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ABSTRACT. In this paper, we introduce a general iterative scheme for finding fixed points
of a strictly pseudononspreading mapping. We show that, under some suitable conditions,
the sequence which is generated by the proposed iterative scheme converges strongly to a
fixed point of the mapping. Moreover, such a fixed point is a solution of a certain optimiza-
tion problem that induced by a strongly positive bounded linear operator. Consequently,
since the class of strictly pseudononspreading mapping is the largest one, the main results
presented in this paper extend various results existing in the current literature.
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1. INTRODUCTION AND PRELIMINARIES

Let H be a real Hilbert space whose inner product and norm are denoted by (-, -)
and || - ||, respectively. Recall that a mapping T : D(T) C H — H is said to be
nonspreading if

1Tz = Ty|* < |l = y||* + 2(x — Tz,y — Ty), Y,y e D(T). (1.1
It is worth to point out that the class of nonspreading mappings has been used for

studying the resolvents of maximal monotone operators, which is one important
problem (see [7, 8, 9]).

A mapping T : D(T) C H — H is said to be k-strictly pseudo-contraction if
there exists k € [0,1) such that

1Tz —Ty|* < |l - y|* + kllo — Tx — (y = Ty)|*, Va,y € D(T). (1.2)

Note that the class of k-strictly pseudo-contractions includes strictly the class of
nonexpansive mappings (i.e., |7z —Ty|| < ||z —y||, Yo,y € D(T)) as a subclass. In
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fact, T is a nonexpansive mapping if and only if 7" is a 0-strictly pseudo-contractive
mapping. Moreover, strictly pseudo-contractive mappings is one of the most impor-
tant class that have powerful applications among nonlinear mappings, as in solving
inverse problem. Consequently, many authors have been devoting the studies on
the problems of finding fixed points for strictly pseudo-contractions, see, for exam-
ple, [1, 2, 5] and the references therein.

Recently, Osilike and Isiogugu [12] introduced a new class of mappings, so-
called k-strictly pseudononspreading, that is, a mapping 7' : D(T) C H — H is
said to be k-strictly pseudononspreading if there exists k € [0, 1) such that

[Tz =Ty||* < |lo—y||* + k|l =Tz — (y = Ty)||* + 2(x = Tx,y = Ty), Va,y € D(T).

(1.3)
They showed that the class of nonspreading mappings is properly contained in
the class of strictly pseudononspreading mappings. Moreover, by using an idea of
mean convergence, they also introduced the following iterative process for k-strictly
pseudononspreading mapping on a closed convex subset K of H. Let T : K — K
be a k-strictly pseudononspreading mapping and ¢ € [k, 1) be chosen. Starting
with an arbitrary initial zy € K, define the sequences {z,} and {y, } recursively by

Tn+1 = OQpUu + (1 - an)yn7
1 n—1 ]
o= > Tiwn, (1.4)
1=1

for all n > 1, where ¢ € [k,1), Tc = (I + (1 — ()T, and {«,} is a sequence in
[0,1). It is proved that, under certain appropriate conditions imposed on {«,, }, the
sequence {z, } generated by (1.4) strongly converges to Pp(Tyu, where Pp(T) is the
metric projection of H onto F(T).

On the other hand, let A be a strongly positive bounded linear operator on H,
that is, there exists a constant 7 > 0 with property

(Ax,x) > 7||z||* forallz € H. (1.5)

The optimization problems are of very interesting and have been studying by many
authors. A kind of optimization problem is the following :

.1
?é”cl§<Ax’x> — (z,u), (1.6)
where v € H and C = ;2 C;, when Cy, Cs, ... are infinitely many closed convex
subsets on H such that ﬂji1 C; # 0. For more detailed accounts on optimization
problems and related problems, we refer to [3, 4, 6, 14].
Let T be a nonexpansive mapping with a nonempty fixed point set. In 2003, Xu
[14] considered the following iterative algorithm:

Tnt1 = apu+ (I — ayA)Txy, n >0, (1.7)

where 2o € H is chosen arbitrary and {«,} is a sequence of real numbers. He
proved that if the {c, } satisfies certain conditions, then the sequence {z, } defined
by (1.7) converges strongly to the unique solution of the optimization problem
(1.6), when C' = F(T). Moreover, by using the viscosity approximation method
introduced by Moudafi [11], Marino and Xu [10] considered the following general
iterative method:

Tnt1 = QY f(zn) + (I — anA)Tx,,n >0, (1.8)
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where v > 0 and f : H — H is a contractive mapping. They proved that if
the sequence {a,,} of parameters satisfies certain conditions, then the sequence
{z,} generated by (1.8) converges strongly to the unique solution z* € F(T) of the
variational inequality

(A=qf)z",z —2") 20, Vo e F(T),

which is, in fact, the optimality condition for the minimization problem:

1
min —(A —
IGF}(I}IW) 2< 33,33> h(x)’

where h is a potential function for 7 f.

