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ABSTRACT. In this paper, we first study some properties of Mosco convergence
for a sequence of nonempty sunny generalized nonexpansive retracts in Banach
spaces. Next, motivated by the result of Kimura and Takahashi and that of Plub-
tieng and Ungchittrakool, we prove a strong convergence theorem for finding a
common fixed point of generalized nonexpansive mappings in Banach spaces by
using the shrinking projection method.
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1. INTRODUCTION

Let E be a real Banach space and C a nonempty closed convex subset of E.
A mapping T : C −→ C is said to be nonexpansive if ‖Tx − Ty‖ ≤ ‖x − y‖ for
all x, y ∈ C. Iterative methods for approximation of fixed points of nonexpansive
mappings have been studied by many researchers; see [5, 21, 25, 28, 29, 31, 34, 36]
and others. In particular, Takahashi, Takeuchi and Kubota [34] established strong
convergence of an iterative scheme with new type of hybrid method as follows:

Theorem 1.1 (Takahashi-Takeuchi-Kubota [34]). Let H be a real Hilbert space and
C a nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into itself such that the set F (T ) of fixed points of T is nonempty. Let {αn} be a
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sequence [0, a], where 0 < a < 1. For a point x ∈ H chosen arbitrarily, generate a
sequence {xn} by the following iterative scheme: x1 ∈ C, C1 = C, and

yn = αnxn + (1− αn)Txn,

Cn+1 = {z ∈ Cn : ‖yn − z‖ ≤ ‖xn − z‖},
xn+1 = PCn+1x

for every n ∈ N. Then, {xn} converges strongly to PF (T )x ∈ C, where PK is the
metric projection of H onto a nonempty closed convex subset K of H.

This iterative method is also known as the shrinking projection method. We
note that the original result is a convergence theorem to a common fixed point of a
family of nonexpansive mappings with certain conditions.

On the other hand, relatively nonexpansive mappings and generalized nonex-
pansive mappings, which are generalizations of a nonexpansive mappings in Hilbert
spaces, have been considered recently. Their properties and iterative schemes have
been studied in [3, 8, 9, 10, 11, 12, 13, 14, 30, 22, 23, 18, 19, 20, 27] and others.
Recently, Kimura and Takahashi [18] obtain a strong convergence theorem for find-
ing a common fixed point of relatively nonexpansive mappings in a Banach space
by using the shrinking projection method. The method for its proof is different
from the original one; they use the concept of Mosco convergence of sequences of
nonempty closed convex subsets of a Banach space. They also succeed in making
conditions of the coefficients and the underlying space weaker.

In this paper, we study the shrinking projection method for generalized nonex-
pansive mappings in a Banach space. We first prove convergence theorems for a
sequence of sunny generalized nonexpansive retractions, which is a generalization
of the metric projections in Hilbert spaces. Next, using the technique developed
by Kimura and Takahashi [18], we prove a strong convergence theorem for finding
a common fixed point of a finite family of generalized nonexpansive mappings in
Banach space by using the iterative scheme of [27]; see also [1, 11, 13, 16, 20] and
others.

2. Preliminaries

Let E be a real Banach space with its dual E∗. We denote strong convergence
and weak convergence of a sequence {xn} to x in E by xn −→ x and xn ⇀ x,
respectively. A Banach space E is said to be strictly convex if ‖x + y‖/2 < 1
whenever x, y ∈ E satisfies ‖x‖ = ‖y‖ = 1 and x 6= y. E is said to be uniformly
convex if for each ε ∈ (0, 2], there exists δ > 0 such that ‖x‖ = ‖y‖ = 1 and
‖x− y‖ ≥ ε implies ‖x + y‖/2 ≤ 1− δ. The following lemma holds.

Lemma 2.1 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex Banach
space and ρ > 0. Then, there exists a continuous, strictly increasing, and convex
function g : [0,∞) −→ [0,∞) with g(0) = 0 such that∥∥∥∥∥

r∑
i=1

δixi

∥∥∥∥∥
2

≤
r∑

i=1

δi‖xi‖2 − δjδkg(‖xj − xk‖) (2.1)

for each j, k ∈ {1, 2, . . . , r}, where {x1, x2, . . . , xr} ⊂ E satisfy ‖xi‖ ≤ ρ for each
i = 1, 2, . . . , r and {δ1, δ2, . . . , δr} ⊂ [0, 1] satisfy

∑r
i=1 δi = 1.

A Banach space E is said to be smooth if

lim
t−→0

‖x + ty‖ − ‖x‖
t

(2.2)
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exists for each x, y ∈ B = {z ∈ E : ‖z‖ = 1}. In this case, the norm of E is said to
be Gâteaux differentiable. The norm of E is said to be Fréchet differentiable if for
each x ∈ B, the limit (2.2) is attained uniformly for y ∈ B. See [32] for more details.
A Banach space E is said to have the Kadec-Klee property if a sequence {xn} of E
converges strongly to x0 whenever it satisfies xn ⇀ x0 and ‖xn‖ −→ ‖x0‖.

The normalized duality mapping J from E into E∗ is defined by

Jx = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}

for each x ∈ E. We also know the following properties; see [4, 32, 33] for more
details.

