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ABSTRACT. In this paper, we first study some properties of Mosco convergence
for a sequence of nonempty sunny generalized nonexpansive retracts in Banach
spaces. Next, motivated by the result of Kimura and Takahashi and that of Plub-
tieng and Ungchittrakool, we prove a strong convergence theorem for finding a
common fixed point of generalized nonexpansive mappings in Banach spaces by
using the shrinking projection method.
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1. INTRODUCTION

Let E be a real Banach space and C' a nonempty closed convex subset of F.
A mapping T : C — C is said to be nonexpansive if | Tz — Ty|| < ||z — y| for
all z,y € C. Iterative methods for approximation of fixed points of nonexpansive
mappings have been studied by many researchers; see [5, 21, 25, 28, 29, 31, 34, 36]
and others. In particular, Takahashi, Takeuchi and Kubota [34] established strong
convergence of an iterative scheme with new type of hybrid method as follows:

Theorem 1.1 (Takahashi-Takeuchi-Kubota [34]). Let H be a real Hilbert space and
C' a nonempty closed convex subset of H. Let T be a nonexpansive mapping of C
into itself such that the set F(T) of fixed points of T is nonempty. Let {a,} be a
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sequence [0, a], where 0 < a < 1. For a point x € H chosen arbitrarily, generate a
sequence {z,,} by the following iterative scheme: x; € C, C; = C, and

Yn = QpnTy + (1 - O‘n)Tx’ru
Cny1 ={2 € Cn: |lyn — 2|l < [lzn — 2[},
I PCn+1aj

Jor every n € N. Then, {z,} converges strongly to Ppryr € C, where Pk is the
metric projection of H onto a nonempty closed convex subset K of H.

This iterative method is also known as the shrinking projection method. We
note that the original result is a convergence theorem to a common fixed point of a
family of nonexpansive mappings with certain conditions.

On the other hand, relatively nonexpansive mappings and generalized nonex-
pansive mappings, which are generalizations of a nonexpansive mappings in Hilbert
spaces, have been considered recently. Their properties and iterative schemes have
been studied in [3, 8, 9, s s s s s s s s s s , 27] and others.
Recently, Kimura and Takahashi [18] obtain a strong convergence theorem for find-
ing a common fixed point of relatively nonexpansive mappings in a Banach space
by using the shrinking projection method. The method for its proof is different
from the original one; they use the concept of Mosco convergence of sequences of
nonempty closed convex subsets of a Banach space. They also succeed in making
conditions of the coefficients and the underlying space weaker.

In this paper, we study the shrinking projection method for generalized nonex-
pansive mappings in a Banach space. We first prove convergence theorems for a
sequence of sunny generalized nonexpansive retractions, which is a generalization
of the metric projections in Hilbert spaces. Next, using the technique developed
by Kimura and Takahashi [18], we prove a strong convergence theorem for finding
a common fixed point of a finite family of generalized nonexpansive mappings in
Banach space by using the iterative scheme of [27]; see also [1, 11, 13, 16, 20] and
others.

2. PRELIMINARIES

Let E be a real Banach space with its dual £*. We denote strong convergence
and weak convergence of a sequence {z,} to z in E by z, — z and z,, — =,
respectively. A Banach space E is said to be strictly convex if ||z + y|/2 < 1
whenever z,y € F satisfies ||z|| = ||y|| = 1 and = # y. F is said to be uniformly
convex if for each ¢ € (0,2], there exists 6 > 0 such that ||z|| = ||y]| = 1 and
lx — y|| > € implies ||z + y||/2 < 1 — 4. The following lemma holds.

Lemma 2.1 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex Banach
space and p > 0. Then, there exists a continuous, strictly increasing, and convex
Junction g : [0,00) — [0, 00) with g(0) = 0 such that

r
g 0i;
i=1

Jor each j, k € {1,2,...,r}, where {z1,22,...,x.} C E satisfy ||z;|| < p for each
i=1,2,....,rand {61,02,...,6,.} C [0,1] satisfy >..,_, 6; = 1.