In this paper, motivated by the above-mentioned results, we introduce a general
iterative scheme for finding fixed points of a strictly pseudononspreading mapping
and then prove that the sequence generated by the proposed iterative scheme con-
verges strongly to a fixed point of such mapping, which is also a solution of the
optimization problem (1.6). Additional results of the main result are also obtained.
Our results improve and develop the corresponding results of Osilike and Isiogugu
[12], Moudafi [11] and Marino and Xu [10].

To do so, we need the following well known results.

Lemma 1.1. [10] Assume that A is a strongly positive linear bounded self-adjoint
operator on a Hilbert space H with coefficienty > 0 and 0 < p < ||A||~}. Then
11— pAll <1 - p7.

Lemma 1.2. [12] Let C' be a nonempty closed convex subset of a real Hilbert space
H,and T : C — C be a k-strictly pseudononspreading mapping. If F(T) # 0, then
it is closed and convex.

Lemma 1.3. Let H be a real Hilbert space. Then for any x,y € H we have

@ [[¢z+(1=Qyll* = Cllz]*+ (1= llyll* = (1= )|z —yl]?. for each ¢ € [0,1].
®) |z +yll* < [l2]* +2(y, 2 + y).

Lemma 1.4. [13] Assume {an} is a sequence of nonnegative real numbers such that

an+1 S (]- - ’Yn)an + 5717117
where {7, } is a sequence in (0, 1) and {6, } is a sequence such that

(01] ch:l Tn = OO
(i) limsup,_ o0 <0o0rd> 07 [0p7n| < o0

Then lim,, . a, = 0.
2. MAIN RESULTS

We start with an important useful lemma.

Lemma 2.1. Let C be a nonempty closed convex subset of a real Hilbert space H,
and T : C — C be a k-strictly pseudononspreading mapping with a nonempty fixed
point set. Let ¢ € [k, 1) be fixed and define T, : C — C by

Te(z) =Cor+ (1 - )Tz, YzeC. 2.1)
Then F(T) = F(T¢).

Proof. This follows immediately from the fact that z — Tex = (1 — {)(z — Tz), for
each z € C. g
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Now we are in a position to prove our main results.
Algorithm. Let v > 0 be a constant and 7' : H — H be a k-strictly pseudonon-
spreading mapping, f : H — H be a contraction and A be a strongly positive
bounded linear operator on H. Let ( € [k,1) and {«,} be a sequence of real
numbers in [0, 1]. For given xy € H, we define a sequence {z,} in H by

Tn+1 = anfy.f(xn) + (I - anA)yn (2.2)
where y,, = % Z?;OI Tgxn and T; is defined by (2.1).
Theorem 2.2. Let H be a real Hilbert space, and T : H — H be a k-strictly
pseudononspreading mapping with a nonempty fixed point set. Let f : H — H be
a contraction with coefficient « € (0,1). Let A be a strongly positive bounded linear

operator on H with coefficient ¥ > 0. Let the sequence {x,,} be defined by (2.2). If
the following control conditions are satisfied:

D 0<y<7/a,
(i) lim, o o =0,
(i) Y07, oy = o0,
then the sequence {x,,} converges strongly to x* € F(T') which solves the following
optimization problem:
mgﬂigﬂ)%(Ax, x) — h(z), (2.3)
where h is a potential function for =y f.

Proof. We divide the proof into several steps.
Step 1. We show that {z,,} is a bounded sequence. Indeed, taking p € F'(T) and
z € H, we see that

I Tez = pl|* = [z + (1 — Q)Tz] — [Cp + (1 — Q)T
= [I¢(z = p) + (1 = O)(T= = Tp)|?
=Clz—plI?+ (1= OlTz—Tp|* = (A =)z — Tz|?
<Cllz=pl*+ (=) [llz = pI* + kllz = T2)*] = (1 = Q)llz = T=|?
=lz=pll>+ 1=k - llz— Tz
<z —pl%.

