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ABSTRACT. In this paper, we introduce and consider a new class of vector mixed
quasi variational inequality and vector complementarity problem in a topological
vector space. We show that under certain conditions the solution set of the vector
mixed quasi complementarity problem equals to the solution set of the vector mixed
quasi variational inequalities. Using the Ky Fan’s lemma, we study the existence of
a solution of the vector mixed quasi variational inequalities and vector mixed quasi
complementarity problems. Moreover we discuss on some of our assumptions. Our
results extend those of Farajzadeh et al [Mixed quasi complementarity problems in
topological vector spaces, J. Global. Optim.,45 (2009) 229 - 235] to the vector case.

KEYWORDS : Complementarity problems; Mixed quasi-variational inequality; Ex-
istence results.

1. INTRODUCTION

Complementarity problems theory, which was introduced and studied by Lemke
[14]and Cottle and Dantzig [5] in early 1960’s, has enjoyed a vigorous and dynamics
growth. Complementarity problems have been extended and generalized in various
directions to study a large class of problems arising in industry, finance, optimiza-
tion, regional, physical, mathematical and engineering sciences, see [1-19]. Equally
important is the mathematical subject known as variational inequalities which was
introduced in early 1960’s. For the applications, physical formulation, numerical
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methods, dynamical system and sensitivity analysis of the mixed quasi variational
inequalities, see [1,5,15] and the references therein. It has been shown that if the
set involved in complementarity problems and variational inequalities is a convex
cone together with suitable assumptions then both the complementarity problems
and variational inequalities are equivalent, see Karamardian [13]. This equivalence
has played a central and crucial role in suggesting new and unified algorithms for
solving complementarity problem and its various generalizations and extensions,
see [1-19] and the references therein for more details.

Inspired and motivated by the reference [9], we introduce and analyze a new
class of vector mixed quasi variational inequality and vector mixed complemen-
tarity problem in topological vector spaces. These classes are quite general and
unifies several classes of complementarity problems in a general framework. Un-
der suitable conditions, we establish the equivalence between the vector mixed
quasi complementarity problem and vector mixed quasi variational inequalities
problem. This alternative equivalence is used to discuss several existence results
for the solution of the these problems by using Fan’s lemma in topological vector
spaces. The vector mixed quasi variational inequalities include vector mixed quasi
complementarity problems, f-complementarity problems, general complementar-
ity problems, various classes of vector variational inequalities and related vector
optimization problems as special cases.

2. PRELIMINARIES

Let X and Y be two real Hausdorff topological vector spaces and K be a non-
empty subset of X. Denote by L(X,Y) the space of all continuous linear mappings
from X into Y, and (¢, ) be the value of the linear continuous mapping ¢t € L(X,Y)
at z. Suppose that C : K — 2V is a set valued map with nonempty pointed ( that
is, C(u) N —=C(u) = {0} for all u € K) convex cone values, F' : K x K — Y, and
T:K — L(X,Y).

We consider the problem of finding v € K such that
(Tu,u) + F(u,u) =0, (Twu,v)+ F(v,u) € C(u), YveK, 2.1
which we call it the vector mixed quasi complementarity problem (VMQCP).

We note that if Y = R (real numbers) and C(u) = [0, 00), F'(v,u) = f(v),Yu,v €
K, then problem (1) is equivalent to finding u € K such that

(Tu,u) + f(u) =0, (Tu,v)+ f(v) >0, Yu,v€K, 2.2)

which is known as the f-complementarity problem, introduced and studied by
Itoh et al [12]. Moreover if F(v,u) = f(v), Vv € K, problem (1) reduces to the
vector version of Itoh et al’s problem introduced in [12]. For the applications and
numerical methods of problem (2), see [16, 2, 10].

If Flu,v) =0, for all u,v € K, and K* = {u € X* : (u,v) >0, Vv € K} is
a polar (dual) cone of the convex cone K, then the mixed quasi complementarity
problem (VMQCP) is equivalent to finding © € K such that

Tue K* and (Tu,u) =0, 2.3

which is called the general complementarity problem. For the recent applica-
tions, numerical results and formulation of the complementarity problems, see
[2,3,4,7,9,16] and the references therein.
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Related to the vector mixed quasi complementarity problem (1), we consider the
problem of finding u € K, where K is a nonempty subset of X, such that

(Tu,v —u) + F(v,u) — F(u,u) € C(u), Wve€K, (2.4

which we call it the vector mixed quasi variational inequality (VMQVIP). For the
formulation, numerical results, existence results, sensitivity analysis and dynam-
ical aspects of the scalar mixed quasi variational inequalities (that is Y = R), see
[1,8,10,13-19] and the references therein.

