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ABSTRACT. Suppose that K is a nonempty closed convex subset of a real Banach space
FE which is also a nonexpansive retract of E. Let T, S : K — FE be two nonself asymptotically
quasi-nonexpansive-type mappings of Ewith F = F (T)NF (S):={z € K : Te = v = Sz} #
. Suppose {x,} is generated iteratively by z1 € K,

tnpr = P((1=an)zn+anS (PS)" ™" (1= Ba) yn + BaS (PS)" " )

Yn = P((1=bn)an+b0.T(PT)" " (1 —4n)Tn + 1T (PT)" ' 2,)), n>1,
where {a,}, {bn}, {B.}, {7n} are appropriate sequences in [0, 1] . In this paper, we study
the strongly converges to a common fixed point of the a new iterative scheme for two nonself
asymptotically quasi-nonexpansive-type mappings in Banach spaces. The results obtained

in this paper extend and improve the recent ones announced by Tan and Xu [16], Shahzad
[12], Thianwan [15], Kiziltunc et al. [17] and many others.

KEYWORDS : Nonself asymptotically quasi-nonexpansive-type mapping; strong conver-
gence; common fixed points; iterative method; Banach space.

1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, we assume that F is a real Banach space and K is a non-
empty closed convex subsetof Eand F = F (T)NF (S) :={z € K : Te = = Sa} #
& denote the set of common fixed points of mappings 7" and S.

A mapping T': K — K is called nonexpansive mapping if

1Tz =Tyl < |l -yl (1.1)
forallz, y € K.
A mapping T : K — K is called quasi — nonexpansive mapping if F(T) # &
and
IT2 — )| < o — 2*] (1.2
forallz € K and z* € F'(T).
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A mapping T : K — K is called asymptotically nonexpansive mapping if there
exists a sequence {k,} C [1,00) with lim,,_,« k, = 1 such that

[Tz = T"y|| < kn [lz -y (1.3)

forallz, y € K andn > 1.

A mapping T : K — K is called asymptotically quasi — nonexpansive mapping
if F(T') # @ and there exists a sequence {k,} C [1,00) with lim,,_, k, = 1 such
that

IT"x — «*|| < ky ||z — 2% (1.4)
forallz € K,2* € F(T) and n > 1.
In [1], a mapping T : K — K is called asymptotically nonexpansive — type
mapping if
lim Sup{ sup {||T”:c Ty = ||z — y|2}} <0, n>1. (1.5)
n—oo z,yeK
In [1], a mapping T : K — K is called asymptotically quasi — nonexpansive —

type mapping if F (T) # @ and

lim sup sup {HT”:U — | = |z — :c*||2} <0, n>1 (1.6)
n—oo zeK, z*€F(T)

From above definitions, if ' (T') is nonempty, a quasi-nonexpansive mappings,
asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive map-
pings and asymptotically nonexpansive-type mappings are all special cases of as-
ymptotically quasi-nonexpansive-type mappings. But the converse does not hold.

The class of asymptotically nonexpansive mappings is a natural generalization
of the important class of nonexpansive mappings. Goebel and Kirk [2] proved that if
K is a nonempty closed and bounded subset of a uniformly convex Banach space,
then every asymptotically nonexpansive self-mapping has a fixed point.

Iterative techniques for asymptotically nonexpansive self-mappings in Banach
spaces including Mann type and Ishikawa type iteration processes have been stud-
ied extensively by various authors, see for example [[2]-[6]]. However, if the domain
of T, D(T), is a proper subset of E (and this is the case in several applications),
and T map D(T) into E, then the iteration processes of Mann type and Ishikawa
type studied by these authors, and their modifications introduced may fail to be
well defined.

A subset K of F is said to be a retract of F if there exists a continuous map
P : E — K such that Pz = z, for all x € K. Every closed convex set of a uniformly
convex Banach space is a retract. Amap P : £ — K is said to be a retraction if
P? = P. It follows that if a map P is a retraction, then Py = y for all y € R(P) in
the range of P.