(i) Jx 6= ∅ for each x ∈ E;
(ii) if E is reflexive, then J is surjective;
(iii) if E is strictly convex, then J is one-to-one and satisfies that 〈x− y, x∗ −

y∗〉 > 0 for each x, y ∈ E with x 6= y, x∗ ∈ Jx and y∗ ∈ Jy;
(iv) if E is smooth, then J is single-valued and norm-to-weak* continuous;
(v) if E is reflexive, smooth and strictly convex, then the duality mapping

J∗ : E∗ −→ E is the inverse of J , that is, J∗ = J−1;
(vi) if E has a Fréchet differentiable norm, then J is norm-to-norm continuous;
(vii) E is reflexive, strictly convex and has the Kadec-Klee property if and only

if E∗ has a Fréchet differentiable norm.
Let E be a reflexive Banach space and {Cn} a sequence of nonempty closed

convex subsets of E. We denote by s-Lin Cn the set of limit points of {Cn}, that
is, x ∈ s-Lin Cn if and only if there exists {xn} ⊂ E such that xn ∈ Cn for each
n ∈ N and xn −→ x as n −→∞. Similarly, we denote by w-Lsn Cn the set of weak
cluster points of {Cn}; y ∈ w-Lsn Cn if and only if there exists {yni

} ⊂ E such
that yni ∈ Cni for each i ∈ N and yni ⇀ y as i −→ ∞. Using these definitions, we
define Mosco convergence[24] of {Cn}. If C0 satisfies

s-Li
n

Cn = C0 = w-Ls
n

Cn,

then we say that {Cn} is a Mosco convergent sequence to C0. In this case, we
denote it by

C0 = M-lim
n

Cn.

Notice that the inclusion s-Lin Cn ⊂ w-Lsn Cn is always true. Thus, to prove
C0 = M-limn Cn we only need to show w-Lsn Cn ⊂ C0 ⊂ s-Lin Cn.

Let E be a smooth Banach space and consider the following function V : E ×
E −→ R defined by

V (x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2

for each x, y ∈ E. We know the following properties; see [2, 7, 9, 15, 23] for more
details:

(i) (‖x‖ − ‖y‖)2 ≤ V (x, y) ≤ (‖x‖+ ‖y‖)2 for each x, y ∈ E;
(ii) V (x, y) + V (y, x) = 2〈x− y, Jx− Jy〉 for each x, y ∈ E;
(iii) V (x, y) = V (x, z) + V (z, y) + 2〈x− z, Jz − Jy〉 for each x, y, z ∈ E;
(iv) if E is additionally assumed to be strictly convex, then V (x, y) = 0 if and

only if x = y.
The following lemma is due to [15].

Lemma 2.2 (Kamimura-Takahashi [15]). Let E be a smooth and uniformly convex
Banach space and let {xn} and {yn} be sequences in E such that either {xn} or
{yn} is bounded. If limn−→∞ V (xn, yn) = 0, then limn−→∞ ‖xn − yn‖ = 0.



228 T.IBARAKI, Y. KIMURA : VOL. 2, NO. 1, (2011), 225-238

Let C be a nonempty closed subset of a smooth Banach space E. A mapping
T : C −→ C is said to be generalized nonexpansive [8, 9] if F (T ) 6= ∅ and

V (Tx, p) ≤ V (x, p)

for each x ∈ C and p ∈ F (T ). Let D be a nonempty subset of a Banach space E.
A mapping R : E −→ D is said to be sunny if

R(Rx + t(x−Rx)) = Rx

for all x ∈ E and t ≥ 0. A mapping R : E −→ D is said to be a retraction if Rx = x
for each x ∈ D. If E is smooth and strictly convex, then a sunny generalized
nonexpansive retraction of E onto D is uniquely determined if it exists; see [9].
Then, such a sunny generalized nonexpansive retraction of E onto D is denoted
by RD. A nonempty subset D of E is called a sunny generalized nonexpansive
retract of E if there exists a sunny generalized nonexpansive retraction of E onto
D. Obviously, the set of fixed points of a sunny generalized nonexpansive retraction
of E onto D is D; see [8, 9] for more details. We recall the following results for
sunny generalized nonexpansive retractions and sunny generalized nonexpansive
retracts.

Lemma 2.3 (Ibaraki-Takahashi [8, 9]). Let D be a nonempty subset of a smooth
and strictly convex Banach space E. Let RD be a retraction of E onto D. Then RD

is sunny and generalized nonexpansive if and only if

〈x−RDx, JRDx− Jy〉 ≥ 0.

for each y ∈ D.

Theorem 2.4 (Ibaraki-Takahashi [12], Inthakon-Dhompongsa-Takahashi [14]). Let
E be a reflexive, smooth and strictly convex Banach space and C a nonempty closed
subset of E such that JC is closed and convex. Let T be a generalized nonexpansive
mapping of C into itself. Then F (T ) is a sunny generalized nonexpansive retract of
E.

Lemma 2.5 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty sunny generalized nonexpansive retract of
E. Let R be the sunny generalized nonexpansive retraction of E onto D, x ∈ E, and
z ∈ D. Then, the following conditions are equivalent:

(i) z = Rx;
(ii) V (x, z) = miny∈D V (x, y).

Theorem 2.6 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty subset of E. Then, the following conditions
are equivalent:

(i) D is a sunny generalized nonexpansive retract of E;
(ii) D is a generalized nonexpansive retract of E;
(iii) JD is closed and convex.

In this case, D is closed.

