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Abstract. In this paper, we establish some fixed point theorems for generalized weakly contractive
condition in ordered partial metric spaces. The results extend the main theorems of Nashine and Altun
[17] on the class of ordered partial metric ones. Also, some applications are given to illustrate our
results.

Keywords: Partial metric, ordered set, fixed point, common fixed point.

AMS Subject Classification: 54H25, 47H10, 54E50.

1. INTRODUCTION AND PRELIMINARIES

The concept of partial metric space was introduced by Matthews [16] in 1994. In
such spaces, the distance of a point to its self may not be zero. Specially, from the
point of sequences, a convergent sequence need not have unique limit. Matthews
[16] extended the well known Banach contraction principle to complete partial
metric spaces. After that, many interesting fixed point results were established in
such spaces. In this direction, we refer the reader to Valero [25], Oltra and Valero
[23], Altun et al. [4], Romaguera [24], Altun and Erduran [2] and Aydi [6, 7, 8].

First, we recall some definitions and properties of partial metric spaces (see
2, 4, 16, 22, 23, 24, 25] for more details).

Definition 1.1. A partial metric on a non-empty set X is a functionp : X xX — R
such that for all z,y, z € X:

(pl) z =y <= p(z,z) = p(z,y) = p(y, ).

(P2) p(z,z) < p(z,y),

P3) p(z,y) = p(y, ),

P4 p(z,y) < p(x, 2) +p(2,y) — p(2, 2).

A partial metric space is a pair (X, p) such that X is a non-empty set and p is a
partial metric on X.
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Remark 1.2. It is clear that, if p(z,y) = 0, then from (p1) and (p2), z = y. But if
x =y, p(x,y) may not be 0.

A basic example of a partial metric space is the pair (R, p), where p(z,y) =
max{x,y} forall z,y € R,.

Each partial metric p on X generates a Ty topology 7, on X which has as a base
the family of open p-balls {B,(z,¢), z € X,e > 0}, where By(z,e) = {y € X :
p(z,y) < p(x,x) +e} forallz € X and € > 0.

If p is a partial metric on X, then the function p°® : X x X — R, given by

p*(z,y) = 2p(z,y) — p(x, ) — p(Y,Y), (1.1)

is a metric on X.

Definition 1.3. Let (X, p) be a partial metric space and {z,} be a sequence in X.
Then

(i) {zn} converges to a point € X if and only if p(z, x) = lir+n p(z,xy,),
n—-—1+0o0o

(ii) {xn} is called a Cauchy sequence if there exists (and is finite) . 77%i_r’n_iroo P(Th, o).

Definition 1.4. A partial metric space (X, p) is said to be complete if every Cauchy

sequence (z,) in X converges, with respect to 7,, to a point z € X, such that

p(x,x) = nmlbiinj%op(:z:n, Tm).

Lemma 1.5. Let (X, p) be a partial metric space. Then

(@) {x,} is a Cauchy sequence in (X, p) if and only if it is a Cauchy sequence in the

metric space (X, p®),

(b) (X, p) is complete if and only if the metric space (X, p®) is complete. Furthermore,
lim p°(x,,x) =0 if and only if

n—-+oo

p(x,:c) = lim p(xnax) = lim p(xnvxm)'
n—-+o0o n,m—-4o00
Definition 1.6. ([2]) Suppose that (X,p) is a partial metric space. A mapping
F:(X,p) — (X,p) is said to be continuous at = € X, if for every € > 0, there exists
0 > 0 such that F(By(z,d)) C B,(Fz,¢).

The following result is easy to check.
Lemma 1.7. Let (X,p) be a partial metric space. F : X — X is continuous if and
only if given a sequence {z,} € N and © € X such that p(z,z) = 1irJIrl p(z, Tn),
n—-—1+0oo
thenp(Fx,Fz)= lim p(Fx,Fx,).
n—-+o0o

Remark 1.8. ([22]) Let (X, p) be a partial metric space and F': (X,p) — (X,p). If
F is continuous on (X, p), then F : (X, p*) — (X, p®) is continuous.

On the other hand, fixed point problems of contractive mappings in metric
spaces endowed with a partially order have been studied by many authors (see
[1,3,5,9,10,11, 12, 14, 15, 17, 18, 19, 20, 21]). In particular, Nashine and Altun
[17] proved the following:

Theorem 1.9. Let (X, <) be a partially ordered set and (X, d) be a complete metric
space. Suppose thatT' : X — X is a nondecreasing mapping such that for every
two comparable elements z,y € X
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where
M(z,y) = ad(z,y) + bd(z, Tx) + cd(y, Ty) + e[d(y, Tx) + d(z, Ty)], (1.3)

witha > 0;b,c,e >0, a+b+c+2e <1, andp,p : [0,+00) — [0,+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¢ (t) = 0 =
»(t) if and only ift = 0. Also suppose, there exists o € X with xg < Txy. Assume
that :

() T is continuous, or

(ii) if a nondecreasing sequence {x,} converges to x, then x,, < x for all n.

