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Abstract. In this paper, we introduced a three-step iterative process with errors for three multival-
ued mappings satisfying the condition (C) in uniformly convex Banach spaces and establish strong
convergence theorems for the proposed process under some basic boundary conditions. Our results
generalized recent known results in the literature.
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1. INTRODUCTION

The study of fixed points for multivalued contractions and nonexpansive map-
pings using the Hausdorff metric was initiated by Markin [9] and Nadler [10]. Since
then the metric fixed point theory of multivalued mappings has been rapidly de-
veloped. The theory of multivalued mappings has applications in control theory,
convex optimization, differential equations and economics. Theory of multivalued
nonexpansive mappings is harder than the corresponding theory of singlevalued
nonexpansive mappings. Different iterative processes have been used to approx-
imate fixed points of multivalued nonexpansive mappings. In particular in 2005,
Sastry and Babu [14] proved that the Mann and Ishikawa iteration process for
multivalued maping 7" with a fixed point p converge to a fixed point ¢ of 7" under
certain conditions. They also claimed that the fixed point ¢ may be different from
p. Panyanak [12] extended result of Sastry and Babu [14] to uniformly convex
Banach spaces. Recently, Song and Wang [17] noted that there was a gap in the
proof of the main result in [12]. They further revised the gap and also gave the af-
firmative answer to Panyanak’s open question. Shahzad and Zegeye [16] extended
and improved results already appeared in the papers [12, 14, 17]. Very recently,
motivated by [16], Cholamjiak and Suantai [2, 3] introduced some new two-step
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iterative process for two multivalued mappings in Banach spaces and prove strong
convergence of the proposed iterations.

Glowinski and Le Tallec [5] used three-step iterative process to find the ap-
proximate solutions of the elastoviscoplasticity problem, liquid crystal theory, and
eigenvalue computation. It has been shown in [5] that the three-step iterative
process gives better numerical results than the two-step and one-step approximate
iterations. In 1998, Haubruge et al. [6] studied the convergence analysis of three-
step process of Glowinski and Le Tallec [5] and applied these process to obtain new
splitting-type algorithms for solving variation inequalities, separable convex pro-
gramming and minimization of a sum of convex functions. They also proved that
three-step iterations lead to highly parallelized algorithms under certain conditions.
Thus we conclude that three-step process plays an important and significant part
in solving various problems, which arise in pure and applied sciences.

Now the aim of this paper is to introduce a three-step iterative process with er-
rors for multivalued mappings satisfying condition (C) and then prove some strong
convergence theorems for such process in a uniformly convex Banach space. Both
Mann and Ishikawa iterative processes for multivalued mappings can be obtained
from this process as special cases by suitably choosing the parameters. Our results
generalized recent known result in literature.

2. PRELIMINARIES

Recall that a Banach space X is said to be uniformly convex if for each ¢ € [0, 2],
the modulus of convexity of X given by:

) 1
0(t) = inf{l = glle+yl:llzll < Lyl < 1, [lz —yll = t}

satisfies the inequality §(¢) > 0 for all ¢ > 0.
A subset ¥ C X is called proximal if for each x € X, there exists an element
y € F such that

|z —y ||=dist(x, E) =inf{|| x — 2 ||: z € E}.

It is known that every closed convex subset of a uniformly convex Banach space is
proximal.
We denote by CB(E) and P(E) the collection of all nonempty closed bounded
subsets and nonempty proximal bounded subsets of E respectively. The Hausdorff
metric H on CB(X) is defined by

H(A, B) := max{sup dist(x, B), sup dist(y, A)},

T€EA yeb

forall A, B € CB(X).
Let T : X — 2% be a multivalued mapping. An element 2 € X is said to be a
fixed point of T', if x € T'z. The set of fixed points of 7" will be denote by F(T).

Definition 2.1. A multivalued mapping 7' : X — CB(X) is called
(i) nonexpansive if
H(T.Z‘,Ty) < ||33—y||, a:,yEX.
(i) quasi nonexpansive if F(T') # () and H(Tz,Tp) <||  —p || for all x € X and all
p e F(T).

In 2008, Suzuki [19] introduced a condition on mappings, called (C) which is
weaker than nonexpansiveness and stronger than quasi nonexpansiveness. Very
recently, Abkar and Eslamian [1] used a modified Suzuki condition for multivalued
mappings as follows:
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Definition 2.2. A multivalued mapping T': X — C'B(X) is said to satisfy condi-
tion (C) provided that

1
Sdist(z,Ta) < |lo =yl = H(Tz,Ty) < |z —yl, @.y€X.

Lemma 2.3. (1)) Let T : X — CB(X) be a multivalued nonexpansive mapping,
then T satisfies the condition (C).