3. Convergence theorem for sunny generalized nonexpansive retractions

In this section, we prove weak and strong convergence theorems for a sequence
of sunny generalized nonexpansive retractions. The sequence of ranges of these
nonlinear projections is assumed to converge in the sense of Mosco; see [7, 13, 17,
35] for related results.
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We remark that, using the relation between generalized nonexpansive retractions
and generalized projections shown in [19] and the methods used in [7], we can
prove the essential parts of the theorems in this section; see also [9]. For the sake
of completeness, we will give a proof for all results.

Theorem 3.1. Let E be a reflexive, smooth and strictly convex Banach space and let
{Dn} be a sequence of nonempty sunny generalized nonexpansive retracts of E. Let
u ∈ E and {un} be a sequence of E converging strongly to u. If D∗0 = M-limn JDn

exists and is nonempty, then {JRDnun} converges weakly to JRD0u, where D0 =
J−1D∗0 .

Proof. It is easy to prove that D∗0 is closed and convex if JDn is a closed convex
subset of E for each n ∈ N. Let xn = RDnun for each n ∈ N. Since D∗0 =
M-limn JDn, we have, for each y ∈ D0, there exists {y∗n} ⊂ E∗ such that y∗n −→ Jy
as n −→∞ and that y∗n ∈ JDn for each n ∈ N. From Lemma 2.3, we have

〈un − xn, Jxn − y∗n〉 ≥ 0.

Hence, we obtain that

0 ≤ 〈un − xn, Jxn − Jun〉+ 〈un − xn, Jun − y∗n〉

≤ −
(
‖un‖ − ‖xn‖

)2 +
(
‖un‖+ ‖xn‖

)
‖Jun − y∗n‖

and thus (
‖un‖ − ‖xn‖

)2 ≤ (‖un‖+ ‖xn‖
)
‖Jun − y∗n‖. (3.1)

Assume that {xn} is unbounded. Then there exists a subsequence {xni} of {xn}
such that limi−→∞ ‖xni

‖ = ∞. Since y∗n −→ Jy and un −→ u, by (3.1) we get con-
tradiction. Hence {xn} is bounded and so is {Jxn}. Let {Jxni

} be a subsequence
of {Jxn} converging weakly to some x∗0 ∈ E∗. From the definition of D∗0 , we get
x∗0 ∈ M-limn JDn = D∗0 .

Now we let x0 = J−1x∗0 and prove that RD0u = x0. From lower semicontinuity
of the norm, we have

lim inf
i−→∞

V (uni , xni) = lim inf
i−→∞

(
‖uni‖2 − 2〈uni , Jxni〉+ ‖Jxni‖2

)
≥ ‖u‖2 − 2〈u, x∗0〉+ ‖x∗0‖2

= ‖u‖2 − 2〈u, Jx0〉+ ‖x0‖2

= V (u, x0).

On the other hand, we get from Lemma 2.5 that

lim inf
n−→∞

V (un, xn) ≤ lim inf
n−→∞

V (un, J−1y∗n) = lim
n−→∞

(
‖un‖2 − 2〈un, y∗n〉+ ‖y∗n‖2

)
= ‖u‖2 − 2〈u, Jy〉+ ‖Jy‖2 = V (u, y),

that is,
V (u, x0) = min

y∈D0
V (u, y).

Hence we get RD0u = x0.
According to our consideration above, each subsequence {Jxni} of {Jxn} which

converges weakly has the unique limit JRD0u. Therefore, the sequence {Jxn} itself
converges weakly to JRD0u. �

Theorem 3.2. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm. Let {Dn} be a sequence of nonempty sunny generalized
nonexpansive retracts of E. Let u ∈ E and let {un} be a sequence of E converg-
ing strongly to u. If D∗0 = M-limn JDn exists and is nonempty, then {JRDn

un}
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converges strongly to JRD0u, where D0 = J−1D∗0 . Moreover, {RDn
un} converges

weakly to RD0u.

Proof. We write xn = RDnun and x0 = RD0u. By Theorem 3.1, we obtain Jxn ⇀
Jx0 as n −→ ∞. We first prove that Jxn −→ Jx0 as n −→ ∞. Since E has a
Fréchet differential norm, E∗ has the Kadec-Klee property. Therefore, it is sufficient
to prove that ‖Jxn‖ −→ ‖Jx0‖ as n −→ ∞. Since Jx0 ∈ D∗0 , there exists a
sequence {y∗n} ⊂ E∗ such that y∗n −→ Jx0 as n −→ ∞ and y∗n ∈ JDn for each
n ∈ N. It follows that

V (u, x0) ≤ lim inf
n−→∞

V (un, xn)

≤ lim sup
n−→∞

V (un, xn)

≤ lim
n−→∞

V (un, J−1y∗n)

≤ V (u, x0).

Hence we obtain V (u, x0) = limn−→∞ V (un, xn). Since limn−→∞〈un, Jxn〉 = 〈u, Jx0〉,
we get

lim
n−→∞

‖Jxn‖ = ‖Jx0‖.

Therefore we obtain that {Jxn} converges strongly to Jx0.
Since E is reflexive and strictly convex, E∗ is smooth and thus the duality

mapping J−1 of E∗ is norm-to-weak continuous. Hence, we obtain that

xn = J−1Jxn ⇀ J−1Jx0 = x0,

which completes the proof. �

Theorem 3.3. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let {Dn} be a sequence
of nonempty sunny generalized nonexpansive retracts of E. Let u ∈ E and let {un}
be a sequence of E converging strongly to u. If D∗0 = M-limn JDn exists and is
nonempty, then {RDnun} converges strongly to RD0u, where D0 = J−1D∗0 .