For nonself nonexpansive mappings, some authors (see, e.g., [[7],[8]]) have stud-
ied the strong and weak convergence theorems in Hilbert space or uniformly convex
Banach spaces. The concept of nonself asymptotically nonexpansive mappings was
introduced by Chidume [9] in 2003 as the generalization of asymptotically nonex-
pansive nonself-mappings. The nonself asymptotically nonexpansive mapping is
defined as follows:

Definition 1.1. (see[9]) Let K a nonempty subset of real normed linear space F. Let
P : F — K be the nonexpansive retraction of £ onto K. Amapping T : K — FE is
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called nonsel f asymptotically nonexpansive if there exists sequence {k,} C [1,00),
kn — 1 (n — o0) such that

HT(PT)"_I:E—T(PT)”_lyH < k|l — o (1.7)

forallz, y € K and n > 1. If T is a self-mapping, then P becomes the identity
mapping so that (1.7) reduces (1.1).

T is said to be a nonself asymptotically quasi — nonexpansive mapping, if
F (T) # & and there exists a sequence {k,} C [1,00), k, — 1 (n — o0) such that

HT(PT)"_lx—x* <ky|lz—z* (1.8)
forallz € K,2* € F(T)and n > 1.
In [10], T is said to be a nonsel f asymptotically nonexpansive — type mapping,
if
lim sup{ sup {HT(PT)"‘1 @~ T (PT)""! yH — ||z — yll}} <0,n>1. (1.9
n—oo x, yeK
In [10], T is said to be a nonself asymptotically quasi — nonexpansive — type

mapping, if F (T') # @ and

lim sup sup {HT (PT)" 'z — 2*
n—00 w€K, 2 € F(T)

- ||ac—x*||}} <0, n>1. (1.10)

Remark 1.2. It follows from above Definition 1.1 that,
i. If T : K — E is a nonself asymptotically nonexpansive mapping, then 7T is a

nonself asymptotically nonexpansive-type mapping;
1. f F(T) # @and T : K — FE is a nonself asymptotically quasi-nonexpansive
mapping, then 7 is a nonself asymptotically quasi-nonexpansive-type mapping;
1it. f F(T) # @ and T : K — F is a nonself asymptotically nonexpansive-type
mapping, then T is a nonself asymptotically quasi-nonexpansive-type mapping.

2
xﬁ2}>§0

+llz—a*)}) <0

Remark 1.3. Observe again that

lim sup sup {HT (PT)" o — 2
n—o0 z€K, x*€F(T)

implies

~llz = )(|T (PT)" 2 — &

lim sup( sup { (HT (PT)" 1o —z*
n—oo zeK,z*cF(T)

which implies

lim sup sup {HT (PT)" g —
n—00 zeK, z*€F(T)

xm*})go.

Similarly, we can show that

lim sup ( sup {HS (PS)" ' —a*

n—00 €K, z*€F(S)

- x—x}) <0.
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Suantai [1 1] defined a new three-step iterations which is an extension of Noor
iterations and gave some weak and strong convergence theorems of such iterations
for asymptotically nonexpansive mappings in uniformly convex Banach spaces.
Recently, Shahzad [12] extended Tan and Xu results [11, Theorem 1, p. 305] to the
case of nonexpansive nonself-mapping in a uniformly convex Banach space. Peng
[13] proved the convergence of finite steps iterative sequences with mean errors
for asymptotically quasi-nonexpansive mappings in Banach spaces. In the same
year, Yang [14] introduced a modified multistep iterative process for some com-
mon fixed point of a finite family of nonself asymptotically nonexpansive mappings
on nonempty closed convex bounded subsets of a real uniformly convex Banach
space. Thianwan [15] defined a weak and strong convergence theorems for new
iterations with errors for nonexpansive nonself-mapping in a uniformly convex Ba-
nach space. In 2009, a new iterative scheme which is called the projection type
Ishikawa iteration for two asymptotically nonexpansive nonself-mappings in a uni-
formly convex Banach space was defined and constructed by Thianwan [18]. He
gave some strong and weak convergence theorems of such iterations under some
suitable conditions in a uniformly convex Banach space. In 2010, Wariam Chuay-
jan, Sornsak Thianwan and Boriboon Novaprateep [19] introduce and study a new
type of multi-step iterative sequence with errors for a finite family of asymptotically
quasi-nonexpansive-type nonself-mappings which can be viewed as an extension
for Ishikawa type iterative schemes of Thianwan [ 18] and they proved strong conver-
gence of a multi-step iterative scheme with errors to a common fixed point of a finite
family of asymptotically quasi-nonexpansive-type nonself-mappings on nonempty
closed convex subset of a real Banach space. In [1], Quan et al. proved approxima-
tion common fixed point of asymptotically quasi-nonexpansive-type mappings by
the finite steps iterative sequences. In [10], Tian et al. introduced on the approxi-
mation problem of common fixed points for a finite family of nonself asymptotically
quasi-nonexpansive-type mappings in Banach spaces.

