−1)− (1− αn−1)Kn−1zn−1‖
= ‖αnf(xn)− αnf(xn−1) + αnf(xn−1)− αn−1f(xn−1)

+(1− αn)Knzn − (1− αn)Kn−1zn−1 + (1− αn)Kn−1zn−1

−(1− αn−1)Kn−1zn−1‖
≤ αn‖f(xn)− f(xn−1)‖+ |αn − αn−1|‖f(xn−1)‖

+(1− αn)‖Knzn −Kn−1zn−1‖+ |αn − αn−1|‖Kn−1zn−1‖
≤ αna‖xn − xn−1‖+ |αn − αn−1|‖f(xn−1)‖

+(1− αn)‖Knzn −Kn−1zn−1‖+ |αn − αn−1|‖Kn−1zn−1‖
= αna‖xn − xn−1‖+ (1− αn)‖Knzn −Kn−1zn−1‖

+|αn − αn−1|(‖f(xn−1)‖+ ‖Kn−1zn−1‖)
≤ αna‖xn − xn−1‖+ (1− αn)[‖Knzn −Knzn−1‖

+‖Knzn−1 −Kn−1zn−1‖] + |αn − αn−1|L
≤ αna‖xn − xn−1‖+ (1− αn)[‖zn − zn−1‖

+‖Knzn−1 −Kn−1zn−1‖] + |αn − αn−1|L, (3.4)

where L = sup{‖f(xn)‖+ ‖Knzn‖ : n ∈ N}. Since Trn and I − rnA are nonexpan-
sive, we have

‖zn − zn−1‖ = ‖Trn
un − Trn−1un−1‖

= ‖Trn
un − Trn

un−1 + Trn
un−1 − Trn−1un−1‖
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≤ ‖Trn
un − Trn

un−1‖+ ‖Trn
un−1 − Trn−1un−1‖

≤ ‖un − un−1‖+ ‖Trn
un−1 − Trn−1un−1‖ (3.5)

and

‖un − un−1‖ = ‖xn − rnAxn − xn−1 + rn−1Axn−1‖
= ‖xn − rnAxn − rnAxn−1 + rnAxn−1 − xn−1 + rn−1Axn−1‖
= ‖(I − rnA)xn − (I − rnA)xn−1 + (rn−1 − rn)Axn−1‖
≤ ‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖. (3.6)

By Lemma 2.5, we have

F (Trn−1un−1, y)+
1

rn−1
〈y−Trn−1un−1, Trn−1un−1−un−1〉+ϕ(y)−ϕ(Trn−1un−1) ≥ 0,

∀y ∈ C and

F (Trnun−1, y)+
1
rn
〈y−Trnun−1, Trnun−1−un−1〉+ϕ(y)−ϕ(Trnun−1) ≥ 0, ∀y ∈ C.

In particular, we have

F (Trn−1un−1, Trnun−1) +
1

rn−1
〈Trnun−1 − Trn−1un−1, Trn−1un−1 − un−1〉

+ϕ(Trn
un−1)− ϕ(Trn−1un−1) ≥ 0, ∀y ∈ C (3.7)

and

F (Trn
un−1, Trn−1un−1) +

1
rn
〈Trn−1un−1 − Trn

un−1, Trn
un−1 − un−1〉

+ϕ(Trn−1un−1)− ϕ(Trn
un−1) ≥ 0, ∀y ∈ C. (3.8)

Summing up (3.7) and (3.8) and using (A2), we obtain
1
rn
〈Trn−1un−1 − Trnun−1, Trnun−1 − un−1〉

+
1

rn−1
〈Trn

un−1 − Trn−1un−1, Trn−1un−1 − un−1〉 ≥ 0 ∀y ∈ C.

It then follows that

〈Trn−1un−1 − Trn
un−1,

Trn
un−1 − un−1

rn
−

Trn−1un−1 − un−1

rn−1
〉 ≥ 0, ∀y ∈ C.