Proof. By Theorem 3.2, we obtain that {JRDn
un} converges strongly to JRD0u.

Since E is reflexive, strictly convex and has the Kadec-Klee property, E∗ has a
Fréchet differentiable norm. Therefore the duality mapping J−1 of E∗ is norm-to-
norm continuous. Hence, we have that

RDn
un = J−1JRDn

un −→ J−1JRD0u = RD0u,

which completes the proof. �

On the other hand, the following theorem shows that the strong convergence of
sequences {RDnu} implies the Mosco convergence of {JDn} under certain condi-
tions.

Theorem 3.4. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm. Let D0, D1, D2, D3, . . . be nonempty sunny generalized
nonexpansive retracts of E. Suppose that {RDn

u} converges strongly to RD0u for
each u ∈ E, where RDn is the sunny generalized nonexpansive retractions of E onto
Dn for each n ∈ N ∪ {0}. Then

JD0 = M-lim
n

JDn.
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Proof. For an arbitrary u∗ ∈ JD0, put u = J−1u∗ ∈ D0. Since E has a Fréchet
differentiable norm, we have

JRDn
u −→ JRD0u = Ju = u∗

and that JRDnu ∈ JDn for all n ∈ N. This means that u∗ ∈ s-Lin JDn and
hence we have JD0 ⊂ s-Lin JDn. Next we show that w-Lsn JDn ⊂ JD0. For
any z∗ ∈ w-Lsn JDn, there exists {z∗i } such that {z∗i } converges weakly to z∗ as
i −→∞ and that z∗i ∈ JDni

for each i ∈ N. Using Lemma 2.3, we have that

〈z −RDni
z, JRDni

z − z∗i 〉 ≥ 0.

where z = J−1z∗. Tending i −→∞, we get

〈z −RD0z, JRD0z − Jz〉 ≥ 0.

By the strict convexity of E, we have that J is strictly monotone. Hence we have
z∗ = JRD0z ∈ JD0. This means that w-Lsn JDn ⊂ JD0, and consequently we
obtain JD0 = M-limn−→∞ JDn. �

Using Theorem 3.3 and 3.4, we obtain the following theorem.

Theorem 3.5. Let E be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let D0, D1, D2, D3, . . . be
nonempty sunny generalized nonexpansive retracts of E. If each RDn

is the sunny
generalized nonexpansive retractions of E onto Dn for each n ∈ N ∪ {0}, then

JD0 = M-lim
n

JDn.

if and only if {RDn
un} converges strongly to RD0u for every strongly convergent

sequence {un} ⊂ E having a limit u ∈ E.

4. Strong convergence theorem for generalized nonexpansive mappings

In this section, using the technique developed by Kimura and Takahashi [18],
we prove a strong convergence theorem for finding a common fixed point of finite
family of generalized nonexpansive mappings in Banach space. In this result, we
adopt the iterative scheme used in [27].

Theorem 4.1. Let E be a uniformly convex Banach space having a Fréchet dif-
ferentiable norm, C a nonempty closed subset of E such that JC is closed and
convex, and T1, T2, . . . , Tr generalized nonexpansive mappings of C into itself such
that

⋂r
i=1 F (Ti) is nonempty. Suppose that z ∈

⋂r
i=1 F (Ti) whenever both {zn} and

{Tizn} converge strongly to z for each i = 1, 2, . . . , r. For a point x ∈ E chosen
arbitrarily, generate a sequence {xn} by the following iterative scheme: x1 ∈ C,
C1 = C, and 

yn = γnxn + (1− γn)
r∑

i=1

δ(i)
n Tixn,

Cn+1 = {z ∈ Cn : V (yn, z) ≤ V (xn, z)},
xn+1 = RCn+1x

for all n ∈ N, where {γn}, {δ(i)
n } ⊂ [0, 1] satisfy the following conditions:

(i) lim infn−→∞ γn < 1,

(ii) lim infn−→∞ δ
(i)
n > 0 for each i = 1, 2, . . . , r,

(iii)
∑r

i=1 δ
(i)
n = 1 for each n ∈ N.

Then {xn} converges strongly to RTr
i=1 F (Ti)x.
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Proof. We first show that {xn} is well defined. Let p ∈
⋂r

i=1 F (Ti). Then for each
n ∈ N, we obtain that

V (yn, p) = V

(
γnxn + (1− γn)

r∑
i=1

δ(i)
n Tixn, p

)

≤ γnV (xn, p) + (1− γn)V

(
r∑

i=1

δ(i)
n Tixn, p

)

≤ γnV (xn, p) + (1− γn)
r∑

i=1

δ(i)
n V (Tixn, p)

≤ γnV (xn, p) + (1− γn)
r∑

i=1

δ(i)
n V (xn, p)

≤ γnV (xn, p) + (1− γn)V (xn, p) = V (xn, p).