Inspired and motivated by this facts, I define and study the convergence the-
orems of a new two steps iterative sequences for nonself asymptotically quasi-
nonexpansive-type mappings in Banach spaces.

Let E be a Banach space and K be a nonempty closed convex subset of E,
P : F — K the nonexpansive retraction of £ onto K, and T, S : K — FE
be two nonself asymptotically quasi-nonexpansive-type mappings of F with se-
quences {k,} C [1,00) such that k,, —» 1 asn — oo, and F = F(T)NF(S) :=
{r € K:Tx =x = Sz} # &. Suppose {z, } is generated iteratively by z; € K,

tasr = P ((L=an) 2+ anS (P8 (1= B) v+ 68 (PS)" ) ). (11D
Yo = P ((1 —bp) @n + baT (PT)"" ((1 — ) Tn 4 YT (PT)" xL)) >,

where {a,}, {bn}, {On}, {7n} are appropriate sequences in [0, 1] .

The purpose of this paper is to study the convergence theorems of a new two
steps iterative sequences for nonself asymptotically quasi-nonexpansive-type map-
pings in Banach spaces. The results of this paper can be viewed as an improve
and extend the corresponding results of Tan and Xu [16], Shahzad [12], Thianwan
[15], Kiziltunc et al. [17] and many others.

In the sequel, we need the following well known lemma to prove our main results.
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Lemma 1.4. (see [16]) Let {a,}, {b,} and {J,} be sequences of nonnegative real
numbers satisfying the inequality

An41 < (1+6n) an+bn7 n > 17

if >0 by <ocoand 6, < oo, then
(i lim a,, exists;

n—oo
(i) In particular, if {a,,} has a subsequence which converges strongly to zero, then
lim a, = 0.
n—oo

2. MAIN RESULTS

In this section, we prove the convergence theorem of two steps iterative se-
quences of the a new iterative scheme (1.11) for nonself asymptotically quasi-
nonexpansive-type mappings in Banach spaces.

Theorem 2.1. Let E be a real Banach space and K a nonempty closed subset
of E which is also a nonexpansive retract with retraction P. LetT, S : K — FE
be two nonself asymptotically quasi-nonexpansive-type mappings of £ and F =
F(T)NF(S) :={xeK:Tx=12=Sx} # &. Suppose that {a,}, {bn}, {Bn},
{vn} are appropriate sequences in [0,1]. Starting from an arbitrary x, € K, define
the sequences {z,} and {y,} by the recursion (1.11). Then {z,} strongly converges
to a common fixed point of T and S in E if and only if

liminf, s d(z,, F) = 0. 2.1

~la =} ) <o
- ||xx*||}> <o.

This implies that for any given € > 0, there exists a positive integer ng such that
for n > ng and z* € F, we have that

Proof. We have that

lim sup ( sup {HT (PT)" 'z — 2*

n— oo rzeK,x*eF

Similarly, we have that

limsup< sup {HS(PS)”A;E*:U*

n—oo rzeK,xz*eF

sup {HT (PT)" 'z — 2

2 2
e - a7 } <e
reEK,x*eF

and similarly we have that

‘”E;lil*)ef {HS(PS)nl x—z*

2
— |lx —x*||2} <e.