Then, T has a fixed point.

The purpose of this paper is to extend Theorem 1.9 on the class of ordered partial
metric spaces. Also, a common fixed point result is given.

2. MAIN RESULTS
Our first result is the following.

Theorem 2.1. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X is a nondecreasing mapping such that for
every two comparable elements x,y € X

Y(p(Tx, Ty)) < Y(0(z,y)) — ¢(0(x,y)), 2.1)

where
0(z,y) = ap(z,y) + bp(x, Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], 2.2)

witha,e > 0; b, ¢ >0, a+b+c+2 <1, and ¥, p : [0,400) — [0,+00), ¥ is
a continuous, nondecreasing, ¢ is lower semi-continuous functions and ¢ (t) = 0 =
©(t) if and only ift = 0. Also suppose, there exists o € X with xg < Txy. Assume
that :

(i) T is continuous, or

(ii) if a nondecreasing sequence {x, } converges to x in (X, p), then x,, < x for all n.
Then T has a fixed point, say z. Moreover, p(z, z) = 0.

Proof. If Txy = xg, then the proof is completed. Suppose Tzy # xo. Now since
2o < Txog and T is nondecreasing we have

To < Txg < T2$0 <..< Tnl'o < Tn+1$0 < ..

Put x, = T"xo, hence x,41 = Tx,. If there exists ng € {1,2,...} such that
0(zpy, Tny—1) = 0 then by definition (2.2), it is clear that

P(Tng—1,Tng) = P(Tng, Tng—1) = 0, S0 Tpy—1 = Tpn, = TTp,—1 and so we are
finished. Now we can suppose

O(xp, Tn-1) >0, (2.3)
for all n > 1. Let us check that
lim p(zpi1,2,) =0. 2.4)
n—-+oo

By (2.2), we have using condition (p4)
O(xp, Trn—1) =ap(xp, Tn—1) + bp(xpn, Txy) + cp(Tp—1,TTp_1)
+elp(@n—1,Txn) + p(en, Tp-1)]
=(a+)p(zn, Tn—1) + bp(Tn, Tni1) + e[p(Tn—1,Tnt1) + P(Tn, Tn)]
<(a+c+e)p(@n, tn-1) + (0 + €)p(zn, Tni1)  [by (p4)].
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Now we claim that
P(@nt1,Tn) < p(Tn, Tn-1), (2.5)
for all n > 1. Suppose this is not true, that is, there exists ng > 1 such that

P(Tno+1sTng) > P(Tngs Tng—1). Now since zp,, < Tp,4+1, We can use the inequality
(2.1), then we have

V(P(Tno+1: Tng)) =Y (P(TTng, TTne—1))
Sw(e(xnoa xno—l)) - @(e(xno ) xno—l))
Sw((a +c+ €)p(17n0,17n0_1) + (b + 6)p(17n0,17n0+1))

- 90(9(1'?1071'”0*1))
S’lﬁ((a +b+c+ 2e)p(xn0, x’ﬂoJrl)) - Sp(e(xno?xno*l))
<Y (P(Tng, Tng+1)) — P(0(Zng, Tng—1)),
which implies that ©(0(z,,, Zn,—1)) < 0, and by property of ¢, giving that
H(mno,xno_l) = 0, this contradicts (2.3). Hence (2.5) holds, and so the sequence
{p(€n+1,%n)} is nonincreasing and bounded below. Thus there exists p > 0 such
that

lim p(z,41,2,) = p. Assume that p > 0. By (2.2), we have

n—-+oo
ap= lim ap(zp,xn_1) <limsupb(zn, Tn_1)
n—-+00 n—-+oo
=limsup[(a + ¢)p(zn, Tn—1) + bp(Tp, Trni1)
n—-+oo

+ e(P(Tn-1,Tnt1) + D(Tn, Tp))]
<lim Sup[(a +c+ e)p(xn, zn—l) + (b + e)p(xn, xn+1)]'

n—-+o0o
This implies

0 <ap <limsupl(z,,z,—1) < (a+b+c+2¢e)p < p,

n—-+oo
and so there exist p; > 0 and a subsequence {z,,()} of {z, } such that
li 0 1) = < p.
kirfoc (xn(k)axn(k) 1) PL>P
By the lower semi-continuity of ¢ we have
w(p1) < lklgigf 90(0($n(k')7 xn(k)—i—l))'
From (2.1), we have
Y(P(@nk)+1, Tuk))) = VOT 20y, TThky-1))
< Y(O(@n(ky Tnk)—1)) = PO(@nk)s Tnry-1)),
and taking upper limit as £ — 400, we have using the properties of 1) and ¢
Y(p) <Y(p1) — lk@ﬁ{}f O(O(Tn k), Tr(k)+1))
<¢(p1) — »(p1)
<t(p) — p(p1),

that is, ¢(p1) = 0. Thus, by the property of ¢, we have p; = 0, which is a
contradiction. Therefore we have p = 0, that is (2.4) holds.