It is obvious that any solution of (VMQCP) is a solution of (VMQVIP). The following
example shows that the converse does not hold in general.

Example 2.1. Let X =Y =R, K = [0,400), F(z,y) =1,forallz,y € K, C(z) =
[0,400) for all € K and define T : K — R* = R by

T(:c){o if =0,

—1 otherwise.

Then u = 0 is a solution of (VMQVIP), whereas (VMQCP) hasn’t any solution. We
now show that the problems (1) and (4),under some conditions, are equivalent, that
is their solution sets are equal and this is the main motivation of our next result.

Theorem 2.2. Let K be a nonempty subset of a topological vector space X with
2K CK,and 0 € K. If F(2v,u) = 2F (v, u), for allu,v € K, then the solution sets
of (VMQCP) and (VMVIP) are equal.

Proof. It suffices to show that any solution of (VMQVIP) is a solution of (VMQCP).
Let © € K be a solution of the vector mixed quasi variational inequality (4). Then
by taking v = 0 and v = 2u in (4), we have

(Tu,—u) + F(0,u) — F(u,u) € C(u),
(Tu,u) + F(2u,u) — F(u,u) € C(u),
which implies, using F'(0,u) = 0, F(2u,u) = 2F(u,u), and C(u) N —C(u) = {0},
that
(Tu,u) + F(u,u) = 0. (2.5)
Also, from (5) and (4), we have , for all v € K,
(Tu,v) + F(v,u) =
(Tu,v) + F(v,u) — ((Tu,u) + F(u,u)) =
(Tu,v —u) + F(v,u) — F(u,u) € C(u)
that is,
(Tu,v) + F(v,u) € C(u), YveK. (2.6)
This shows that u € K is a solution of (VMQCP). O
Remark 2.3. (a) If K is a closed convex cone, then 0 € K, and 2K C K, but every
convex set with 0 € K, does not so. For instance, K = N U {0}, the set N denotes

the natural numbers, is not a convex cone while is a nonempty set with 2K C K|
and 0 € K.

(b) If F is positively homogeneous in the first variable then F'(2u, v) = 2F(u,v), Yu,v €
K. However the converse is not true, for instance, F'(u,v) = 0, for u rational and
F(u,v) = u, for u irrational, which is not positively homogeneous but satisfies
F(2u,v) = 2F (u,v) for u,v € K.
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In the rest of this section, we recall some definitions and Ky Fan’s lemma, which
will be used in the next section.
We shall denote by 24 the family of all subsets of A and by F (A) the family of all
nonempty finite subsets of A. Let X be a nonempty set, Y a topological space, and

I' : X — 2Y a multi-valued map. Then, I is called transfer closed-valued if, for
every y ¢ I'(z), there exists 2’ € X such that y ¢ cI['(z’), where ¢l denotes the
closure of a set. It is well-known that, I' : X — 2Y is transfer closed-valued if and
only if

() T(@) = ) dl(x).

zeX zeX
fBCYand AC X, thenT : A — 2B is called transfer closed-valued if the
set valued mapping *+ — I'(z) N B is transfer closed-valued. In this case where
X =Y and A = B, I is called transfer closed-valued on A.
Let X and Y are two topological vector space, K be a nonempty subset of Y, and
C C Y be nonempty and convex. The map f : K — Y is said to be C-convex if
for each 0 < A\ <1 and z1, 22 € K we have

)\f(l‘l) + (1 — )\)f(l'g) — f()\CL‘1 + (1 — )\)wg) eC.

Let K be a nonempty convex subset of a topological vector space X and let K, be
a subset of K. A set valued map I' : Ky — 2¥ is said to be a KKM map when

coA C U I'(z), VA € F(Ky),
z€A

where co denotes the convex hull.

Lemma 2.4. (Ky Fan|[7]). Let K be a nonempty subset of a topological vector space
X and F : K — 2% be a KKM mapping with closed values. Assume that there exist
a nonempty compact convex subset B of K such that D = (. F() is compact.
Then

M Flx)#0.