Lemma 2.4. ([4]) Let T : X — CB(X) be a multivalued mapping which satisfies
the condition (C) and has a fixed point. Then T is a quasi nonexpansive mapping.

Lemma 2.5. ([4]) Let E be a nonempty subset of a Banach space X. Suppose
T : E — P(E) satisfies condition (C) then

H(Tx,Ty) < 2dist(z,Tx) + ||z — ¥,
holds forall z,y € E.
Lemma 2.6. ([20], Lemmal) Let {a,},{b,} and {4} be sequence of nonnegative
real numbers satisfying the inequality
Ap41 < (1 + (Sn)an + bn
If> 0 6, <ooand ) >, b, < oo, thenlim, . a, exists. In particular , if {a,}
has a subsequence converging to 0, then lim,,__,, a,, = 0.

The following Lemma can be found in ([1 1], Lemma 1.4)

Lemma 2.7. Let X ba a uniformly convex Banach space and let B,.(0) = {x €
X :|| z ||[< r}, r > 0. Then there exist a continuous, strictly increasing, and convex
Sunction ¢ : [0, 00) — [0, 00) with ¢(0) = 0 such that

lax + By +vyz+nw P<alz 48 |y I+ || 2 I* +nllwl® — afe(l = =y D),
forallz,y,z,w € B.(0), and a, 8,7v,n € [0,1]] witha+ 8 +~v+n=1.

3. MAIN RESULTS

In this section we use the following iteration process.
(A) Let X be a Banach space, E be a nonempty convex subset of X and
T1,T5,T5 : E — CB(FE) be three given mappings. Then, for 1 € F, we consider
the following iterative process:

wy = (1 —ap — by)xn + anz, + by, n>1,
Yn = (1 — cp — dy — )T, + Crtty, + dpuil, + €5, n>1,
Tni41 = (1 —Qy — Bn — ’Yn)xn + anvn + 6nU;L + ’Ynslria n>1,
where zp,,ul, € Th(2y) , Un,v), € To(wy,) and v, € T5(y,) and

{an}; {ba}, {en}, {dn}i{en} {an}, {Bn}, {7n} € [0,1] and {s,},{s,} and {s};} are

bounded sequences in E.

Definition 3.1. Amapping T : E — CB(FE) is said to satisfy condition (J) if there
is a non decreasing function g : [0,00) — [0,00) with g(0) = 0, g(r) > 0 for
r € (0,00) such that

dist(x,Tx) > g(dist(z, F(T)).
Let T; : E — CB(E),(i = 1,2,3) be three given mappings. The mappings
Ty,T>,Ts are said to satisfy condition (II) if there exist a non decreasing function
g :]0,00) — [0, 00) with g(0) =0, g(r) > 0 for r € (0,00), such that

1
gsum?zldist(m, T;x) > g(dist(z, F)),
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where F = ﬂg’zl F(T;).

Theorem 3.1. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X . LetT; : E — CB(FE), (i = 1,2, 3) be three multivalued mappings

satisfying the condition (C) . Assume that F = ﬂ?:l F(T;) # 0 and T;(p) = {p}, (i =
1,2,3) for each p € F. Let {x,} be the iterative process defined by (A), and a,, +

o0

by Cntdy+ep, i+ B+ € [a,b] C (0,1) andalsod 7 b, <00, Y07 e, <00
andy | n < 00. Assume that T}, T> and T satisfying the condition (II). Then {x, }
converges strongly to a common fixed point of T1, T and T5;.

Proof. Let p € F. Then, by the boundedness of {s,},{s},} and {s/}, we let

M = maz{supnz1llsn — pll, supn>1lls;, — pll, supnz1lls; — pll}-

Using (A) and quasi nonexpansiveness of 7; (i=1,2,3) we have

| wn —p =11 (1 = an = bp)@n + anzn + bpsn —p ||
<A —an—"bn) | zn —p |l +tan || 20 —p || +bnllsn — pl|
=1 —an—by || 2o — p || +andist(zn, T1(p)) + bullsn — pll
< (U =an—=bn) | 2n = p [l +an H(Ti(2n), T1(p)) + bullsn — pll
S A =an—=0bn) | zn —p Il +an || 20 —p || +bnllsn —pll
< (A =bn)llzn — pll + bn M
< llen —pll +0u M