2 T
< Z&H%Hz —0;0rg([|xj — 2k l]) (2.1)
i=1

A Banach space F is said to be smooth if

t —
N

2.2
t—0 t ( )
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exists for each x,y € B ={z € F : ||z|| = 1}. In this case, the norm of F is said to
be Gateaux differentiable. The norm of E is said to be Fréchet differentiable if for
each z € B, the limit (2.2) is attained uniformly for y € B. See [32] for more details.
A Banach space E is said to have the Kadec-Klee property if a sequence {z, } of £
converges strongly to x( whenever it satisfies x,, — x¢ and ||z, || — ||zo]|-

The normalized duality mapping J from F into E* is defined by

Jo={z" € B* : (w,2") = ||z]* = ||]"|]*}

for each z € E. We also know the following properties; see [4, , ] for more
details.

(i) Jx # (0 for each x € E;
(ii) if F is reflexive, then J is surjective;
(iii) if E is strictly convex, then J is one-to-one and satisfies that (x — y,z* —
y*) > 0 for each z,y € E with x # y, 2* € Jx and y* € Jy;
(iv) if £ is smooth, then J is single-valued and norm-to-weak* continuous;
(v) if E is reflexive, smooth and strictly convex, then the duality mapping
J. : E* — F is the inverse of J, that is, J, = J!;
(vi) if £ has a Fréchet differentiable norm, then J is norm-to-norm continuous;
(vii) FE is reflexive, strictly convex and has the Kadec-Klee property if and only
if E* has a Fréchet differentiable norm.

Let E be a reflexive Banach space and {C,} a sequence of nonempty closed
convex subsets of E. We denote by s-Li,, C,, the set of limit points of {C),}, that
is, € s-Li, C, if and only if there exists {x,} C E such that z, € C, for each
n € Nand x,, — = as n — oo. Similarly, we denote by w-Ls,, C), the set of weak
cluster points of {C,}; y € w-Ls,, C, if and only if there exists {y,,} C E such
that y,, € C,, for each i € N and y,,, — y as i — o0. Using these definitions, we
define Mosco convergence[24] of {C,, }. If C satisfies

s-Li Cn = CO = w-Ls Cnv

then we say that {C,} is a Mosco convergent sequence to C. In this case, we
denote it by
Co = M-lim C,,.
n

Notice that the inclusion s-Li, C,, C w-Ls, C,, is always true. Thus, to prove
Cy = M-lim,, C,, we only need to show w-Ls,, C,, C Cy C s-Li,, C,,.
Let E be a smooth Banach space and consider the following function V' : E X
E — R defined by
Vi(z,y) = llzl* = 2(z, Jy) + [lyl?
for each z,y € IZ. We know the following properties; see [2, 7, 9, 15, 23] for more
details:
@ (2l = llyl)? < V(z,y) < (2]l + llyl)* for each z,y € E:
(i) V(z,y) +V(y,z) = 2{x —y,Jx — Jy) for each z,y € E;
(iii) V(z,y) =V(x,z) +V(z,y) +2(x — 2, Jz — Jy) for each z,y, z € E;
(iv) if F is additionally assumed to be strictly convex, then V(z,y) = 0 if and
only if x = .
The following lemma is due to [15].
Lemma 2.2 (Kamimura-Takahashi [15]). Let E be a smooth and uniformly convex

Banach space and let {x,} and {y,} be sequences in E such that either {x,} or
{yn} is bounded. Iflim, o V(2,,yn) =0, thenlim,, . ||z, — yn|| = 0.
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Let C be a nonempty closed subset of a smooth Banach space E. A mapping
T : C — (' is said to be generalized nonexpansive [3, 9] if F(T) # () and

V(Tz,p) < V(z,p)

for each z € C and p € F(T). Let D be a nonempty subset of a Banach space F.
A mapping R : E — D is said to be sunny if