Therefore p ∈ Cn for all n ∈ N and hence
⋂r

i=1 F (Ti) ⊂ Cn for all n ∈ N. This
implies that Cn is nonempty for all n ∈ N. Next, we show that JCn is closed and
convex for all n ∈ N. From the definition of V , we may show that

Cn+1 = {z ∈ Cn : V (yn, z) ≤ V (xn, z)}
= {z ∈ C : 2〈xn − yn, Jz〉+ ‖yn‖2 − ‖xn‖2 ≤ 0} ∩ Cn.

for all n ∈ N. The injectivity of J implies that

JCn+1 = J
(
{z ∈ C : 2〈xn − yn, Jz〉+ ‖yn‖2 − ‖xn‖2 ≤ 0} ∩ Cn

)
= J{z ∈ C : 2〈xn − yn, Jz〉+ ‖yn‖2 − ‖xn‖2 ≤ 0} ∩ JCn

= {z∗ ∈ JC : 2〈xn − yn, z∗〉+ ‖yn‖2 − ‖xn‖2 ≤ 0} ∩ JCn

for all n ∈ N. From the assumption for C, JC1 is closed and convex. Suppose that
JCk is closed and convex for some k ∈ N. Then, letting

D∗k = {z∗ ∈ JC : 2〈xk − yk, z∗〉+ ‖yk‖2 − ‖xk‖2 ≤ 0},

we have that D∗k is obviously closed and convex and thus JCk+1 = D∗k ∩ JCk is
also closed and convex. By Theorem 2.6, there exists a unique sunny generalized
nonexpansive retraction of E onto Cn for each n ∈ N and hence {xn} is well defined.

Since {JCn} is a decreasing sequence of closed convex subsets of E∗ such that
C∗0 =

⋂∞
n=1 JCn is nonempty, it follows that

M-lim
n

JCn = C∗0 =
∞⋂

n=1

JCn 6= ∅.

By Theorem 3.3, {xn} converges strongly to RC0x ∈ C0, where C0 = J−1C∗0 . The
injectivity of J implies

JC0 = C∗0 =
∞⋂

n=1

JCn = J
∞⋂

n=1

Cn.

Therefore, we obtain that x0 = RC0x ∈ C0 = J−1C∗0 =
⋂∞

n=1 Cn. From the
definition of Cn, we have that

0 ≤ lim sup
n−→∞

V (yn, x0) ≤ lim
n−→∞

V (xn, x0) = 0
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and hence limn−→∞ V (yn, x0) = 0. From the property of the mapping V , we have
that

0 ≤ lim sup
n−→∞

(‖yn‖ − ‖x0‖)2 ≤ lim
n−→∞

V (yn, x0) = 0,

and hence
lim

n−→∞
‖yn‖ = ‖x0‖. (4.1)

Therefore, we also have that

lim
n−→∞

〈yn, Jx0〉 = lim
n−→∞

1
2

{
‖yn‖2 + ‖x0‖2 − V (yn, x0)

}
= ‖x0‖2.

Since {yn} is bounded, there exists a subsequence {yni
} converging weakly to some

y0 ∈ E. Using weak lower semicontinuity of the norm, we get from (4.1) that

‖x0‖2 = lim
i−→∞

〈yni
, Jx0〉 = 〈y0, Jx0〉

≤ ‖y0‖‖Jx0‖ = ‖y0‖‖x0‖
≤ ‖x0‖ lim inf

i−→∞
‖yni‖

= ‖x0‖ lim
i−→∞

‖yni‖ = ‖x0‖2.

Therefore, we have that ‖y0‖2 = 〈y0, Jx0〉 = ‖x0‖2 = ‖Jx0‖2 and hence Jy0 =
Jx0. This implies that y0 = x0. Thus we have that {yn} converges weakly to x0.
Since (4.1) holds and E has the Kadec-Klee property, we have that {yn} converges
strongly to x0.

Put Sn =
∑r

i=1 δ
(i)
n Ti. From the assumption that lim infn−→∞ γn < 1, we may

take a subsequence {γnj
} of {γn} such that limj−→∞ γnj

= γ0 with 0 ≤ γ0 < 1.
Then we have that

‖ynj − x0‖ = ‖γnj xnj + (1− γnj )Snj xnj − x0‖
≥ (1− γnj

)‖Snj
xnj

− x0‖ − γnj
‖xnj

− x0‖
≥ (1− γnj

)‖Snj
xnj

− x0‖

for each j ∈ N and hence

lim
j−→∞

(1− γnj )‖Snj xnj − x0‖ = lim
j−→∞

(1− γ0)‖Snj xnj − x0‖ = 0.

Since γ0 < 1, we have that

lim
j−→∞

‖Snj
xnj

− x0‖ = 0.

Since {Tixnj
} are bounded for each i = 1, 2, . . . , r, there exists ρ > 0 such that

{Tixnj
} ⊂ Bρ for each i = 1, 2, . . . , r. Therefore, Lemma 2.1 is applicable. Then we

obtain that, for each k, l = 1, 2, . . . , r,

V (Snj
xnj

, x0)

=

∥∥∥∥∥
r∑

i=1

δ(i)
nj

Tixnj

∥∥∥∥∥
2

− 2

〈
r∑

i=1

δ(i)
nj

Tixnj
, Jx0

〉
+ ‖x0‖2

≤
r∑

i=1

δ(i)
nj
‖Tixnj

‖2 − δ(k)
nj

δ(l)
nj

g(‖Tkxnj
− Tlxnj

‖)

− 2

〈
r∑

i=1

δ(i)
nj

Tixnj
, Jx0

〉
+ ‖x0‖2
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=
r∑

i=1

δ(i)
nj

(
‖Tixnj‖2 − 2〈Tixnj , Jx0〉+ ‖x0‖2

)
− δ(k)

nj
δ(l)
nj

g(‖Tkxnj − Tlxnj‖)

=
r∑

i=1

δ(i)
nj

V (Tixnj
, x0)− δ(k)

nj
δ(l)
nj

g(‖Tkxnj
− Tlxnj

‖)