Now, we show that {x, } is a Cauchy sequence in the partial metric space (X, p).
From Lemma 1.5, it is sufficient to prove that {z,} is a Cauchy sequence in the
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metric space (X, p®). Suppose to the contrary. Then there is a ¢ > 0 such that for
an integer k there exist integers m(k) > n(k) > k such that
P (Tr(k), Tm(k)) > €. (2.6)
For every integer k, let m(k) be the least positive integer exceeding n(k) satisfying
(2.6) and such that
P (Tn(k)> Tmk)—1) < € 2.7)
Now, using (2.4)

€ <P (Znk) Tmk)) <P (Tnk)> Tmk)—1) + P* (Tm(k) =1 Tm(k))
<e + 0 (Zm(k)—1> T(k))-
Then by (2.4) it follows that

li i =e. 2.
Jm P (Tp(ky, Tm(r)) = € (2.8)

Also, by the triangle inequality, we have
1D° (k) T (i) —1) = P (Trk)> Tm(e))| < P (@) =15 Tn(k))-
By using (2.4), (2.8) we get
li s _1) =¢. 2.9
m p (Tn(k)y, Tm(k)—1) = € (2.9)
On the other hand, by definition of p®,
ps (xn(k)a an(k)) = 2p(:rn(k)7 an(k)) - p(zn(k)’ xn(k)) - p(an(k)a an(k))a

P (Tr(k), Tm(k)—1) = 20(Tn(k)s Tm(k)—1) = P(Tn(k)s Tn(k)) — P(Tmk)—1> Tm(k)—1);
hence letting k¥ — +00, we find thanks to (2.8), (2.9) and the condition (p3) in (2.4)

3
li = — 2.10
kililmp(fl?n(k)wm(k)) 5’ ( )
lim p(a:n(k), ajm(k),l) = E (2.11)
k—4o00 2

In view of (2.2), we get

ap(Tn(k)> Tm(k)-1) <O(Tn(k)s Tm(k)-1)
=ap(Tn(k)s Tm(k)—1) + 00Ty, TTn(k)) + cP(Tm) -1, TTm(r)—1)
+elp(@mr)—1: TTn(k)) + P(Tnik), TTm(rk)-1)]
=ap(Tn(k)y, Tm(k)—1) T OP(Tr(k), Tn(k)+1) + P(Tmk)—1> Tm(k))
+e[P(Tm(k)— 15 Tn(k)+1) + P(Tn(k)s Tm(k))]
<ap(Tn(k)ys Tm(k)—1) + 0P(Tr(k)s Tnk)+1) + P(Tm)—1> Tm(k))
Fe[p(Tmk) =15 Tnk)) + P(Tnk), Trk)+1) T P(Tnk)s Tmk))]-

Taking upper limit as kK — 400 and using (2.4), (2.10) and (2.11), we have

0<a < limsup 0(2p k), Ty —1) < (@ + 26)E < =
9 = ot 2=
This implies that there exist €; > 0 and a subsequence {x,(;(p))} of {Znx)} such
that

N ™

S O(@nrp)) Tmk(p)-1) = €1 <

By the lower semi-continuity of ¢ we have
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Now by (2.1) we get

e, ..
1/)(5) =lmsup ¥ (P(Zn(k(p))s Tm(k(p))))

p——+oo
<lmsup ¥(p(Tn(k(p))> Tnk@)+1) T P Tnkp))s TTmkp)-1))

p——+00

= 1imiup YT T p))s TTm(k(p))—1))
pP—T00

<Hmsup[Y(0(zn(k(p))s Tm k) -1)) = LO(@n(rm)> TmEm)-1))]

p——+00
=t(er) — Lim inf o(O(2n(r(p))» Tm(ke))-1))

<t(e1) — p(e1)
<u(5) - (1),

which is a contradiction. Therefore {2, } is a Cauchy sequence in the metric space
(X,p®). From Lemma 1.5, (X, p®) is a complete metric space. Then there is z € X
such that

lim p°(x,,2) =0.

n—-+4oo

Again, from lemma 1.5, we have thanks to (2.4) and the condition (p2)
p(z,2) = lim p(zp,2) = lim p(z,,z,) =0. (2.12)
n—4oo n——+o0o

We will prove that Tz = z.