R(Rx +t(xr — Rx)) = Rx

forallz € Fandt > 0. Amapping R : E — D is said to be a retraction if Rz =z
for each z € D. If E is smooth and strictly convex, then a sunny generalized
nonexpansive retraction of F onto D is uniquely determined if it exists; see [9].
Then, such a sunny generalized nonexpansive retraction of £ onto D is denoted
by Rp. A nonempty subset D of E is called a sunny generalized nonexpansive
retract of E if there exists a sunny generalized nonexpansive retraction of E onto
D. Obviously, the set of fixed points of a sunny generalized nonexpansive retraction
of F onto D is D; see [3, 9] for more details. We recall the following results for
sunny generalized nonexpansive retractions and sunny generalized nonexpansive
retracts.

Lemma 2.3 (Ibaraki-Takahashi [8, 9]). Let D be a nonempty subset of a smooth
and strictly convex Banach space E. Let Rp be a retraction of E onto D. Then Rp
is sunny and generalized nonexpansive if and only if

(x — Rpz,JRpx — Jy) > 0.
foreachy € D.

Theorem 2.4 (Ibaraki-Takahashi [12], Inthakon-Dhompongsa-Takahashi [14]). Let
FE be a reflexive, smooth and strictly convex Banach space and C' a nonempty closed
subset of E such that JC' is closed and convex. LetT be a generalized nonexpansive

mapping of C into itself. Then F (T) is a sunny generalized nonexpansive retract of
E.

Lemma 2.5 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty sunny generalized nonexpansive retract of
E. Let R be the sunny generalized nonexpansive retraction of E onto D, x € E, and
z € D. Then, the following conditions are equivalent:

() z = Rx;

(i) V(z,z) = mingep V(z,y).

Theorem 2.6 (Kohsaka-Takahashi [19]). Let E be a smooth, reflexive, and strictly
convex Banach space and D a nonempty subset of E. Then, the following conditions
are equivalent:
(i) D is a sunny generalized nonexpansive retract of E;
(i) D is a generalized nonexpansive retract of E';
(iii) JD is closed and convex.

In this case, D is closed.

3. CONVERGENCE THEOREM FOR SUNNY GENERALIZED NONEXPANSIVE RETRACTIONS

In this section, we prove weak and strong convergence theorems for a sequence
of sunny generalized nonexpansive retractions. The sequence of ranges of these
nonlinear projections is assumed to converge in the sense of Mosco; see [7, 13, 17,

] for related results.
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We remark that, using the relation between generalized nonexpansive retractions
and generalized projections shown in [19] and the methods used in [7], we can
prove the essential parts of the theorems in this section; see also [9]. For the sake
of completeness, we will give a proof for all results.

Theorem 3.1. Let E be a reflexive, smooth and strictly convex Banach space and let
{D,} be a sequence of nonempty sunny generalized nonexpansive retracts of E. Let
u € FE and {u,} be a sequence of E converging strongly to u. If D} = M-lim,, JD,,
exists and is nonempty, then {JRp, u,} converges weakly to JRp,u, where Dy =
JLIDg.

Proof. 1t is easy to prove that Dy is closed and convex if JD,, is a closed convex
subset of E for each n € N. Let =, = Rp, u, for each n € N. Since Dj =
M-lim,, JD,,, we have, for each y € Dy, there exists {y}} C E* such thaty) — Jy
as n — oo and that y;; € JD,, for each n € N. From Lemma 2.3, we have

(Up, — Ty JTn — Yy > 0.
Hence, we obtain that

0 < (up — zp, Jy — Jup) + (U — Ty, Jun — yr)

< —(llunll = lzal)? + (lunll + lzal) [ Jun — y2 |

and thus )