This implies that

0 ≤ 〈Trnun−1 − Trn−1un−1, Trn−1un−1 − un−1 −
rn−1

rn
(Trnun−1 − un−1)〉

= 〈Trn
un−1 − Trn−1un−1, Trn−1un−1 − Trn

un−1 + Trn
un−1 − un−1

−rn−1

rn
(Trn

un−1 − un−1)〉

= 〈Trnun−1 − Trn−1un−1, Trn−1un−1 − Trnun−1 + (1− rn−1

rn
)(Trnun−1 − un−1)〉.

It follows that

‖Trnun−1−Trn−1un−1‖2 ≤ |1− rn−1

rn
|‖Trnun−1−Trn−1un−1‖(‖Trnun−1‖+‖un−1‖).

Hence, we obtain

‖Trnun−1−Trn−1un−1‖ ≤ |1− rn−1

rn
|L′ =

1
rn
|rn− rn−1|L′ ≤

1
a
|rn− rn−1|L′, (3.9)
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where L′ = supn∈N ‖Trn
un−1‖ + supn∈N ‖un−1‖. From (3.5), (3.6), and (3.9), we

have

‖zn − zn−1‖ ≤ ‖un − un−1‖+ ‖Trn
un−1 − Trn−1un−1‖

≤ ‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖+
1
a
|rn − rn−1|L′.(3.10)

By (3.4) and (3.10), we have

‖xn+1 − xn‖ ≤ αna‖xn − xn−1‖+ (1− αn)(‖zn − zn−1‖+ ‖Knzn−1 −Kn−1zn−1‖)
+|αn − αn−1|L

≤ αna‖xn − xn−1‖+ (1− αn)(‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖

+
1
a
|rn − rn−1|L′ + ‖Knzn−1 −Kn−1zn−1‖) + |αn − αn−1|L

≤ αna‖xn − xn−1‖+ (1− αn)‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖

+
1
a
|rn − rn−1|L′ + ‖Knzn−1 −Kn−1zn−1‖+ +|αn − αn−1|L

= (1− αn(1− a))‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖

+
1
a
|rn − rn−1|L′ + ‖Knzn−1 −Kn−1zn−1‖+ |αn − αn−1|L

= (1− αn(1− a))‖xn − xn−1‖+ |rn−1 − rn|‖Axn−1‖

+
1
a
|rn − rn−1|L′ + sup

z∈{zn}
‖Knz −Kn−1z‖+ |αn − αn−1|L. (3.11)

From the conditions (ii), (iii), Lemma 2.9 and Lemma 2.2, we can conclude that

lim
n→∞

‖xn+1 − xn‖ = 0. (3.12)

By monotonicity of A and nonexpansiveness of Trn
, we have

‖xn+1 − z‖2 = ‖αn(f(xn)− z) + (1− αn)(Knzn − z)‖2

≤ αn‖f(xn)− z‖2 + (1− αn)‖zn − z‖2

≤ αn‖f(xn)− z‖2 + (1− αn)‖Trn(xn − rnAxn)− Trn(z − rnAz)‖2

≤ αn‖f(xn)− z‖2 + (1− αn)‖xn − rnAxn − z + rnAz)‖2

= αn‖f(xn)− z‖2 + (1− αn)‖(xn − z)− rn(Axn −Az)‖2

= αn‖f(xn)− z‖2 + (1− αn)(‖xn − z‖2 + r2
n‖Axn −Az‖2

−2rn〈xn − z,Axn −Az〉)
≤ αn‖f(xn)− z‖2 + (1− αn)(‖xn − z‖2 + r2

n‖Axn −Az‖2

−2αrn‖Axn −Az‖2)
= αn‖f(xn)− z‖2 + (1− αn)(‖xn − z‖2

+rn(rn − 2α)‖Axn −Az‖2)
≤ αn‖f(xn)− z‖2 + ‖xn − z‖2

+rn(1− αn)(rn − 2α)‖Axn −Az‖2, (3.13)

which implies that

rn(1− αn)(2α− rn)‖Axn −Az‖2 ≤ αn‖f(xn)− z‖2 + ‖xn − z‖2 − ‖xn+1 − z‖2

= αn‖f(xn)− z‖2 + (‖xn − z‖ − ‖xn+1 − z‖)
(‖xn − z‖+ ‖xn+1 − z‖)
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= αn‖f(xn)− z‖2 + (‖xn − xn+1‖)
(‖xn − z‖+ ‖xn+1 − z‖).