1. Assume that (i) holds, that is, T is continuous. By (2.12), the sequence {xn}
converges in (X, p) to z, and since T is continuous, hence the sequence {Tz,}
converges to Tz, that is

p(Tz,Tz) = lir+n p(Txy, Tz) (2.13)
Again, thanks to (2.12),
p(z,Tz) = lirf p(x,, Tz) = lir_irrl p(Txp_1,Tz) =p(Tz,Tz). (2.14)

On the other hand, by (2.1), (2.14)
V(p(2,Tz2)) = Y(p(T2,Tz)) < P(0(2, 2)) — ¢(0(z,2)),

where from (2.12) and the condition (p2)
0(z,2) = ap(z,2) + (b+ c+2e)p(z,Tz) = (b+ c+ 2e)p(z,Tz) < p(z,Tz).
Thus,
b(p(2,Tz)) <P(0(z, 2)) — ¢(6(2,2))
<Y(p(2,Tz)) = ¢(0(2,2)).

It follows that ¢(6(z, z)) = 0, s0 0(z, z) = (b+c+2e)p(z,Tz) = 0, thatis p(z,Tz) =0
because e > 0. Hence z = T'z, that is, z is a fixed point of T".
2. Assume that (ii) holds. Then, we have z,, < z for all n. Therefore, for all n, we
can use the inequality (2.1) for z,, and 2. Since
0(z,2n) =ap(z,2,) + bp(2,Tz) + cp(xp, Txy) + e[p(@n, Tz) + p(z, T2y)]
=ap(z,n) + bp(2,T2) + cp(Tn, Tnt1) + e[p(Tn, T2) + p(2, Tng1)],



FIXED POINT THEOREMS IN ORDERED PARTIAL METRIC SPACES 275
hence, from (2.4), (2.12), lirf 0(z,2,) = (b+ €)p(z,Tz). We have
n—-—+0oo

Y(p(Tz, 2)) =limsup(p(T'z, Tni1))

n—-+o0o
=limsup(p(Tz, T,))

n—-+o0o

<limsup¥[(¥(z, xy)) — @(0(z, 2,))]

n—-+00

<Y((b+e)p(Tz,2)) — p((b+e)p(Tz, 2))
<P(p(Tz,2)) — o((b+e)p(Tz, 2)).

Then, ¢((b+ e)p(T'z,2)) = 0, and since e > 0, hence by the property of ¢ we have
p(Tz,z) =0, so Tz = z. This completes the proof of Theorem 2.1. O

Remark 2.2. Theorem 2.1 holds for ordered partial metric spaces, so it is an
extension of the result of Nashine and Altun [17] given in Theorem 1.9 which is
verified just for ordered metric ones.

Corollary 2.3. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X be a nondecreasing mapping such that for
every two comparable elements x,y € X

p(Tz,Ty)) < 0(z,y) — p(0(z,y)), (2.15)

where
0(z,y) = ap(x,y) + bp(z,Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], (2.16)

witha,e >0;b,¢>0,a4+b+c+2e <1, andp: [0,+00) — [0,+00), ¢ is a lower
semi-continuous functions and p(t) = 0 if and only if t = 0. Also suppose, there
exists xg € X withxg < Txy. Assume that:

() T is continuous, or

(ii) if a nondecreasing sequence {x, } converges to z in (X, p), then x,, < z for all n.
Then T has a fixed point, say z. Moreover, p(z, z) = 0.

Proof. 1t suffices to take ¢ (t) = t in Theorem. O

Corollary 2.4. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose that T : X — X be a nondecreasing mapping such that for
every two comparable elements r,y € X

p(Tz,Ty)) < kO(z,y), (2.17)
where
0(z,y) = ap(x,y) + bp(z,Tx) + cp(y, Ty) + e[p(y, Tx) + p(x, Ty)], (2.18)

withk € [0,1), a,e > 0;b, ¢ > 0anda+ b+ ¢+ 2e < 1. Also suppose, there exists
xg € X withxg < Txy. Assume that:

() T is continuous, or

(ii) if a nondecreasing sequence {x,} converges to z in (X, p), then x,, < z for alln.
Then T has a fixed point, say z. Moreover, p(z,z) = 0.

Proof. 1t suffices to take ¢(t) = (1 — k)t in Corollary 2.3. O

We give in the following a sufficient condition for the uniqueness of the fixed
point of the mapping 7.
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Theorem 2.5. Let all the conditions of Theorem 2.1 be fulfilled and let the following
condition hold: for arbitrary two points x,y € X there exists z € X which is compa-
rable with both z and y. If (a + 2b+2e) < 1 or (a + 2¢+ 2¢) < 1, then the fixed point
of T' is unique.

Proof. Let u and v be two fixed points of T, i.e., Tu = u and Tv = v. We have in
mind, p(u,u) = p(v,v) = 0. Consider the following two cases:
1. v and v are comparable. Then we can apply condition (2.1) and obtain that

Q/J(p(ua U)) = 1/J(P(TU> TU)) < ¢(9(u7 U)) - <p(9(u, ’U))7
where
0(u, v) =ap(u, v) + bp(us, Tw) + cp(v, Tv) + elp(u, To) + p(v, Tw)]
=(a + 2¢e)p(u,v) + bp(u,u) + cp(v,v)
<(a+b+c+2e)p(u,v) < p(u,v).