(lunll = llznll)™ < (lunll + lznl) 17w — y3 - (3.1)
Assume that {z,} is unbounded. Then there exists a subsequence {z,,} of {z,}
such that lim;_, ||y, ]| = co. Since y; — Jy and u,, — wu, by (3.1) we get con-

tradiction. Hence {z,,} is bounded and so is {Jx,}. Let {Jz,,} be a subsequence
of {Jx,} converging weakly to some z{ € E*. From the definition of D, we get
x4 € M-lim,, JD,, = D§.
Now we let g = J _1336 and prove that Rp,u = z¢. From lower semicontinuity
of the norm, we have
lin inf V(. ,) = i inf ([, |? — 2, T} + [T, ?)

i—00
> [|ul* = 2(u, 25) + [l5]|?
= [[ull* — 2(u, Jzo) + |||
=V (u,zp).
On the other hand, we get from Lemma 2.5 that
i inf V (up, @) < Timinf V(un, J=7yn) = lm ([fuall® = 2(un, ) + [195]1%)
= l[ull® = 2(u, Jy) + [ 7y]I* = V(u,y),

that is,

V(U’azo) = ynelg%) (U7y)'

Hence we get Rp,u = xo.

According to our consideration above, each subsequence {.Jz,, } of {Jx, } which
converges weakly has the unique limit J Rp,u. Therefore, the sequence {Jz,, } itself
converges weakly to JRp,u. (]

Theorem 3.2. Let F be a reflexive and strictly convex Banach space having a
Freéchet differentiable norm. Let {D,,} be a sequence of nonempty sunny generalized
nonexpansive retracts of E. Let u € E and let {u,} be a sequence of E converg-
ing strongly to u. If D§ = M-lim,, JD,, exists and is nonempty, then {JRp, un}
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converges strongly to JRp,u, where Dy = J~'D{. Moreover, {Rp, u,} converges
weakly to Rp,u.

Proof. We write z,, = Rp,u, and zo = Rp,u. By Theorem 3.1, we obtain Jz,, —
Jxg as n — oo. We first prove that Jx, — Jxg as n — o0. Since F has a
Fréchet differential norm, £* has the Kadec-Klee property. Therefore, it is sufficient
to prove that ||Jz,| — ||Jzo| as n — oo. Since Jzg € D{, there exists a
sequence {y:} C E* such that y — Jxg as n — oo and y;; € JD,, for each
n € N. It follows that
V(u, o) < Uminf V (uy,, z,)
n——o0o

< limsup V(uy,, z,)

n—-~oo
< lim V(un, J 'yl)
< V(u, ).

Hence we obtain V (u, zg) = lim,, oo V(un, ). Since lim, oo (tn, J2,) = (u, Jxo),
we get

lim {|Jz, || = [ Jao]|-
n—-00

Therefore we obtain that {Jz,,} converges strongly to Jx.
Since FE is reflexive and strictly convex, E* is smooth and thus the duality
mapping J ! of E* is norm-to-weak continuous. Hence, we obtain that

Tp = J71J£En — J71JI0 = XZo,
which completes the proof. O

Theorem 3.3. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let {D, } be a sequence
of nonempty sunny generalized nonexpansive retracts of E. Letu € E and let {uy}
be a sequence of E converging strongly to u. If Dj = M-lim,, JD,, exists and is
nonempty, then { Rp, u, } converges strongly to Rp,u, where Dy = J~1Dj.

Proof. By Theorem 3.2, we obtain that {JRp_ u,} converges strongly to JRp,u.
Since E is reflexive, strictly convex and has the Kadec-Klee property, E* has a
Fréchet differentiable norm. Therefore the duality mapping J ' of E* is norm-to-
norm continuous. Hence, we have that

Rp, un =J '*JRp, u, — J *JRp,u = Rp,u,
which completes the proof. O

On the other hand, the following theorem shows that the strong convergence of
sequences {Rp, u} implies the Mosco convergence of {JD,,} under certain condi-
tions.