≤
r∑

i=1

δ(i)
nj

V (xnj
, x0)− δ(k)

nj
δ(l)
nj

g(‖Tkxnj
− Tlxnj

‖)

= V (xnj
, x0)− δ(k)

nj
δ(l)
nj

g(‖Tkxnj
− Tlxnj

‖)
and hence

δ(k)
nj

δ(l)
nj

g(‖Tkxnj
− Tlxnj

‖) ≤ V (xnj
, x0)− V (Snj

xnj
, x0). (4.2)

for each k, l = 1, 2, . . . , r. From the assumption that lim infn−→∞ δ
(k)
n > 0 for

k = 1, 2, . . . , r, we may take subsequences, again denoted by {δ(k)
nj }, such that

limj−→∞ δ
(k)
nj > 0 for every k = 1, 2, . . . , r. Since

lim
j−→∞

‖xnj − x0‖ = lim
j−→∞

‖Snj xnj − x0‖ = 0,

we obtain from (4.2) that

lim
j−→∞

g(‖Tkxnj
− Tlxnj

‖) = 0

for k, l = 1, 2, . . . , r. Then the properties of g yield that

lim
j−→∞

‖Tkxnj
− Tlxnj

‖ = 0

for each k, l = 1, 2, . . . , r. Therefore we obtain that

V (Snj xnj , Tkxnj ) = V

(
r∑

i=1

δ(i)
nj

Tixnj , Tkxnj

)

≤
r∑

i=1

δ(i)
nj

V (Tixnj , Tkxnj )

≤
r∑

i=1

δ(i)
nj

(V (Tixnj
, Tkxnj

) + V (Tkxnj
, Tixnj

))

= 2
r∑

i=1

δ(i)
nj
〈Tixnj

− Tkxnj
, JTixnj

− JTkxnj
〉

≤ 2
r∑

i=1

δ(i)
nj
‖Tixnj

− Tkxnj
‖‖JTixnj

− JTkxnj
‖

for each k = 1, 2, . . . , r and hence we have limj−→∞ V (Snj
xnj

, Tkxnj
) = 0. From

Lemma 2.2, we have limj−→∞ ‖Snj
xnj

− Tkxnj
‖ = 0 for each k = 1, 2, . . . , r and

hence

lim
j−→∞

‖Tkxnj
− xnj

‖ ≤ lim
j−→∞

‖Tkxnj
− Snj

xnj
‖+ lim

j−→∞
‖Snj

xnj
− xnj

‖ = 0.

for all k = 1, 2, . . . , r. By the assumption of Tk, it follows that x0 ∈
⋂r

i=1 F (Ti).
Therefore we have

x0 ∈
r⋂

i=1

F (Ti) ⊂
∞⋂

n=1

Cn

and hence x0 = RTr
i=1 F (Ti)x, which completes the proof. �



CONVERGENCE OF NONLINEAR PROJECTIONS 235

In the end of this section, we will discuss the assumptions for the coefficients
used in Theorem 4.1. Plubtieng and Ungchittrakool [27] proved the following the-
orem:

Theorem 4.2 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex and
uniformly smooth Banach space, C a nonempty closed convex subset of E, and
T1, T2, . . . , Tr relatively nonexpansive mappings of C into itself such that

⋂r
i=1 F (Ti)

is nonempty. For a point x ∈ E chosen arbitrarily, generate a sequence {xn} by the
following iterative scheme: x1 ∈ C, C1 = C, and

yn = J−1

(
αnJxn + (1− αn)

r∑
i=0

β(i)
n JTixn

)
,

Cn+1 = {z ∈ Cn : V (z, yn) ≤ V (z, xn)},
xn+1 = ΠCn+1x

for all n ∈ N, where T0 is the identity mapping on C, and {αn}, {β(i)
n } ⊂ [0, 1] are

real sequences for i = 0, 1, 2, . . . , r satisfying the following conditions:

(i) supn∈N αn < 1,

(ii)
∑r

i=0 β
(i)
n = 1 for all n ∈ N, and either

(a) lim infn−→∞ β
(0)
n β

(i)
n > 0 for all i = 1, 2, . . . , r, or

(b) limn−→∞ β
(0)
n = 0 and lim infn−→∞ β

(k)
n β

(l)
n > 0 for all k, l = 1, 2, . . . , r

with k 6= l.

Then {xn} converges strongly to ΠTr
i=1 F (Ti)x, where ΠK is a generalized projection

of E onto a nonempty closed convex subset K of E.

In order to compare our main result with the theorem above, we consider an
analogous scheme to that in Theorem 4.2. For a given sequence {xn} in E, let
{yn} be such that

yn = αnxn + (1− αn)
r∑

i=0

β(i)
n Tixn

for n ∈ N, where T1, T2, . . . , Tr are mappings of C into itself, T0 is the identity
mapping on C, and {αn} and {β(i)

n } are sequences in [0, 1] for i = 0, 1, 2, . . . , r.
Suppose that

(i) lim infn−→∞ αn < 1,
(ii) lim infn−→∞ β

(i)
n > 0 for each i = 1, 2, . . . r,

(iii)
∑r

i=0 β
(i)
n = 1 for each n ∈ N.