We deduce 9¥(p(u,v)) < ¥(p(u,v)) — p(0(u,v)), ie, O(u,v) = 0, so p(u,v) = 0,
meaning that u = v, that is the uniqueness of the fixed point of 7'.
2. Suppose now that u and v are not comparable. Choose an element w € X
comparable with both of them. Then also u = T"wu is comparable with T™w for
each n (since 7T is nondecreasing). Applying (2.1), one obtains that

U(p(u, T"w)) =4 (p(TT" ™ u, TT" " w))
<Y O(T" ru, T tw)) — @(O(T" tu, T tw))
(0, T" 1)) — (0w, T )
where
O(u, T"'w) =ap(u, T"*w) + bp(u, TT"  u) + ep(T™ 1w, TT" 'w)

te[p(u, TT" *w) + p(T" *w, Tu)]

=ap(u, T" " 'w) + bp(u, u) + cp(T™ 1w, T"w)

+e[p(u, T"w) + p(T"  w, u)]

=(a + e)p(u, T" 'w) + ep(T" *w, T"w) + ep(u, T"w)

<(a+c+e)p(u, T w) + (¢ + e)p(u, T"w).

Similarly as in the proof of Theorem 2.1, it can be shown that, under the condition
(a+2c+2e) <1

p(u, T"w) < p(u, T" 'w).
Note that when we consider

P(p(T"w, w)) < PO w,u)) — (0T w, u))
where
(T tw,u) =(a + e)p(u, T" *w) + bp(T" *w, T"w) + ep(u, T"w)
<(a+b+e)p(u, T" 'w) + (b+ e)p(u, T"w),

hence, one finds under (a + 2b + 2¢) < 1 that

p(T"w,u) < p(T" 1w, ).
In each case, it follows that the sequence {p(u, f"w)} is nonincreasing and it has
a limit [ > 0. Adjusting again as in the proof of Theorem 2.1, one can finds that
! = 0. In the same way it can be deduced that p(v,T"w) — 0 as n — +oo. Now,
passing to the limit in p(u,v) < p(u, T"w) + p(T"w, v), it follows that p(u,v) = 0,
so u = v, and the uniqueness of the fixed point is proved. O
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Example 2.6. Let X = [0,+00) endowed with the usual partial order (which is a
total order). Let p(z,y) = max(x,y). For any =,y € X, we have p*(z,y) = |z — y|.
Then, (X,p®) is a complete metric space, and so for (X,p). Take T : X — X be

defined as

1
- —-aZ.
Tx 51‘

Letting ¢ = 0, we have zg = 0 < 0 = T'zy. The mapping T is nondecreasing. Also,

take a = %,e:%andb:c:o,so
1 1 1 1
O(x,y) = §p(a:,y)—l—g[p(x,Ty)—&—p(y,Tx)] =3 max{x,y}—i—g[max{x,Ty}+max{y,Tx}].

Moreover, define

Note that
1 1
Y(p(Tz, Ty)) = max{z,y} < 1 max{z,y}

§i max{z,y} + %[max{m, Ty} + max{y, Tz}] = %9(307 y)

=p(0(z,y)) — ¢(0(z,y)).

Thus, the inequality (2.1) is verified for each comparable z and y. All the hypotheses
of Theorem 2.5 are verified. Here, T' has a unique fixed point, which is z = 0.

Now we will give a common fixed point theorem for two maps. For this, we need
the following definition, which is given in [13].

Definition 2.7. Let (X, <) be a partially ordered set. Two mappings S,7T : X — X
are said to be weakly increasing if Sx < T'Sx and Tz < STz forall z € X.

Note that, two weakly increasing mappings need not be nondecreasing. There
exist some examples to illustrate this fact in [3]

Theorem 2.8. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT, S : X — X are two weakly increasing mappings such
that for every two comparable elements z,y € X

Y(p(Tx, Sy)) < P(u(z,y)) — e(u(z,y)), (2.19)

where

u(w,y) = ap(x,y) + bp(x, Tx) + cp(y, Sy) + e[p(y, Tx) + p(x, Sy)], (2.20)

witha,e > 0;b,¢>0,a+b+c+2e <1, and,p : [0,+00) — [0,4+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¢ (t) = 0 =
»(t) if and only ift = 0. Also suppose, there exists ro € X with xg < Txy. Assume
that :

() T' is continuous, or

(ii) S is continuous, or

(i) if a nondecreasing sequence {x.,} converges to x in (X,p), then z,, < x for all n.
Then, S and T have a common fixed point.