Theorem 3.4. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm. Let Dy, D1, Dy, D3, ... be nonempty sunny generalized
nonexpansive retracts of E. Suppose that {Rp, u} converges strongly to Rp,u for
eachu € I, where Rp, is the sunny generalized nonexpansive retractions of EX onto
D,, for eachn € NU {0}. Then

JDy = M-lim JD,,.
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Proof. For an arbitrary u* € JDg, put u = J~'u* € Dy. Since E has a Fréchet
differentiable norm, we have

JRp, u— JRp,u=Ju=u"

and that JRp,u € JD, for all n € N. This means that v* € s-Li, JD, and
hence we have JDy C s-Li, JD,. Next we show that w-Ls, JD, C JDy. For
any z* € w-Ls, JD,, there exists {z}} such that {z}} converges weakly to z* as
¢ — 00 and that 2] € JD,, for each ¢ € N. Using Lemma 2.3, we have that

(z—Rp,,2,JBRp, z—2]) > 0.

12*. Tending i — o0, we get
<Z — RDOZ, JRDOZ — JZ> > 0.
By the strict convexity of I/, we have that .J is strictly monotone. Hence we have

z* = JRp,z € JDy. This means that w-Ls,, JD,, C JD,, and consequently we
obtain JDy = M-lim,,__. JD,,. [l

where z = J

Using Theorem 3.3 and 3.4, we obtain the following theorem.

Theorem 3.5. Let F be a reflexive and strictly convex Banach space having a
Fréchet differentiable norm and the Kadec-Klee property. Let Dy, D1, D2, D3, ... be
nonempty sunny generalized nonexpansive retracts of . If each Rp, is the sunny
generalized nonexpansive retractions of E onto D,, for eachn € NU {0}, then

JDy = M-lim JD,,.

if and only if {Rp,u,} converges strongly to Rp,u for every strongly convergent
sequence {u, } C FE having a limitu € E.

4. STRONG CONVERGENCE THEOREM FOR GENERALIZED NONEXPANSIVE MAPPINGS

In this section, using the technique developed by Kimura and Takahashi [18],
we prove a strong convergence theorem for finding a common fixed point of finite
family of generalized nonexpansive mappings in Banach space. In this result, we
adopt the iterative scheme used in [27].

Theorem 4.1. Let ¥ be a uniformly convex Banach space having a Fréchet dif
ferentiable norm, C' a nonempty closed subset of E such that JC' is closed and
convex, and Ty, Ts, . . ., T;. generalized nonexpansive mappings of C into itself such
that (,_, F(T;) is nonempty. Suppose that z € (,_, F(T;) whenever both {z, } and
{T;z,} converge strongly to z for each i = 1,2,...,r. For a point x € FE chosen
arbitrarily, generate a sequence {x,} by the following iterative scheme: x; € C,

C1=C,and
i=1
Crnir ={2€ Cn: V(yn, 2) < V(xn,2)},
Tn+1 = RCn_HI
Sforalln € N, where {v,}, {69} C [0, 1] satisfy the following conditions:
() liminf, . Yn < 1,
(i) liminf,_ . 67(3) >0 foreachi=1,2,...,r,
(i) >, oW — 1 for eachn € N.
Then {z,,} converges strongly to Rnr_ p(1,)-
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Proof. We first show that {z,,} is well defined. Let p € (),_, F(T;). Then for each
n € N, we obtain that

V(ynap) =V <7nxn + (1 - ’Yn) Zéél)sznap>
i1
<YV (@n,p) + (1= 1)V <Z 655)1}%,19)
i=1

§ ’an(xnap) + (1 - Vn) Z&”V(Tmn,p)

i=1

-
<V (@, p) + (1 —7n) Z(ST(Li)V(J?n,p)

=1
< 'an(xmp) + (1 - 'Yn)v(xmp) = V(:cn,p).