Thus for each z € H and p € F(T), we have

Tz = pll = |ITe(TE 2) = pll < NTE 2 =pll S TE 22 =pll < - < 2= pll, (2.4)
for all 7 > 0. Consequently,

lyn — Pl

1 n—1
~ 2 Téwn —p
i=0

1 n—1 ]
LS mie, -l
=0

IN

IN

1 n—1
= llan = pll = llzn - p. 2.5)
=0

On the other hand, by condition (ii), without loss of generality we may assume that
an < ||A||7t. Thus, by using Lemma 1.1 and (2.5), we obtain

[Zn+1 = pll = lloan(vf(zn) — Ap) + (I — anA)(yn — )|
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< (1= an¥)llyn — pll + cnllvf(zn) — Ap||

< (@ = any)llzn = pll + anyllf (@) = fFP)I + ownllvf(p) — Apll

< (I =an(¥ —ya)lzn = pll + anllvf(p) — Apll. (2.6)
Using (2.6) and induction, we know that

p) — Ap
o = < max { o = p, PEE=22U >
el
Therefore, {z,} is a bounded sequence. Consequently, {y,}, {Ay,} and {f(z,)}
are also bounded. Moreover, in view of (2.4), we know that || Tz, — p|| < ||z, — p|

for all n > 1, this means {7}z, } is also bounded.

Step 2. We show
lim sup(yf(z*) — Az, 2, — 2™) <0,

n——o0

where z* € F(T) is the unique solution of the optimization problem (2.3).

Observe that, since {z,} is a bounded sequence, we can find a subsequence
{#n,41} of {zp41} and ¢ € H such that z,,,y; — g as j — oo, and

limsup(yf(z*) — Az", ani1 — 2") = lim (vf(z") — 42", 2y, 11 —2%).  (2.7)
j—00

n—-mao90

On the other hand, since { Ay, }, { f(x,)} are bounded sequences and lim,, o @, =
0, we have

im [[Zn41 — Yol = Um apllvf(2,) — Ayal| = 0. (2.8)
n—oo n—oo
Consequently, for arbitrary bounded linear functional g on H we have
19(un;) = 9(D| < 19(yn;) = 9(@n;10)| + [9(2n;41) — 9(q)]
< ||g||Hyng _'r’ﬂj-‘rl” + |g(x7lj+1) _g(Q)‘ (2.9)
Thus, from (2.8) and (2.9), we conclude that Yn; — q as J — o0.

Now for each j > 1and:=0,1,2,...,n; — 1, we put wfl]_ = Tgxnj. Then we see
that

1T e, — Teall® = || Tew;,, — Teql?
= |¢(wy, —q) + (1= ¢)(Twy,, — Tq)||?
= Cllwn, —all* + @ = QI Tw;,, — Tq)|?
—¢(1 = Qlw},, — Tw;,, — (g —Tg)|I?
(1= ) [llwh, = all® + Kljw}, — Twh, — (¢ = To)|?]
Cllwy,, — gl +2(1 = O)wy,, — Twy, g — Taq)
(1= Qllwy,, = Twy,, — (¢ — Tq)||?
= lwy, —all* +2(1 = ){wy,, = Tw;, ¢ — Tq)
~(1 = = k)llwy, = Twy,, —(a—Tq)|?
<y, = al* + 200 = ) (wy,, — Tw,,,q¢ = Tq)

IA

%

n; T(w'fzjaq - TCQ>

(w

2
(1-0)
= lwy, — Teq+Teq — gql* +

= lwn, —dl” +

2 ) .
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= wy,, = Teall® + 1Tcq — all* + 2(w;,, — Teq, g — Teq)
2 7 7
+m<wn3_ — Tcwnj,q — ch>.

Using this one, by summing from 7 = 0 to n; — 1 and dividing by n;, we know that

T 1
T wn; = Tedl® < —llan, = Teall® + 1 Teq = all” + (yn, — Tea, Teg — q)
J J

L2
n;(1=¢)
Since {x,},{T{'z,} are bounded sequences and y,; — g as j — oo, we see that
(2.10) gives

(Tn, —Tg”:rnj,q —T¢q). (2.10)

0 < [|1Teq — qll* +2{q — Teq, Teq — a) = —[|Teq — all*.
This implies that ¢ € F(T¢) = F(T). Consequently, since z* is the solution of
optimization problem (2.3), from (2.7) we have

tim ((7(a%) — A2® e — 1) = hmsup{(7f(2%) — Az* 2, 1 — 27)

j——00

= (Vf(z%) = Az, g = z7)
<0.