Proof. Let z( be an arbitrary point of X. We can define a sequence {z,} in X as
follows:

Topt1 = STo, and xgpyo9 = Twxo,y1 for n €N
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Since S and T are weakly increasing, we have x1 = Szg < T'Sxg = Tx1 = 22 and
xo =Try < STxy = Sxe = x3. Continuing this process we have

1 S w2 <. < Ty anJrl <.

The terms x2,—1 and 2, are comparable then we can use the inequality (2.19) and
we have

Y(p(Txon—1,Sw2n)) < Y(u(T2n—1,T2n)) — P(u(T2n-1,T2n)), (2.21)
where
w(Tan—1, Tan) = ap(Tan—1, Tan) + p(Tan—1, TTon_1) + cp(Tan, Stap)
+e[p(xon, TTon—1) + p(2n—1, ST2n)]
= (a+b)p(Tan—1,72n) + cp(Tan, T2n+1) + e[p(T2n, T2n) + P(T2n—1, T2n+1)]

<(a+b+e)p(xan_1,T2m) + (c+ e)p(xa,, Tant1), using (p4).
(2.22)

Now, we claim that
P(Tnt1,2n) < p(Tpn,Tp_1), Vn &N (2.23)
If p(22n+1, Tan) > p(Tan, Tan—1) for some n € {1,2,...}, then
w(Ton—1,%on) < (@ + b+ c+ 2e)p(xant1, Tan) < p(Tant1, Ton),
and so by (2.21) we have
V(p(z2n, Tant1)) < V(P(T2n+1, T2n)) — P(w(@2n-1, T20)),
s0 u(Ton—1,T2,) = 0, then from (2.22), we get
(a4 b)p(z2n—1, T2n) + cp(T2n; T2nt1) + €[p(T2n, T2n) + P(T2n—1, Tont1)] = 0.
Having in mind that e > 0 and a > 0, hence
P(T2n—1,%2) = p(T2n, Tan) + P(T2n—1, Tans1) = 0. (2.24)
Since p(zan, Zon) < p(Tan—1,T2n), then p(Tan, x2,) = 0, so by (2.24),
p(Tan—1,Z2n+1) = 0. (2.25)
By assumption, we have p(Z2,41,%2,) > 0 = p(Z2n, Z2n—1). On the other hand, by
property (p4)
0 < p(Tant1, T2n) < P(Tant1, Tan—1) + P(T2n-1, Ton)
= p(@2nt1,T2n-1) + 0 = p(Tan+1, Ton—1),
hence p(z2,41,T2n—1) > 0, which is a contradiction with respect to (2.25). So we
have p(2n41, Tan) < p(Tan, Tan—1) for all n € N*. Similarly, we have
P(Tan+1, Tan+2) < P(T2n, Tan+1)-
Therefore, (2.23) holds for any n € N*. Hence, the sequence {p(z,+1, %)} is nonin-
creasing and bounded below. Thus there exists p > 0 such that nl_lgloo P(Try1,Tn) =

p. In particular, we give

lim p($2n71‘2n+1) = lim ,p(x2n—17x2n) = p.
n—-+oo n——+;1

Suppose that p > 0. Therefore, from (2.22)

lim sup ap(z2n—1, T2n) < limsup u(z2,—1, T2n)
n—-+4o0o n—+4o0o

< lim Sup{(a’ +b+ e)p(x2n717 x2n) + (C + e)p(x?ﬂ» x2n+1)}~

n—-+oo
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This implies 0 < ap < limsup,,_, , . u(®2p—1,%2,) < (a4 b+ c+ 2e)p < p and so
there exist p; > 0 and a subsequence {u(Zon k)1, T2n(k))} Of {u(T2n—1,72,)} such
that

kglfoo u(xQn(k)—la xQn(k)) =p1 <p.

By the lower semi-continuity of ¢ we have
90(/71) < lklglj}g (P(u(x%z(k)—la xZn(k)))'
Now, by (2.19), we have
V(P(Tan(k)s Tan(k)+1)) =V (T Tonk) -1, STan(k)))
S¢(u($27L(k)—l7 x2n(k))) - @(U(wgn(k)_l, xQn(k)))a
and taking the upper limit as k¥ — 400, we have
Y(p) <v(p1) — 1kl§+1101§ O(u(Ton(k)y—15 Tan(k)))

<i(p1) — @(p1)
<(p) — w(p1),

so ¢(p1) = 0, which is a contradiction. Therefore, we have

lim p(zpy1,2,)=p=0. (2.26)

n—-+4oo

Now, we prove that {z, } is a Cauchy sequence in (X, p). Again, from Lemma 1.5,
we need to check that {x,, } is Cauchy in (X, p®). To do this, it suffices to prove that
{z2n}is Cauchy in (X, p®). We proceed by contradiction. Then we can find ane > 0
such that for each even integer 2k there exist even integers 2m(k) > 2n(k) > 2k
such that