Therefore p € C,, for all n € N and hence (,_, F(T;) C C, for all n € N. This
implies that C,, is nonempty for all n € N. Next, we show that JC,, is closed and
convex for all n € N. From the definition of V', we may show that

Cn-{—l = {Z €Cp: V(yn,Z) < V(:En,Z)}
= {2 € C: 2(zn — Yn, J2) + |ynll* = llzal* < 0} N Cn.
for all n € N. The injectivity of J implies that

JCpi1 = I ({2 € C: 2(wn = yn, J2) + lgal® = 2al® <0} N C,)
= J{z € C:2(xy — yn, J2) + |lynll® — |zal®> <0} N JC,
={z* € JC: 2xp — Yn, 2*) + |yull® — |znl* <0} N JC,

for all n € N. From the assumption for C, JC] is closed and convex. Suppose that
JC is closed and convex for some k € N. Then, letting

Dj ={z* € JC : 2(mp — yr, 2*) + llywll® — llze]® < 03,

we have that D} is obviously closed and convex and thus JCj11 = D, N JC}, is
also closed and convex. By Theorem 2.6, there exists a unique sunny generalized
nonexpansive retraction of E onto C,, for each n € N and hence {z,} is well defined.

Since {JC,} is a decreasing sequence of closed convex subsets of E* such that

oo

Cs =, JCn is nonempty, it follows that

M-lim JC,, = Cg = (1) JCy # 0.

n=1

By Theorem 3.3, {z,,} converges strongly to Rc,z € Cy, where Cop = J1C. The
injectivity of J implies

o0 oo
JCo=Ci=()JCn=1J[) Cn
n=1 n=1
Therefore, we obtain that xg = Rco,x € Cy = J1Cf = ﬂff:l C,. From the
definition of C),, we have that

0 < limsup V (y, o) <

n——oo

m V(r,,x9)=0

li
n—-ao0
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and hence lim,,—, V(yn, o) = 0. From the property of the mapping V', we have
that

0 < limsup (yn|| — [zol)* < lim_V(yn,20) =0,
n—-o0 n—-aoo
and hence
im [y, = [|lzol|- 4.1)
n—-aoo

Therefore, we also have that

. . 1
tim_ (g, Joo) = Tim = {llgall® + ol = V (g, 0) b = 1ol

n

Since {y,, } is bounded, there exists a subsequence {y,,, } converging weakly to some
Yo € F. Using weak lower semicontinuity of the norm, we get from (4.1) that

lzoll* = i£n<><><y”“ Jxo) = (yo, Jxo)

< lyollllTzoll = llyolllloll

< [Jzo || imuinf [|ys, |
1—>00

= [loll®.

= llzoll, im._{[yn,
1—>00

Therefore, we have that |yol|* = (yo, Jzo) = [|z0]|* = [|Jz0[|* and hence Jy, =
Jxo. This implies that yo = x¢. Thus we have that {y, } converges weakly to xg.
Since (4.1) holds and E has the Kadec-Klee property, we have that {y, } converges
strongly to xg.

Put S, =Y., s7,. From the assumption that liminf,, .. 7, < 1, we may
take a subsequence {7y, } of {7,} such that lim; . 7,, = 70 with 0 < 7 < 1.
Then we have that

[Yn; = zoll = [17m;2n; + (1 = Yn, ) Sn;2n,; — 2ol
>(1- 'an)HSnj'rnj — xol| - Tn; Hxnj — x|
>(1- ’Ynj)”Sndnj — xo|
for each 5 € N and hence

jEHOO(]- - ’ynj)”Snjwnj - {E()H = ]Enm(l - 'V())Hsnjxnj - {Eo” =0.