and

| yn —p =l (1 = cn = dn — en)xn + cptin + dpuy, + ens;, —p ||
S(L—cn—dn—en) [0 —pll +en [ un —pll +dn [| uy, — pll + enlls), — pll
<(1—cp—dp—en) || zn—p || +endist(un, To(p)) + dypdist(ul,, Ti(p)) + en|ls), — pl|
< (I=ep—dn—en) || 2n=p || +cnH(To(wy), To(p))+dn H(T1(zn), T1(p))+enllsy, —pl|
<(U—cn—dp—en) 2o —pll +en | wn —pll +dn | 20 —p | +enlls; — pll
<(=co—dn—en) |20 —pll +en | 20 —p |l +du || 20 — p | +cnbaM + ex M
< lzn —pll + bn M + e, M.

We also have

| Tt = =1 (1= = Br = W)@ + anvy + Buvy, + sy, —p ||

S —on=PBn—m) 20 —pll +an [ vn = p | +8n | v, = pll + mllsy — Pl
< (I=an =B =) [ 20 —p | +andist(vn, T5(p)) + Budist (v, T2(p)) +nllsy — bl
< (I—an=Bn=) || 2n—p | +enH(T3(yn), T3(p))+BnH (T2 (wn), T2 (p))+nllsy —p

S —an=Bn—w)lzn —pll +an | yn —p [ +8u | wa —p | +mllsy; — pll
< (A=an=0Bn="n) | 2o=p || +anl|zn—p|+anbn M+ayen M+ By |20 —pl|+Bnbn M+, M

S =)llzn = pll+ M(bn + en + )
< lzn —pll+ 00 3.1

where 6, = M(b, + e, + 7,). By assumption we have ) ° 6, < co. Hence by

Lemma 2.6 it follows that lim || «,, — p || exist for any p € F. Since the sequences
{zn},{yn} and {w,} are bounded, we can find r > 0 depending on p such that
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Ty, — Py Yn — P, Wy, — p € B(0) for all n > 0. Denote by
N = maz{supn>1llsn — %, suppz1lls), — pll*, supnz1llsy — pl*}-

From Lemma 2.7, we get

| wn = p 2=l (1 = an = bp)ap + anzn + busn —p ||
(1=an=bn) | 2n=p |” +an || 20=p [I> +bnl[sn—plI> —an(1—an—bpn)o(|lzn—2zn|)
(1=an=by || Tn—p ||* +andist(zn, Tr(p))*+bnllsn—pl* —an(1=an—bn) (| 2n—2n|)
(1=an—=bn) | £n—p |* +anH(T1(x0), To(p))*+bnllsn—pl|* —an(1—an—bn) o (|20 —2zn]|)
(1=an=bn) [ 2n=p |I> +an | 2o=p |* +ballsn—pl* —an(1—an—bn)e(|[2n—2u])
< (1 =bp)llzn = plI* + 6N — an(l — an — bp) ([0 — 2n))
<lan = pl? + 0o N = an(1 = an — bp)@([[2n — zal))

<
<

IAN A

It follows from Lemma 2.7 that

| yn —p ||2:|| (1—cn —dy — en)rn + cpiy + dnu; + ens; -Pp ”2

< (1= cn—dn—en) | 20— |2 +en | tn—p |2 +du || 1 — I + enlls), — pII

— (U= e =~ en)dnplan — ) = 50— 0 — dn — en)enpln — a)
< (A—cn—dn—en) | 2n—p II” +endist(un, Ta(p))*+dndist(u;,, Ty (p))*+enll s, —p|*
— 50 = e = do = )50 — ) = 51 = 0 — dn — en)eniolllzn — wal)
< (1=Cn—du—en) || 2—p |* +enH(To(wn), To(p))*+du H (T3 (2), Ty () >+ en 5y~
— (U e — o~ endnpln — ) = 50— 0 — dn — en)enplan — ual)
<(l—ch—dp—en) | Tn—p|? +en | wn —p||> +dn || 2o —p ||> +enlls, — pl?

— (U= — en)dnpln — ) — 51— 0 — dn — en)enplan — )
<(A—cp—dn—en) | Zn—p ) +cn | Tn —p|? +dn || 20 — p ||* +cubu N + e, N

(e — o — )l — ) — (1~ e — en)enp(l7n — )

< ||@y = plI* + bu N + e, N

— (U= e = o = en)dnpln — ) = 51~ 0 — dn — en)enp(n — ).
By another application of Lemma 2.7 we obtain that

|| Tn+l1 — P H2:|| (1 — Qp — ﬁn - 'Vn)xn + apv, + ﬂnv% + ’YnS/y; - D H2
SA—an="Bn—v) 2 —p > +an | vn —p I +8n || V), = > + Wmllsi — pl?