P (Ton(k)s Tam(k)) = €- (2.27)
By choosing 2m(k) to be smallest number exceeding 2n(k) for which (2.27) holds,
we may also assume

P (Tom(k)—2> Tan(k)) < € (2.28)
Now, (2.27) and (2.28) imply
0 <& < p*(Tan(k)s Tam(k))
< P (Ton(k)s Tamk)—2) + P (Tamk)—2> T2mk)—1) + P (T2m (k) =1, T2m(k))
< e+ P (Tamk) -2, Tam(k)—1) + P (T2m(k)— 1 T2m (k) )
and so thanks to (2.26)

kgrfoop (Ton(k)s Tam(k)) = €- (2.29)

Also, by the triangular inequality,
1D (Zon(k)> Tamk)—1) — P (Z2n (k) T2mk))| < P°(T2m(k) =15 T2m(k))s
and
IP* (T2n (k) +15 T2m(k)—1) =P (T2n(k)s Tam(k)) | < P°(T2mk)—15 T2mk) )+ (T2n (k) Tan(k)+1)-

Therefore we get

li 5 = 2.
Jim p (T2n (k) T2m(k)—1) = €, (2.30)
and

lim  p*(Ton(k)+1> Tamk)—1) = € (2.31)

k— o0
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On the other hand, by definition of p®, as in (2.10) and (2.11), we get from (2.26),
(2.29), (2.30) and (2.31)

3

i —— 2.32

L0 P(Zan(k) T2m(k)) = 5 (2.32)
e

i = 2.33

kirilmp($271(k)7$2m(k) 1) 2’ ( )

m  p(Ton(k)+1> Tamk)—1) = - (2.34)
k—+4o00 2

On the other hand, since %2, ) and Z2,,(x)—1 are comparable, we can use the
condition (2.19) for these points. By, (2.26), (2.32), (2.33) and (2.34)

kggloo UW(T2m(k)—15> T2n(k)) = kginoo (ap(x2m(k)—17x2n(k)) + bp(@2m(k)—15 TT2m(k)—1)

+ ep(Tan(k), STank)) + e[P(T2nk)s TT2mk)—1)

+ p(T2m(k)—1, Swzn(k))]>

= kginoo (ap(wzm(k)—hxzn(k)) + bp(T2m (k) =15 Tam(k))

+ ep(Tan(k), Tan(k)+1) + e[P(Tan(k)s Tam(k))

+ P(T2m (k) -1 x?n(k)+1)]>

9
= 2 —
(a+2e)3,

then we have

£ .
¢(§) =limsup ¢(P(x2n(k), 372m(k)))
k—-+o00

< 1]i€mJSrup Y(P(Tan(k)s Tank)+1) + P(T2nk) 115 Tam(k) )
— 100

< 1]i€m sup Y (p(Tan(k)s Tan(k)+1) + P(STan(k)s TTom(k)—1))
— 400

= lim sup ¥ (p(SZ2n k), TTom(k)-1))
k—+oo

< 1li€m Sup[t (w2 (k)—15 Tan(k))) — L(U(Z2m k)15 Tan(k)))]
— 400

=((a+20)3) — lim inf @(u(@am()-1, Z2n (i)
<((a+20)3) - p((a+20)3)
<¥(5) — p((a+2)2).

This is a contradiction. Therefore {z,} is a Cauchy sequence in the metric space
(X, p®), which is complete from Lemma 1.5. Then there is z € X such that

li (2, 2) = 0.
w2 2)

Again, from Lemma 1.5, we have thanks to (2.26) and the condition (p2)

p(z,2) = lirf p(Tn,2) = lirf p(Tn,xn) =0. (2.35)
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We will prove that Tz = z.

1. Assume that (i) holds, that is T is continuous in (X,p). In view of Remark
1.8, we have T is continuous in (X, p®). Since the sequence {x2,1} converges in
(X, p®) to z, hence {Tx2,+1} converges to Tz in (X, p®), that is from Lemma 1.5

p(Tz,Tz) = liI}_l p(Txoni1,Tz) = lirf p(Txons1, TToni1)

= Jm p(Tant2, Tany2) =0 [by (2.26)].
(2.36)

Again, thanks to (2.35)-(2.36),

p(z,Tz) = lim p($2n+2, Tz)= lim p(Tzoni1,Tz) =p(Tz,Tz). (2.37)

n—-+ n—-+o0o

It follows that p(z,Tz) = 0. Hence z = Tz, that is, z is a fixed point of 7.