This implies by condition (iii) and (3.12) that

lim
n→∞

‖Axn −Az‖ = 0. (3.14)

By nonexpansiveness of Trn
and I − rnA, we have

‖zn − z‖2 = ‖Trn
(xn − rnAxn)− Trn

(z − rnAz)‖2

≤ 〈(xn − rnAxn)− (z − rnAz), zn − z〉

=
1
2
(‖(xn − rnAxn)− (z − rnAz)‖2 + ‖zn − z‖2

−‖(xn − rnAxn)− (z − rnAz)− (zn − z)‖2)

≤ 1
2
(‖xn − z‖2 + ‖zn − z‖2 − ‖(xn − zn)− rn(Axn −Az)‖2)

=
1
2
(‖xn − z‖2 + ‖zn − z‖2 − ‖xn − zn‖2

+2rn〈xn − zn, Axn −Az〉 − r2
n‖Axn −Az‖2). (3.15)

It follows that
‖zn − z‖2 ≤ ‖xn − z‖2 (3.16)

and

‖zn − z‖2 ≤ ‖xn − z‖2 − ‖xn − zn‖2 + 2rn‖xn − zn‖‖Axn −Az‖. (3.17)

By (3.17), we have

‖xn+1 − z‖2 = ‖αn(f(xn)− z) + (1− αn)(Knzn − z)‖2

≤ αn‖f(xn)− z‖2 + (1− αn)‖zn − z‖2

≤ αn‖f(xn)− z‖2 + (1− αn)(‖xn − z‖2 − ‖xn − zn‖2

+2rn‖xn − zn‖‖Axn −Az‖)
≤ αn‖f(xn)− z‖2 + ‖xn − z‖2 − (1− αn)‖xn − zn‖2

+ 2rn‖xn − zn‖‖Axn −Az‖.

This implies

(1− αn)‖xn − zn‖2 ≤ αn‖f(xn)− z‖2 + (‖xn − xn+1‖)(‖xn − z‖+ ‖xn+1 − z‖)
+2rn‖xn − zn‖‖Axn −Az‖.

Again by the condition (iii), (3.12) and (3.14), we obtain

lim
n→∞

‖xn − zn‖ = 0. (3.18)

Since xn+1 = αnf(xn)+(1−αn)Knzn, we have xn+1−Knzn = αn(f(xn)−Knzn).
This implies that

lim
n→∞

‖xn+1 −Knzn‖ = 0. (3.19)

By (3.12), (3.18) and (3.19), we have

‖Knzn − zn‖ ≤ ‖Knzn −xn+1‖+ ‖xn+1−xn‖+ ‖xn − zn‖ → 0 as n →∞. (3.20)

Putting z0 = PΩf(z0). Then

〈f(z0)− z0, z0 − z〉 ≥ 0 ∀z ∈
∞⋂

i=1

F (Ti) ∩GMEP (F,A, ϕ). (3.21)
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We shall show that
lim sup

n→∞
〈f(z0)− z0, xn − z0〉 ≤ 0. (3.22)

To show this inequality, take a subsequence {xnk
} of {xn} such that

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉. (3.23)

Without loss of generality, we may assume that xnk
⇀ ω as k → ∞ where ω ∈ C.

We first show ω ∈ GMEP (F,A, ϕ). Then we have znk
⇀ ω as k → ∞. From

zn = Trn
(xn − rnAxn), we obtain

F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+
1
rn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C.

From (A2), we have
ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ F (y, zn).