—an(l —an = B —y)e(|2n —vall)
< (A=an=Bn—n) | zn—p I +and28t(va3( ))?+Bndist(v),, To(p))*+n || s —pll>
—an(l—a, — Yn)e(|Zn — vall)

< (1= —Bn=n) | zn—p |7 +OénH(T3(yn)7T3(P)) 2460 H (Ta(wn), Ta(p)*+7m 51—l
—an(l —an = Bn — )e(|zn — vall)

< (1 —ay, — Bn _'Yn)Hxn —-p ||2 +ap || Yn — D ||2 +6n ” Wp — P ||2

+nlls — pl?
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- a”(l —an — B — 'Vn)SD(Hxn - vn”)
S (lfanfﬂnfryn) || Lp—pP H2 +Oén||$n7p||2+anbnN+an6nN+/Bn||$n7p||2+/8nbnN+’YnN

1
—an(l—an = Bn —m)e(|zn —val) — 50%(1 —cn — dp — en)dnp(||zn — u/nH)

1
- 50411(1 —Cp —dp — en)cn@(Hxn - unH) - anﬁn(l — Qn — bn)‘?(Hxn - Zn”)

1
< Hxn_p||2+N(bn+en+7n)_an(l_an—ﬂn—’Yn)‘P(Hxn_vnH)_ian(l_cn_dn_en)dﬂp(Hxn_uizH)

— g1 e = do — en)en(rn — ) = nBa(1 ~ @~ bu)o(lrn — 2.
So, we have
1, ,
5@ (1= ) (a, — )
< Lon(1 = e = du — en)dnp(lan — )

2
<z, —p ”2 @1 —p ”2 +N(bn + €n + Tn)-
This implies that

> (1 =b)p(|lzn —upll) < llwr = pl* + D N(bn + €n +m) < 00
n=1 n=1

/

from which it follows that lim,,_ . ¢(||z, — u,

and is strictly increasing, we have

|I) = 0. Since ¢ is continuous at 0

lim ||z, —u,| =0.
n—-oo
Similarly we obtain that
lim ||z, — 2n|| = lm ||z, —u,| = lim ||z, —v,|] =0.
n—soo0 n—oo n——-aoo

Hence we obtain dist(x,, Tizy,) < ||z, — ul,|| — 0 as n — co. Also we have

lim ||z, —wy| = lm (an||zn — Znll + bnllsn — zn|) = 0.
n—s-—oo n—-oo
and
lim ||z, —yull = lm_(cnllun — @all + dnlluy, — ol + enlls;, — znll) = 0.
— 00 n—o0

Therefore by Lemma 2.5 we have

dist(xn, To(xy)) < dist(zy, To(wy)) + H(Ta(wy), Ta(zy))
< dist(zy, To(wy)) + 2dist(wy, To(wy)) + ||xn — wn]|
< 3||@p — wy|| + 3dist(xy, To(wy,))
<3||zn —wnll +3||2n —unl]| — 0 as n— oo.

and

dist(xy, Tszy) < dist(zn, Ts(yn)) + H(T3(yn), T3(xn))
< diSt(xanS(yn)) + QdiSt(ynaTii(wn)) + ||xn - yn”
< 3||zn — ynll + 3dist(xy,, T5(yn))

<3|xn —Ynll + 3||Tn — vl — 0 as n — oo.
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Note that by our assumption lim,,_, dist(z,,F) = 0. Hence there exist a subse-
quence {z,, } of {z,} and a sequence {p;} in F such that ||z, — pk|| < 55 for all
k. Therefore by inequality 3.1 we get

||x7lk+1 _pH < Hxnk+1—1 _pH =+ 0"k+1—1
< ”xnk+1—2 7pH + 0"k+1—2 + 9"k+1—1
<..

nk+17nk71
< ”‘Tnk _p” + Z ank+i
i=1
for all p € F. This implies that

nk_*_l*nk*l
s =l < e, —pell + 3 Oy
i=1
1 ’I’Lk+17’ﬂk71
<ot D Onsie
=1

Now, we show that {p;} is a Cauchy sequence in E. Note that

[Pe+1 = Prll < Pkt = T |+ 2, — prll
Ngt1—Nkp—1
1
<gmtmt X Oue
i=1
nk+1—nk—1

1
2/@771 + Z enk—i-i-

i=1

<

This implies that {py} is a Cauchy sequence in E and hence converges to ¢ € E.
Since for7 =1,2,3

dist(pr, Ti(q)) < H(Ti(pr), Ti(q)) < llpx — 4|l

and pp — ¢ as n — oo, it follows that dist(q,T;(q)) = 0 and thus ¢ € F and
{zn,} converges strongly to ¢. Since lim,,_, ||z, — ¢|| exists, we conclude that
{z,} converges strongly to q. O