Step 3. We prove {z,} converges strongly to * € F(T'), where z* is the unique
solution of the optimization problem (2.3).
Consider,

[Zns1 —2*1* = [[(1 = anA)(yn — 2*) + an(yf(zn) — Az*)|

(1 — and)(yn — x*)”2 + 200 (Vf(2n) — Az™, Tpg1 — 27)
(1- an7)2||xn - x*”Q + anya{||z, — x*HQ + lzns1 — I*HQ}
+200 (v f(2") — Az™, Tpp1 — ),

INIA

this implies that,

1 — 20,5 + a25% + apya

e T
2
erw +7f(@") — Az™, zppy — 27)
20 (7 —
< 1— aln(’}/ rya):| ||-Tn _ x*HZ
— apyQ

200, (7 — ya) { an¥’R 1
+ ~ —
L—apya [2( —va) 7 -«

= (1= fn)llen = 2*|* + K00,

(Vf(2") = Ax™, wngq — a™)

where B
2((1+p)y —ya)an
1- QpyQ

(Vf(@%) =A™, ap g — 7).

R = sup{||z, — x*||2 in>1}, k=

an¥°R 1
27 =) (L4 p)y—na
It is easy to see that ZZOZI kn = oo and limsup,,_, ., 0n, < 0. Hence, by Lemma

1.4, we conclude that the sequence {x,,} converges strongly to z*. This completes
the proof. O

On —
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Setting A =: I, the identity mapping, in Theorem 2.2, we obtain the following
result.

Corollary 2.3. Let H be a real Hilbert space and K be a closed convex subset of H.
LetT : K — K be a k-strictly pseudononspreading mapping on with a nonempty
fixed point set. Let f : K — K be a contraction with coefficient @ € (0,1). Let
xo € K and define a sequence {x,,} by

Tnt1 = O‘nf(zn) + (1 - O‘n)ym
1 n—1
w = =Y Tlz,, 2.11
y n;;<w 2.11)

Joralln > 1, where T is defined by (2.1). If the following control conditions are
satisfied:

() limy,—oo ap =0,

(i) Zzozl Qp = 00,

then the sequence {x,} converges strongly to x* € F(T).

Proof. Since the identity mapping is a 1- strongly positive bounded linear operator
and « € (0,1), we can set v = 1 in (2.2). Consequently, (2.2) reduces to (2.11) and
the required result is followed from Theorem 2.2 immediately. O

Remark 2.4. Let u be a fixed element in K and setting f := u, a constant mapping.
Then our Corollary 2.3 recovers the results presented in [12].

In view of Theorem 2.2, we can obtain the following results as special cases.

Theorem 2.5. Let H be a real Hilbert space, and T : H — H be a nonspreading
mapping with a nonempty fixed point set. Let f : H — H be a contraction with
coefficient « € (0,1). Let A be a strongly positive bounded linear operator on H with
coefficient ¥ > 0. Lety > 0 and {a,,} C [0, 1] be a sequence of real numbers. Let
zo € H and define a sequence {x,,} by

Tpy1 = Oén’)/f(xn) + (I - a7LA)yna
n—1
1 ,
n = — g Tz, 2.12
/ n =1 ’ ( )

Jor alln > 1. If the following control conditions are satisfied:
@) 0<y<¥/o
(i) lim, o a, =0,
(i) Y07 ay = o0,
then the sequence {x,,} converges strongly to x* € F(T') which solves the following
optimization problem (2.3).

Proof. Since every nonspreading mapping is a 0-strictly pseudononspreading map-
ping, by choosing ( = 0in (2.2), we see that (2.2) is reduced to (2.12). Consequently,
by Theorem 2.2, the proof is completed. U

Immediately, form Theorem 2.5, we also have the following results.

Corollary 2.6. Let H be a real Hilbert space and K be closed convex subset of H.
Let T : K — K be a nonspreading mapping with a nonempty fixed point set and
f :+ K — K be a contraction mapping. Let {«,} C [0,1] be a sequence of real
numbers and define a sequence {x,} by

Tny1 = anf(xn) + (]- - an)ynv
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n—1

1 .
no= — 3 Ty, 2.13
! n i=1 ’ ( )

Jor alln > 1. If the following control conditions are satisfied:
(@) hmn—>00 Qp = 0,
(11] ZZO:1 Ay = 00,

then the sequence {x,} converges strongly to x* € F(T).

Corollary 2.7. Let H be a real Hilbert space and K be closed convex subset of H.
Let T : K — K be a nonspreading mapping with a nonempty fixed point set. Let
u € H be fixed and {a,} C [0, 1] be a sequence of real numbers. Let zo € K and
define a sequence {x,} by

Tny1 = opu+ (1 —an)yn,
1 n—1 )

=~ T, (2.14)
=1

Soralln > 1. If the following control conditions are satisfied:

(@) hmnﬁoo Qp = 0,
(ii) ZZOZI Q, = 00,

then the sequence {x,} converges strongly to x* € F(T).

Remark 2.8. It is worth to noting that, since the class of strictly pseudononspread-
ing mappings contains a large number of mappings, our results extend and improve
various related results existing in this present time.
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