Then

ϕ(y)−ϕ(znk
)+〈Axnk

, y−znk
〉+ 1

rnk

〈y−znk
, znk

−xnk
〉 ≥ F (y, znk

), ∀y ∈ C. (3.24)

For t ∈ [0, 1] and y ∈ C, put zt = ty + (1 − t)ω. Then, zt ∈ C. So, from (3.24), we
have

〈zt − znk
, Azt〉 ≥ 〈zt − znk

, Azt〉 − 〈zt − znk
, Axnk

〉+ F (zt, znk
)− ϕ(zt) + ϕ(znk

)

−〈zt − znk
,
znk

− xnk

rnk

〉

= 〈zt − znk
, Azt −Aznk

〉+ 〈zt − znk
, Aznk

−Axnk
〉

+F (zt, znk
)− ϕ(zt) + ϕ(znk

)

−〈zt − znk
,
znk

− xnk

rnk

〉

≥ α‖Azt −Aznk
‖2 + 〈zt − znk

, Aznk
−Axnk

〉
+F (zt, znk

)− ϕ(zt) + ϕ(znk
)

−〈zt − znk
,
znk

− xnk

rnk

〉

≥ 〈zt − znk
, Aznk

−Axnk
〉+ F (zt, znk

)− ϕ(zt) + ϕ(znk
)

−〈zt − znk
,
znk

− xnk

rnk

〉.

It follows from (3.18), (A4) and weakly lower semicontinuity of ϕ that

〈zt − ω, Azt〉+ ϕ(zt)− ϕ(ω) ≥ F (zt, ω). (3.25)

From (A1), (A4) and (3.25), we also have

0 = F (zt, zt) ≤ tF (zt, y) + (1− t)F (zt, ω)
≤ tF (zt, y) + (1− t)(〈zt − ω, Azt〉+ ϕ(zt)− ϕ(ω))
≤ tF (zt, y) + (1− t)(t〈y − ω, Azt〉+ tϕ(y) + (1− t)ϕ(ω)− ϕ(ω))
= tF (zt, y) + (1− t)(t〈y − ω, Azt〉+ tϕ(y)− tϕ(ω))
= tF (zt, y) + (1− t)t(〈y − ω, Azt〉+ ϕ(y)− ϕ(ω)),

hence
0 ≤ F (zt, y) + (1− t)(〈y − ω, Azt〉+ ϕ(y)− ϕ(ω)).
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Letting t → 0, we have

0 ≤ F (ω, y) + 〈y − ω, Aω〉+ ϕ(y)− ϕ(ω)

for all y ∈ C and hence ω ∈ GMEP (F,A, ϕ).
Next, we show that ω ∈

⋂∞
i=1 F (Ti). Assume that ω 6= Kω. By using the Opial

property, (3.20) and Lemma 2.10 we have

lim inf
k→∞

‖znk
− ω‖ < lim inf

k→∞
‖znk

−Kω‖

≤ lim inf
k→∞

(‖znk
−Knk

znk
‖+ ‖Knk

znk
−Knk

ω‖+ ‖Knk
ω −Kω‖)

≤ lim inf
k→∞

‖znk
− ω‖,

which is a contradiction. Thus Kω = ω, so ω ∈ F (K). By Lemma 2.8, we obtain
that ω ∈

⋂∞
i=1 F (Ti). Hence ω ∈

⋂∞
i=1 F (Ti)

⋂
GMEP (F,A, ϕ).

Since xnk
⇀ ω and ω ∈

⋂∞
i=1 F (Ti)

⋂
GMEP (F,A, ϕ), by (3.21), we have

lim sup
n→∞

〈f(z0)− z0, xn − z0〉 = lim
k→∞

〈f(z0)− z0, xnk
− z0〉 = 〈f(z0)− z0, ω− z0〉 ≤ 0.

(3.26)
From Lemma 2.3 and (3.16) we have

‖xn+1 − z0‖2 = ‖αn(f(xn)− z0) + (1− αn)(Knzn − z0)‖2

≤ (1− αn)2‖Knzn − z0‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
≤ (1− αn)2‖zn − z0‖2 + 2αn〈f(xn)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αn〈f(xn)− f(z0), xn+1 − z0〉

+2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + 2αna‖xn − z0‖‖xn+1 − z0‖

+2αn〈f(z0)− z0, xn+1 − z0〉
≤ (1− αn)2‖xn − z0‖2 + αna{‖xn − z0‖2 + ‖xn+1 − z0‖2}

+2αn〈f(z0)− z0, xn+1 − z0〉. (3.27)