Theorem 3.2. Let I be a nonempty compact convex subset of uniformly convex
Banach space X . LetT; : E — CB(E), (i = 1,2, 3) be three multivalued mappings
satisfying the condition (C) . Assume that F = ﬂ?zl F(T;) # 0 and T;(p) = {p}, (i =
1,2,3) for each p € F. Let {x,,} be the iterative process defined by (A), and a,, +
by, Crtdn+en, an+Bn+7n € [a,b] C (0,1) andalsod o 1 b, <00, Y o0 e, <00
and Y | vn < o0. Then {x,,} converges strongly to a common fixed point of T1, T>
and T3.

Proof. As in the proof of Theorem 3.1, we have lim,, o, dist(T;(z,),z,) = 0, (i =
1,2,3). Since E is compact, there exists a subsequence {z,, } of {z,} such that
lim x,,, = w for some w € E. By lemma 2.6, for ¢ = 1,2, 3 we have

dist(w, T;(w)) < ||lw — zp, || + dist(zy,, T;(w))
< w = @, || + dist(zn,, Ti(wn,)) + H(Ti(2n, ), Ti(w))
< 3dist(xp,, Ti(zn,)) + 2w —zp, || — 0  as k — oo,
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this implies that w € F . Since {z,, } converges strongly to w and
lim,,_,o ||, — w|| exists (as in the proof of Theorem 3.1), this implies that {xz,, }
converges strongly to w. O

Remark: If we put 77 = T = T35 = T, then Theorem 3.1 also hold even if T is
quasi-nonexpansive.

We now intend to remove the restriction that T;(p) = p for each p € F. We define
the following iteration process.
(B): Let X be a Banach space, E be a nonempty convex subset of X and
T, : E— P(E), (i = 1,2, 3) be given mappings and

Pr,(z) ={y € Ti(2) :|| « — y ||= dist(z, Ti(2))}-
Then, for z; € E, we consider the following iterative process:

wy = (1 — ap — bp)Tpn + anzn + bpsn, n>1,

Yn = (1 —cp — dp — €n)Tn + Cptty + dpttl, + €ns, n>1,

Tn+1 = (1 —ap — fBn — Vn)xn + apvn + ﬁn'U;L + ’Yn&x’ n>1,

where z,,u}, € Pr, (xy,),un, v}, € Pr,(w,) and v, € Pp,(y,) and

{an} {bn}, {en}, {dn}s {en} {an}, {0n}, {1} € [0,1) and {s,}, {s;} and {s} are

bounded sequences in F.

Theorem 3.3. Let E be a nonempty closed convex subset of a uniformly convex
Banach space X. LetT; : E — P(E), (i = 1,2,3) be multivalued mappings such
that Pr, satisfing the condition (C). Let {z,} be the iterative process defined by
(B), and a,, + by, ¢y + dp + €,y + By + Y € [a,b] C (0,1) and also Y7 | b, <
00, Y., <ooandd O v, < oco. Assume that T1, T, and T satisfying the
condition (I) and F # (). Then {z,} converges strongly to a common fixed point of
Tl, T2 and T3 .

Proof. Letp € F. Then, for i = 1,2,3 we have p € Pr,(p) = {p} . Also, we have

lzn = pll < dist(zn, Pr,(p)) < H(Pr,(z0), Pr, (p)) < [len — pll
and

[un — pll < dist(un, Pr,(p)) < H(Pr,(wn), Pr,(p)) < [lwn — pl|,
and

lon = pl| < dist(vn, Pry(p)) < H(Pry(yn), Pry(p)) < llyn —pll-

Now, by similar argument as in the proof of Theorem 3.1, lim,,__ ||z, — ¢|| exists.
Also we get a sequence {p;} € F which converges to some ¢ € E. Since for each
1=1,2,3

dist(pr, Ti(q)) < dist(pr, Pr,(q)) < H(Pr,(px), Pr,(q)) <|| ¢ — & ||,

and p, — g as k — 00, it follows that dist(q,T;(¢)) = 0 for i = 1,2,3. Hence g €
F and {z,, } converges strongly to ¢. Since lim,,_, ||z, — ¢|| exists, we conclude
that {z, } converges strongly to q. O
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