Since vy < 1, we have that

lim S, x5, — o = 0.
—00

J

Since {Tjz,,} are bounded for each i = 1,2,...,r, there exists p > 0 such that
{Tixnj} C B, foreach ¢ =1,2,...,r. Therefore, Lemma 2.1 is applicable. Then we
obtain that, for each k,l =1,2,...,7,

V(Snjxnj I CUO)

r

S50 T,

i=1

2 T
- —2<Z<5,(;?Tixnj,on>+|$02

i=1

< 3 ST, P = 68060 g(|Tin, — Tizn, )
i=1

T
-2 <Z %) Tin, on> + ol

i=1
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= 3768 (I T s, |2 = 2(Tien, . Tao) + o) — 686D g(| T, — Tiw, )
=1
= 3 8V (T, w0) — 55D g(| T, — Tia, )
=1

< Zasj)v(xnjaxo) - 5%)5539(”Tk17nj = Tz, )

i=1
— V(@ny,30) — 085OI Thn, — Tiam, )
and hence
SIS0 g(| Thtn, — Ty, ||) < V(@ 20) — V(S @, 20)- 4.2)
for each k,l = 1,2,...,r. From the assumption that liminf,, 5,(,k) > 0 for

k = 1,2,...,r, we may take subsequences, again denoted by {57(5)} such that
(k)

lim;_, 5n’§ >0 forevery k =1,2,...,r. Since

Aim ||z, —xol| = lim ||Sy, 2z, — 20l =0,
J—00 J—00
we obtain from (4.2) that
jE}noog(HTkmnj - Tl‘r’ﬂj ||) =0
for k,l =1,2,...,r. Then the properties of g yield that

lim [|Thzn, — Tz, || =0
—00

J
for each k,l = 1,2,...,r. Therefore we obtain that

V(Sng Tny, Tkxnj) =V (Z 57(;])711'7” R TkZEnj)

=1

,
<Y 6OV (Tiwn,, Tean,)

=1
< 8D V(Tiwn,, Tean,) + V(Thn,, Tity,))
=1
=2 oW Tiwn, — Tewn,, JTiwn, — JTpty,)
i=1

<2 09| Tiwn, — Tiwn, || Ttn, — J Tk, |
=1

for each k = 1,2,...,r and hence we have lim; ... V(Sy;2n;, Tx,,;) = 0. From
Lemma 2.2, we have lim; . [|Sy,;Zn, — Tpon,|| = 0 for each k = 1,2,...,r and
hence
dim | Than, — @p, || £ lm [|Then; — Sp, 2, || + lim |[[Sp, 20, — 24, ]| = 0.
j—00 j—o0 j—o0

for all k = 1,2,...,r. By the assumption of T, it follows that zo € (\,_; F(T).
Therefore we have

xTo € ﬁF(TZ) C ﬁ Ch
i=1 n=1

and hence g = Rﬂle F(T,), which completes the proof. O



CONVERGENCE OF NONLINEAR PROJECTIONS 235

In the end of this section, we will discuss the assumptions for the coefficients
used in Theorem 4.1. Plubtieng and Ungchittrakool [27] proved the following the-
orem:

Theorem 4.2 (Plubtieng-Ungchittrakool [27]). Let E be a uniformly convex and
uniformly smooth Banach space, C' a nonempty closed convex subset of F, and
T1,Ts,. .., T, relatively nonexpansive mappings of C' into itself such that (;_, F(T;)
is nonempty. For a point x € E chosen arbitrarily, generate a sequence {x,} by the
following iterative scheme: x, € C, C; = C, and

= J 1 (aann +(1—an) Zﬂff)JTixn> ,

i=0
Cni1={2€Ch:V(z,yn) <V(z,2,)},

Tn+1 = HCn+1

for alln € N, where T is the identity mapping on C, and {ay, }, {ﬁg)} C [0,1] are
real sequences fori = 0,1,2,...,r satisfying the following conditions:

(i) sup,enyan <1,

is r (i) _ 5

(i) D> ;_oBn’ =1foraln 6 N and either

(@) lim mfnﬁoo ©) > Oforallt =1,2,...,r, or
(b) lim, e 67, =0 andhmlnfnﬁOO (k)ﬂ > 0forallk,l =1,2,...,r
with k # 1.
Then {x,,} converges strongly to II, Nr_, F(1;)%. where Ik is a generalized projection

of E onto a nonempty closed convex subset K of E.