The necessity of (2.1) is obvious. Next we prove the sufficiency of (2.1). For
e F=FT)NF(S):={reK:Te=x= Sz} # &. Since {z,}, {yn} C E,
then we have

HS(PS)”’I Yn — || = |lyn — 2| < e, Vz* € F, ¥n > ny, (2.2)

HT(PT)n*1 Ty — || = ||zn —2¥|| < e, Vz* € F, Vn > ny. (2.3)

Set 0y = (1= ) Yn + S (PS)"  yp and &, = (1 — 7)) 2 + 7T (PT)" ' .
Thus for any z* € F, using (1.11), (2.2) and (2.3) we have that
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[€nt1 — 2" =

IN

IA

<

HP ((1 —an) T + anS (PS)" ! (an)) -

(1= @) 2+ anS (PS)"™ (1= ) g+ 508 (PS)" " 3 — "
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(2.4)

H(l — ap) Tp + apx” — " +ay (S (PS)" " (a,) — x*) H

an€ + ap |l — %[ + (1 — an) |z, — 27| .

Consider the second term in right-hand side of (2.4), using (1.11) and (2.2), we

have that

|on —

||

_ H(1 — Bo) Yn + BuS (PS)" Ly — z* 2.5)
< (1 =6) llyn — 2" + Bn S(Ps)n_l Yn — "
< (1 =80) lyn — 2| + Bre + B llyn — 27|

[Yn — 27| + Bne.

Using a similar method, consider the first term in right-hand side of (2.5), to-
gether with (1.11) and (2.3), we have that

lyn — 27| =

IN

IN

<

|P (= buy 0T (PT)" " (€))7
H(1 b)) @ + b, T (PT)" ! ((1 — n) @n 4 AT (PT)" " acn> .

(1 =bn) [|wn — 2™ + bn

(2.6)

T(PT)" "¢, —a*

bng + by [|€n — 2| + (1 = bp) [lzn — 27| .

Consider the second term in right-hand side of (2.6), using (1.11) and (2.3), we

have that

”fn -

||

From (2.4), (2.5), (2.6) and (2.7), we have that

[€n1 — 27|

IA A IA

IN IN IN

IA

- H(l = V) @ + T (PT)" ' 2y — 2* 2.7)
< (U =7n) llzn = 27| + 9 ||T (PT)" " @y — 2

< (=) llzn = 271+ e+ llzn — 27|

R

an€ + ap |lon — 2| + (1 — an) ||zn — 27| 2.8

an (|yn — 2% + Bne) + ane + (1 — ay) |z, — 7|

an ((bne + b [|§n — || + (1 = bp) [lzn — &™) + Bne)
Fane + (1 —an) [z, — 27|

anbne + anby [|En — || + an (1 = by) |z — 27| + anfne
+ane + (1 —ayp) ||z, — ¥

anby (|5 — 2| + me) + (1 — an) |25 — 2| + anfre
+an (1= by) [|xn — 27| + ane + anbne

anby || Tn — || + (1 — ap) |25 — %] + anfhne

+an (1= by) ||xn — 2% + anbryne + ane + anbpe

|zn — ™| + anbpyne + ane + anbne + anfre.
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o0
Let ¢, = anbyyne + ane + anbpe + a,Bre. Then > ¢, < co. Therefore, by (2.8), we

n=1
have
inf _[|zn1 — o™ < nf o, — o™ +on, Vn2mno. 2.9
o0
It follows from (2.9) and Y ¢, < oo that
n=1
d(zp41,F) < d(xp, F) + on. (2.10)

By Lemma 1.4 and from (2.10), we know that lim,_, d (2,, F) exists. Because
liminf, . d (2, F) = 0, then we have that
lim d(z,,F)=0. (2.11)
n—oo