This implies

‖xn+1 − z0‖2 ≤ (1− αn)2 + αna

1− αna
‖xn − z0‖2 +

2αn

1− αna
〈f(z0)− z0, xn+1 − z0〉

=
1− 2αn + αna

1− αna
‖xn − z0‖2 +

α2
n

1− αna
‖xn − z0‖2

+
2αn

1− αna
〈f(z0)− z0, xn+1 − z0〉

≤ (1− 2(1− a)αn

1− αna
)‖xn − z0‖2

+
2(1− a)αn

1− αna
{ αnM

2(1− a)
+

1
1− a

〈f(z0)− z0, xn+1 − z0〉}, (3.28)

where M = sup{‖xn − z0‖2 : n ∈ N}. Put βn = 2(1−a)αn

1−aαn
and

δn = 2(1−a)αn

1−αna { αnM
2(1−a) + 1

1−a 〈f(z0)− z0, xn+1 − z0〉}. Then

‖xn+1 − z0‖2 ≤ (1− βn)‖xn − z0‖2 + δn ∀n ∈ N. (3.29)

It follows from assumption (iii) that
∑∞

n=1 βn = ∞. By (3.26) and limn→∞ αn = 0,
we have lim supn→∞

δn

βn
≤ 0. By Lemma 2.2, we obtain that ‖xn − z0‖ → 0 as

n →∞, This completes the proof. �
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By setting A ≡ 0 in Theorem 3.1, we obtain the following result.

Corollary 3.2. Let C be a bounded closed convex subset of a real Hilbert space,
F : C × C → R be a bifunction sastisfing the condition (A1)-(A4) and ϕ : C →
R

⋃
{+∞} be a proper lower semi-continuous and convex function and f : C → C

be a contraction map with coefficient 0 < a < 1. Let {Ti}∞i=1 be an infinite family
of nonexpansive mappings of C into itself with Ω =

⋂∞
i=1 F (Ti)

⋂
MEP (F,ϕ) 6= ∅,

and let λ1, λ2, . . . be real numbers such that 0 < λi < 1 for every i = 1, 2, . . .
with

∑∞
i=1 λi < ∞. Let Kn be the K-mapping generated by Tn, Tn−1, . . . , T1 and

λn, λn−1, . . . , λ1 for each n ∈ N. Let x1 ∈ C and {zn} and {xn} be sequences
generated by{

F (zn, y) + ϕ(y)− ϕ(zn) + 1
rn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Knzn, ∀n ∈ N,
(3.30)

where

{αn} ⊂ [0, 1] and {rn} ⊂ [0, 2α] sastisfy the following conditions:

(i) 0 < a ≤ rn ≤ b < 2α,

(ii)
∞∑

n=1

|rn+1 − rn| < ∞,

(iii) lim
n→∞

αn = 0,
∞∑

n=1

αn = ∞ and
∞∑

n=1

|αn+1 − αn| < ∞.

Then {xn} and {zn} converge strongly to z0 ∈ Ω,
where z0 = PΩf(z0).

4. NUMERICAL RESULT

In this section, we give a numerical example of using the iterative method
introduced in our main result. Let H = R and C = [−5, 5]. For n ∈ N, let
Tn : C −→ C be defined by

Tnx =


x , if x ≥ 0.

− n
n+1x , if x < 0.

(4.1)

and Let F : C × C → R, ϕ : C → R, f : C → C and A : C → C be defined by
F (y, z) = 2y2 + 2zy − 4z2,
ϕ(y) = −y2,
Ax = x,
f(x) = x

2 .
It can be shown that that GMEP (F,ϕ, A) = {0}. Let {xn} and {zn} be sequences
generated by (3.1). Then we have

F (y, zn) + ϕ(y)− ϕ(zn)+ < Axn, y − zn > +
1
rn

< y − zn, zn − xn >≥ 0,

2y2 + 2zny − 4z2
n − y2 + z2 + Axny −Axnz +

1
rn

(yzn − yxn − z2
n + znxn) ≥ 0,

rny2 + 2rnzny − 3rnz2 + rnxny − rnxnzn + yzn − yxn − z2
n + znxn ≥ 0,

rny2 + 2rnzny + zny − rnxny − xny + rnxnzn + xnzn − 3rnz2
n − z2

n ≥ 0,
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rny2 + [(2rn + 1zn)− (rn + 1)] y + (rnxnzn + xnzn − 3rnz2z2
n − z2

n) ≥ 0.