2. Assume that S is continuous. The proof of Sz = z will be done similarly as in
the first case (i).

3. Assume that (iii) holds. Then, we have x5, < z for all n. Therefore, we can use
the inequality (2.19) for =2, and z.

Y(p(Tz, 22n11)) =¢(p(Tz, S2n))
Sw(u(z7 :L‘?n)) - @(u(za xQn))’

where

u(z,xon) =ap(z, zan) + bp(2, T2) + cp(xan, Swan) + e[p(xan, T2) + p(z, Szap)]
:ap(zv xQn) + bp(z7 TZ) + Cp(fme x2n+1) + e[P(UUQm TZ) + p(Z7 m2n+1)]~

Thanks to (2.35), we get

lim w(z,22,) = (b+e)p(z,Tz) < p(z,Tz).

n—-+00

Therefore, taking the upper limit as n — 400, we obtain using the properties of
and ¢

P(p(T2,2)) < Y(p(2,T2) — o((b+ €)p(z,Tz)),

giving that p(z,Tz) =0, so Tz = z.

We have proved that z is a fixed point of a one mapping in each precedent case.
Now we show that, such z is also a common fixed point of S 'and 7" . Indeed, without
loss of generality, we take z be a fixed point of S. Now assume that p(z,Tz) > 0. If
we use the inequality (2.19), for x = y = z, we have

Y(p(Tz, 2)) =¢(p(T'2,52))

(u(z,2)) — p(u(z,2))

Y(p(Tz 2)) — ¢((a+c+e)p(z,
=¢(p(Tz,2)) — p((b+e)p(Tz,2)).

We have used (2.35) in the last identity, that is, p(z,z) = 0. It follows that ¢((b +
e)p(T'z,z)) =0, so by a property of ¢, we have (b+ e)p(T'z,z) =0 for e > 0, that is
p(T'z,z) = 0, which is a contradiction because we assumed that p(z,Tz) > 0. Thus
p(2,Tz) = 0 and so z is a common fixed point of S and T. The proof of Theorem
2.8 is completed. U

2)+ (b+e)p(Tz 2))
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3. APPLICATION

In this section, we present some applications of previous results and we obtain
some fixed point theorems for single mapping and pair of mappings satisfying a
general contractive condition of integral type in ordered partial metric spaces. Take
I to be the set of
v : Ry — Ry which are Lebesgue integrable mappings, summable, nonnegative
and satisfy

1>
/ v(t)dt >0 foreach £ > 0.
0

Theorem 3.1. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT : X — X be a nondecreasing mapping such that for
every two comparable elements x,y € X

P(p(Tz,Ty)) P(0(z,y)) (0(z,y))
/ u(t)dtg/ v(t)dt—/ v(t)dt, 3.1)
0 0 0

where

0(z,y) = ap(z,y) + bp(x, Tx) + cply, Ty) + e[p(y, Tx) + p(x, Ty)], (3.2)
witha,e > 0;b,¢>0,a+b+c+2e <1, and ), ¢ : [0,+00) — [0,400), P is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and ¥)(t) = 0 =
(t) if and only ift = 0. Also suppose, there exists xg € X with xg < Txg. Assume
that :

() T' is continuous, or
(ii) if a nondecreasing sequence {x,} converges to z in (X, p), then z,, < x for alln.
Then T has a fixed point.

Proof. Define A : Ry — Ry by A(z) = [ v(t)dt, then A is continuous and
nondecreasing with A(0) = 0. Thus, equation (3.1) becomes

A(p(Tz, Ty))) < A(0(z,y))) — Alp(0(x,y)))

which further can be written as

Pi(p(Te, Ty)) < u(0(z,y) — e1(0(,y)),
where {1 = A o and ¢; = A o p. Hence, Theorem 2.1 yields a fixed point. g

Theorem 3.2. Let (X, <) be a partially ordered set and (X, p) be a complete partial
metric space. Suppose thatT,S : X — X are weakly increasing such that for every
two comparable elements x,y € X

Y(p(T=z,Sy)) Y(u(z,y)) e(u(z,y))
/ o(t)dt < / o()dt — / o(t)dt, 5.3)
0

0 0
where

u(z,y) = ap(z,y) + bp(z, Tx) + ep(y, Sy) + elp(y, Tx) + p(x, Sy)], (3.4)

witha,e > 0;b,¢>0,a+b+c+2e <1, and ,p : [0,400) — [0,+00), ¥ is a
continuous, nondecreasing, ¢ is a lower semi-continuous functions and 1(t) = 0 =
©(t) ifand only ift = 0. Assume that :

() T' is continuous, or

(ii) S is continuous, or

(iii) if a nondecreasing sequence {x,,} converges to x in (X, p), then z,, < z for all n.
Then T and S have a common fixed point.
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Proof. Define A : R — Ry by A(z) = [Jv(t)dt, then A is continuous and
nondecreasing with A(O) = 0. Thus, equation (3.3) becomes

AW (p(Tz, Sy))) < A(u(z,y))) — Alp(ulz,y)))

which further can be written as

1(p(Tx, Sy)) < r(u(z,y) — o1 (u(z,y)),

where 17 = Ao and 91 = A o p. Hence, Theorem 2.8 yields a common fixed
point. U
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