Now, we prove that {x,} is a Cauchy sequence in FE. In fact, from (2.9) that for
any n > ng, any m > nj and any z* € F, we have that

[Tntm — 27| < |Zntm-1 — "] + Pngm—1 (2.12)
< Hxn-&-m—? - x*H + (Spn-i-m—l + ‘Pn+m—2)
< ||‘Tn+m73 - .”L'*H + (SDnerfl + Pntm—2 + <Pn+m73)
n+m—1
<

lzn =2+ > on
k=n

So by (2.12), we have that

|Zntm —zull < Tpsm — 2| + 20 — 27| (2.13)
o0
< 2w -2+ > e
k=n

By the arbitrariness of x* € F and from (2.13), we have

|Zntm — x| < 2d (2, F) + Z Yk, VYn > ng. (2.14)
k=n

For any given ¢ > 0, there exists a positive integer n; > ng, such that for any

o0
n >ny, d(z,, F) < $and ) o < 5, we have ||, — 2, < &, and so for any

k=n
m>1
lim ||@ptrm — zn] = 0. (2.15)
n—oo

This show that {xz,} is Cauchy sequence in K. Since K is a closed subset of E,
and so it is complete. Hence, there exists a ¢ € K such that z,, — ¢ as n — oo.
Finally, we have to prove that ¢ € F. By contradiction, we assume that ¢ is not
inF=FT)NF(S) ={zxeK:Te=x=Sx} # &. Since F is a closed set,
d(q,F) > 0. Hence for all ¢ € F, we have that
lg =2l <llg = 2all + llan — 27| 2.16)
This implies that
d(g,F) < llg — znll + d (20, F). (2.17)
From (2.16) and (2.17) (as n — oo ), we have that d (¢, F) < 0. This is a con-

tradiction. Hence ¢ € F = F(T)NF(S) == {r € K:Tx =x = Sz} # &. This
completes the proof of Theorem 2.1. U
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Theorem 2.2. Let E be a real Banach space and K a nonempty closed subset of
FE which is also a nonexpansive retract with retraction P. LetT, S : K — E be two
nonself asymptotically quasi-nonexpansive mappings of E and F = F (T)NF (S) :=
{r € K:Tx =x = Sz} # &. Suppose that {a,}, {b,}, {Bn}, {7} are appropriate
sequences in [0, 1]. Starting from an arbitrary x1 € K, define the sequences {z,}
and {y,} by the recursion (1.11). Then {z,} strongly converges to a common fixed
point of T and S in E if and only if liminf,,_, o d (z,,, F) = 0.

Proof. Since T, S : K — FE are two nonself asymptotically quasi-nonexpansive
mappings , by the definition they are nonself asymptotically quasi-nonexpansive-
type mappings. The conclusion of Theorem 2.2 can be proved from Theorem 2.1
immediately. 0

Theorem 2.3. Let E be a real Banach space and K a nonempty closed subset of
E which is also a nonexpansive retract with retraction P. LetT, S : K — FE be
two nonself asymptotically nonexpansive mappings of E and F = F (T) N F (S) :=
{r € K:Tx =x = Sz} # &. Suppose that {a,}, {bn}, {Bn}, {7n} are appropriate
sequences in [0,1]. Starting from an arbitrary ©1 € K, define the sequences {x,}
and {y,} by the recursion (1.11). Then {z,} strongly converges to a comumon fixed
point of T and S in E if and only iflim inf,, .o d (x,, F) = 0.

Proof. Since T, S : K — E are two nonself asymptotically nonexpansive mappings,
takingn = 1land 7' = S in (1.11), we know that T', S : K — FE are continuous non-
self asymptotically nonexpansive mappings. Therefore, the conclusion of Theorem
2.3 can be proved from Theorem 2.1 immediately. 0

Corollary 2.1. Suppose the conditions in Theorem 2.1 are satisfied. Then the finite
steps iterative sequence {x.,, } generated by the recursion (1.11) converges to common
fixed point x € FE iff there exists a subsequence {mnj } of {z,,} which converges to x.
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