Then, letting γn = αn + (1− αn)β(0)
n and

δ(i)
n =

{
0 (β(0)

n = 1)
β

(i)
n /(1− β

(0)
n ) (β(0)

n < 1)

for i = 1, 2, . . . , r and n ∈ N, we have that

yn = αnxn + (1− αn)
r∑

i=0

β(i)
n Tixn

= γnxn + (1− γn)
r∑

i=1

δ(i)
n Tixn

for every n ∈ N. Then we can prove that the coefficients {γn} and {δ(i)
n } satisfy the

conditions assumed in Theorem 4.1 such as
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(i) lim infn−→∞ γn < 1,
(ii) lim infn−→∞ δ

(i)
n > 0 for each i = 1, 2, . . . r,

(iii)
∑r

i=1 δ
(i)
n = 1 for each n ∈ N.

Indeed, since lim infn−→∞ β
(i)
n > 0 for each i = 1, 2, . . . , r and

∑r
i=0 β

(i)
n = 1, we

have that

lim inf
n−→∞

(1− β(0)
n ) = lim inf

n−→∞

r∑
i=1

β(i)
n ≥

r∑
i=1

lim inf
n−→∞

β(i)
n > 0,

and thus lim supn−→∞ β
(0)
n < 1. It follows that β

(0)
n < 1 for sufficiently large n and

hence

lim inf
n−→∞

δ(i)
n = lim inf

n−→∞

β
(i)
n

1− β
(0)
n

≥ lim inf
n−→∞

β(i)
n > 0

for each i = 1, 2, . . . , r. It is obvious that
∑r

i=1 δ
(i)
n = 1 for each n ∈ N from the

definition of {δ(i)
n }.

On the other hand, since lim infn−→∞ αn < 1 and lim supn−→∞ β
(0)
n < 1, there

exist subsequences {αnj} ⊂ {αn} and {β(0)
nj } ⊂ {β(0)

n } converging α < 1 and β < 1,
respectively. Then we obtain that

lim
j−→∞

γnj
= lim

j−→∞
αnj

+ (1− αnj
)β(0)

nj
= α + (1− α)β < 1

and hence lim infn−→∞ γn < 1.
From the argument above, we obtain the following result.

Theorem 4.3. Let E, C, and mappings T1, T2, . . . , Tr be the same as in Theorem 4.1.
Let T0 be the identity mapping on C. For a point x ∈ E chosen arbitrarily, generate
a sequence {xn} by the following iterative scheme: x1 ∈ C, C1 = C, and

yn = αnxn + (1− αn)
r∑

i=0

β(i)
n Tixn,

Cn+1 = {z ∈ Cn : V (yn, z) ≤ V (xn, z)},
xn+1 = RCn+1x

for all n ∈ N, where {αn}, {β(i)
n } ⊂ [0, 1] are sequences for i = 0, 1, 2, . . . , r satisfying

the following conditions:

(i) lim infn−→∞ αn < 1,
(ii) lim infn−→∞ β

(i)
n > 0 for each i = 1, 2, . . . , r,

(iii)
∑r

i=0 β
(i)
n = 1 for each n ∈ N.

Then {xn} converges strongly to RTr
i=1 F (Ti)x.

Using the relations between generalized nonexpansive mappings and relatively
nonexpansive mappings, and between sunny generalized nonexpansive retractions
and generalized projections, we can see that the setting and the assumptions in
Theorem 4.3 are more general than that of Theorem 4.2; see [19, 6, 26] for more
details.

In particular, in the case where the underlying space E is a Hilbert space, the
iterative schemes in Theorems 4.3 and 4.2 coincide with each other, except for the
assumptions of mappings and the control coefficients. It is easy to see that the
assumptions in Theorem 4.3 are milder than that of Theorem 4.2.

Acknowledgment. The second author is supported by Grant-in-Aid for Scientific
Research No. 22540175 from Japan Society for the Promotion of Science.



CONVERGENCE OF NONLINEAR PROJECTIONS 237

References

[1] R. Aharoni and Y. Censor, Block-iterative projection methods for parallel com-
putation of solutions to convex feasibility problems, Linear Algebra Appl., 120
(1989), 165–175.

[2] Ya. I. Alber, Metric and generalized projection operators in Banach spaces:
properties and applications, Theory and Applications of Nonlinear Operators of
Accretive and Monotone Type, Dekker, New York, 1996, 15–50.

[3] D. Butnariu, S. Reich and A. J. Zaslavski, Asymptotic behavior of relatively
nonexpansive operators in Banach spaces, J. Appl. Anal., 7 (2001), 151–174.

[4] I. Cioranescu, Geometry of Banach spaces, Duality Mappings and Nonlinear
Problems, Kluwer Academic Publishers, Dordecht, 1990.

[5] B. Halpern, Fixed points of nonexpanding maps, Bull. Amer. Math. Soc., 73
(1967), 957–961.

[6] T. Honda, T. Ibaraki and W. Takahashi, Duality theorems and convergence
theorems for nonlinear mappings in Banach spaces and applications, Int. J.
Math. Stat. 6 (2010), 46–64.

[7] T. Ibaraki, Y. Kimura and W. Takahashi, Convergence Theorems for Gener-
alized Projections and Maximal Monotone Operators in Banach Spaces, Abstr.
Appl. Anal, 2003 (2003), 621–629.

[8] T. Ibaraki and W. Takahashi, Convergence theorems for new projections in
Banach spaces (in Japanese), RIMS Kokyuroku 1484 (2006), 150–160.

[9] T. Ibaraki and W. Takahashi, A new projection and convergence theorems for
the projections in Banach spaces, J. Approx. Theory 149 (2007), 1–14.