In order to compare our main result with the theorem above, we consider an
analogous scheme to that in Theorem 4.2. For a given sequence {z,} in E, let
{y»} be such that

T
Yn = QnTpn + (1 — ap) Zﬂ,(f)Tan
i=0
for n € N, where 11,75, ...,7T, are mappings of C into itself, Tj is the identity
mapping on C, and {«,} and {@(li)} are sequences in [0,1] for ¢ = 0,1,2,...,r
Suppose that
(@) liminf, ., a, <1,
(i) lim infnéOO /By(f) >0foreachi=1,2,...7,
(i) Y i 0 n =1 for each n € N.

Then, letting vy, = a,, + (1 — an)ﬁn and

) 0 0) _ 1
o = {ﬂ()/( ) E@(P) ;

fori =1,2,...,r and n € N, we have that

<

Yn = QpTp + (1 - an) ﬂr(f)Tzwn

=0

= YnTpn + 1 - ’Yn Tzl'n

Ms

i=1

for every n € N. Then we can prove that the coefficients {~, } and {5,(;”} satisfy the
conditions assumed in Theorem 4.1 such as
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(@) liminf, v, <1,
(i) lim mfn_,oo 5( Y > 0 for each i = 1,2,.

(i) Y.;_, 0n’ =1 foreachn € N.
Indeed, since lim 1nfn4,00 ﬁn > 0 for eachi =1,2,...,7and > |_, Bfli) =1, we
have that

lim inf(1 — ﬁ(o)) = hmlanﬁ(Z) > th 1nfﬁ(’) > 0,

n—>- 00 n—-00
i=1 =1

and thus limsup,, (O) < 1. It follows that ﬂn < 1 for sufficiently large n and
hence

7

liminf 69 = lim inf g )( 57 = liminf B9 >0

n—-aoo n—-uoo 1 n—-ao0
for each 7 = 1,2,...,r. It is obvious that Z 10 ) = 1 for each n € N from the
definition of { 5 }

On the other hand, since liminf, . o, < 1 and limsup,,__, < 1, there

exist subsequences {a,, } C {a,} and {ﬂn(j)} C {/BT(L )} converging o < land 5 < 1,
respectively. Then we obtain that

lim 7, = lim a,, + (1 _O‘nj)ﬁr(g) —a+(1-a)s<1
j—o0

Jj—00

(0)

and hence liminf,, v, < 1.
From the argument above, we obtain the following result.

Theorem 4.3. Let E, C', and mappings 11,15, . .., T, be the same as in Theorem 4. 1.
Let T, be the identity mapping on C. For a point x € E chosen arbitrarily, generate
a sequence {x,} by the following iterative scheme: x; € C, C; = C, and

Yn = QpTy + (1 — Oén) Zﬂf«f)TziEm

i=0
Cny1=9{2€Ch :V(yn,2) <V(xpn,2)}
Tny1 = Re, @

Joralln € N, where {a,, }, {ﬁf,,i)} C [0,1] are sequences fori = 0,1,2, ..., r satisfying
the following conditions:
@) liminf, o a, <1,
(i) liminf, .. 57@ > 0 foreachi=1,2,...,r,
@) >0 ﬂr(f) =1 foreachn € N.
Then {z,,} converges strongly to Rnr_ p(1,)T.

Using the relations between generalized nonexpansive mappings and relatively
nonexpansive mappings, and between sunny generalized nonexpansive retractions
and generalized projections, we can see that the setting and the assumptions in
Theorem 4.3 are more general than that of Theorem 4.2; see [19, 6, ] for more
details.

In particular, in the case where the underlying space E is a Hilbert space, the
iterative schemes in Theorems 4.3 and 4.2 coincide with each other, except for the
assumptions of mappings and the control coefficients. It is easy to see that the
assumptions in Theorem 4.3 are milder than that of Theorem 4.2.
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