Let G(y) = rny2 + [(2rn + 1zn)− (rn + 1)] y + (rnxnzn + xnzn − 3rnz2z2
n − z2

n)
G(y) is a quadratic function of y with coeffient a = rn, bn = (2rn + 1zn)− (rn + 1),
c = rnxnzn + xnzn − 3rnz2z2

n − z2
n

Determine the discriminant ∆ of G as follows

∆ = b2 − 4ac

= [(2rn + 1)zn − (rn + 1)xn]2 − 4rn(rnxnzn + xnzn − 3rnz2
n − z2

n)
= r2

nx2
n + 2rnx2

n + x2
n − 8r2

nxnzn − 10rnxnzn + 2xnzn + 16r2
nz2

n + +8rnz2
n + z2

n

=
[
(rn + 1)2x2

n − 2(rn + 1)(4rn + 1)xnzn + (4rn + 1)2z2
n

]
= [(rn + 1)xn − (4rn + 1)zn]2

We know that G(y) ≥ 0 ∀y ∈ C. If it has most one solution in C, then ∆ ≤ 0, so
zn = (rn+1)

4rn+1 xn. Now (3.1) becomes

xn+1 = αn
xn

2
+ (1− αn)Kn

(
(
rn + 1
4rn+1

)xn

)
. (4.2)

Now, we set αn = 1
10n , rn = n

n+1 , λn = 1
2n and x1 = 1. The following table shows

numerical results of {xn} and {zn}.
n xn zn

1 1.000000000 0.500000000
2 0.500000000 0.227272727
3 0.228409091 0.099928977
4 0.100404829 0.043030641
5 0.043209935 0.018281126
6 0.018347603 0.007694156
7 0.007718817 0.003216174
8 0.003225368 0.001337349
...

...
...

18 0.000000441 0.000000179
19 0.000000179 0.000000072
20 0.000000072 0.000000028

Table 1:

We observe that {xn} and {zn} converge to 0 ∈
⋂∞

i=1 F (Ti) ∩GMEP (F,A, ϕ) and
x20 = 0.000000072 and z20 = 0.000000028 are approximate solutions with accuracy
at 7 decimal places.
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Remark 4.1. If we use Wn instead of Kn in (3.1) we also obtain a strong con-
vergence theorem as Theorem 3.1. The next table give comparisons of numerical
results among algorithm 1, algorithm 2 and algorithm 3.

When the initial point are x1 = 1 for algorithm 1 and algorithm 2, x1 = 0.005 for
algorithm 3. We set αn = 1

10n , rn = n
n+1 , λn = 1

2n .

Using K-mapping and Using W -mapping and Using K-mapping and
f(x) = x

2 f(xn) = x
2 f(x) = 0.005

n xn xn xn

1 -1.000000000 -1.000000000 0.005000000
2 -0.162500000 -0.162500000 0.002750000
3 -0.014295691 -0.028914536 0.001437500
4 -0.000927083 -0.004701357 0.000077461
5 -0.000050769 -0.000073748 0.000044867
6 -0.000002513 -0.000011301 0.000028603
7 -0.000000116 -0.000001704 0.000020128
8 -0.000000005 -0.000000254 0.000015410

Table 2:

Algorithm 1:{
F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0 ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Knzn, ∀n ∈ N,
(4.3)

Algorithm 2:{
F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0 ∀y ∈ C,

xn+1 = αnf(xn) + (1− αn)Wnzn, ∀n ∈ N,
(4.4)

Algorithm 3:{
F (zn, y) + ϕ(y)− ϕ(zn) + 〈Axn, y − zn〉+ 1

rn
〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu + (1− αn)Knzn, ∀n ∈ N.
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