[10] T. Ibaraki and W. Takahashi, Weak convergence theorem for new nonexpansive
mappings in Banach spaces and its applications, Taiwanese J. Math. 11 (2007)
929–944.

[11] T. Ibaraki and W. Takahashi, Block iterative methods for a finite family of
generalized nonexpansive mappings in Banach spaces Numer. Funct. Anal.
Optim. 29 (2008), 362–375.

[12] T. Ibaraki and W. Takahashi, Generalized nonexpansive mappings and a
proximal-type algorithm in Banach spaces, Nonlinear Analysis and Optimiza-
tion I: Nonlinear Analysis, Contemp. Math., 513, Amer. Math. Soc., Provi-
dence, RI, 2010, 169–180.

[13] T. Ibaraki and W. Takahashi, Strong convergence theorems for finite generalized
nonexpansive mappings in Banach spaces, to appear.

[14] W. Inthakon, S. Dhompongsa and W. Takahashi, Strong convergence theorems
for maximal monotone operators and generalized nonexpansive mappings in
Banach spaces, J. Nonlinear Convex Anal. 11 (2010), 45–63.

[15] S. Kamimura and W. Takahashi, Strong convergence of a proximal-type algo-
rithm in a Banach space, SIAM J. Optim. 13 (2002), 938–945.

[16] M. Kikkawa and W. Takahashi, Approximating fixed points of nonexpansive
mappings by the block iterative method in Banach spaces, Int. J. Comput.
Numer. Anal. Appl. 5 (2004), 59–66.

[17] Y. Kimura and W. Takahashi, Strong convergence of sunny nonexpansive re-
tractions in Banach spaces, PanAmer. Math. J., 9 (1999), 1–6.

[18] Y. Kimura and W. Takahashi, On a hybrid method for a family of relatively
nonexpansive mappings in a Banach space, J. Math. Anal. Appl. 357 (2009),
356–363.



238 T.IBARAKI, Y. KIMURA : VOL. 2, NO. 1, (2011), 225-238

[19] F. Kohsaka and W. Takahashi, Generalized nonexpansive retractions and a
proximal-type algorithm in Banach spaces, J. Nonlinear Convex Anal. 8 (2007),
197–209.

[20] F. Kohsaka and W. Takahashi, Block iterative methods for a finite family of
relatively nonexpansive mappings in Banach spaces, Fixed Point Theory Appl.
2007 (2007), Art. ID 21972, 18 pp.

[21] W. R. Mann, Mean value methods in iteration, Proc. Amer. Math. Soc., 4 (1953),
506–510.

[22] S. Matsushita and W. Takahashi, Weak and strong convergence theorems for
relatively nonexpansive mappings in Banach space, Fixed Point Theory Appl.,
2004 (2004), 37–47.

[23] S. Matsushita and W. Takahashi, A strong convergence theorem for relatively
nonexpansive mappings in a Banach space, J. Approx. Theory 134 (2005),
257–266.

[24] U. Mosco, Convergence of convex sets and of solutions of variational inequali-
ties, Adv. in Math., 3 (1969), 510–585.

[25] K. Nakajo and W. Takahashi, Strong convergence theorems for nonexpansive
mappings and nonexpansive semigroups, J. Math. Anal. Appl. 279 (2003),
372-379.

[26] W. Nilsrakoo and S. Saejung, On the fixed-point set of a family of relatively non-
expansive and generalized nonexpansive mappings, Fixed Point Theory Appl.
2010 (2010), Art. ID 414232, 14pp.

[27] S. Plubtieng and K. Ungchittrakool, Hybrid iterative methods for convex feasi-
bility problems and fixed point problems of relatively nonexpansive mappings in
Banach spaces, Fixed Point Theory Appl. 2008 (2008), Art. ID 583082, 19pp.

[28] S. Reich, Weak convergence theorems for nonexpansive mappings in Banach
space, J. Math. Anal. Appl., 67 (1979), 274–276.

[29] S. Reich, Approximating fixed points of nonexpansive mappings, Panamer.
Math. J., 4 (1994), 23–28.

[30] S. Reich, A weak convergence theorem for the alternating method with Breg-
man distances Theory and applications of nonlinear operators of accretive and
monotone type, Lecture Notes in Pure and Appl. Math., 178, Dekker, New
York, 1996, 313–318.

[31] N. Shioji and W. Takahashi, Strong convergence of approximated sequences
for nonexpansive mappings in Banach spaces, Proc. Amer. Math. Soc., 125
(1997), 3641–3645.

[32] W. Takahashi, Nonlinear Functional Analysis – Fixed Point Theory and Its Ap-
plications, Yokohama Publishers, 2000.

[33] W. Takahashi, Convex Analysis and Approximation of Fixed Points (in Japan-
ese), Yokohama Publishers, 2000.

[34] W. Takahashi, Y Takeuchi and R. Kubota, Strong convergence theorems by
hybrid methods for families of nonexpansive mappings in Hilbert spaces, J.
Math. Anal. Appl. 341 (2008), 276–286.

[35] M. Tsukada, Convergence of best approximations in a smooth Banach space, J.
Approx. Theory 40 (1984), 301–309.

[36] R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch.
Math., 58 (1992), 486–491.


	1. INTRODUCTION
	2. Preliminaries
	3. Convergence theorem for sunny generalized nonexpansive retractions
	4. Strong convergence theorem for generalized nonexpansive mappings
	References