3. MAIN RESULTS

In this section, we provide some existence theorems in order to guarantee the
solution set of (VMQVIP) and (VMQCP) be nonempty and relatively compact.
Throughout this section ,unless otherwise specified, let X and Y be two real Haus-
dorff topological vector spaces and K be a nonempty convex subset of X. De-
note by L(X,Y’) the space of all continuous linear mappings from X into Y, and
(t,x) be the value of the linear continuous mapping ¢ € L(X,Y) at z. Suppose
that C' : K — 2Y is a set valued map with nonempty convex cone values and
F:KxK—Y,T: K— L(X,Y) are two mappings.

We need the following lemma for the next result.

Lemma 3.1. Let X be a topological vector space and E C X be compact and convex.
Let A = {ay,...,a,} be a finite subset of X. Then co(A U E) is compact.
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Proof. Let A, = {XI" ;\ie; : A\; >0, B, \; = 1}, where (e;) is the standard base
of R™. Define A : A1 X {a1} x ... x {an} Xx E — co(AU E) by

A()\l, ceey )\n+17 Ay .eey Apy 6) = E?:l)\iai + )\n+16.
It is clear that A is an onto continuous mapping and A, 11 X {a1} x ... X {a,} X E
is compact. Then co(AU E) = A(Ap41 X {a1} X ... x {a,} x E) is compact. The
proof is complete. O
Theorem 3.2. Assume that

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

() for each x € K\B, there exists y € D such that (T'(x),y —x) + F(y,x) —
F(z,z) ¢ C(x);
(i) for each fixed y € K, the set valued mapping G : K — 2V defined by
Gly) ={z e K:(Tz,y —x) + F(y,z) - F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) there exists a mapping h : K x K — Y such that
@ h(z,z) € C(z), Vo € K;
(i) (T(x),y —z) + F(y,z) — F(x,x) — h(z,y) € C(z), Yo,y € K,;
(i) the set {y € K : h(z,y) & C(x)} is convex, ¥V x € K.

Then (VMQ@VI) has a solution. Moreover, the solution set of (VMQV]) is relatively
compact.

Proof. For each fixed A € F(K), define the multi-valued maps I'4, IV co(A U
D) — 200(AUD) a5 follows:

Ta(y) ={x € co(AUD) : (T(x),y — z) + F(y,z) — F(z,z) € C(z)},
I::;(y) ={x €co(AUD): h(z,y) € C(x)}.

We show that T is a KKM mapping. On the contrary, suppose there exists M =
{z1,22,....;2,} € co(AU D), and z € coM, such that z & Uje(1,2,..., n}f(a:,) Then
h(z,z;) & C(z) fori = 1,2,3,...,n. It follows by (b)(iii) that, h(z,z) ¢ C(z) contra-
dicting (b)(i). Hence 1'/‘;; is a KKM map and so I" 4 is a KKM map ( since f(y) CI'(y),
for all y € K). By Lemma 2.1 the set co(A U D) is compact and convex and
hence by Lemma 1.4 the intersection ﬂxew( aup) Al A(z) is nonempty and so by
the assumption (ii) of (a) we have

ﬂ cl g(x) = ﬂ Ta(z).

z€co(AUD) z€co(AUD)

Hence M4 = (,cqo(aup) ['a(2) is nonempty. We consider the family

> ={Ma:Ac F(K)}.
It is clear that ) has finite intersection property ( note if Ay, ..., A, € F(K) then
N Mg, 2 MU;LzlAi)' Hence ﬂAef(K) M 4 is nonempty ( note (a)(i) implies M4 C B
for each A € F(K) and the family ) has finite intersection property) and so there
exists T € (), clM 4. Now if z is an arbitrary element of K then we claim that

<T(f)71‘ - j> + F(‘T7E) - F(fvf) € O(f)7
that is = is a solution of (VMQVI).
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To see this let S = {z,7}. Then

T e ( ﬂ clgMa)Neco(DUS) C ﬂ cleo(pus)I's(y) Nco(D U S) =
AeF(K) yeS

() Ts(y) Neo(DUS) CTg(x),

yeS
and so this proves the assertion. It is obvious from (a)(i) that the solution set of
(VMQVI) is a subset of B. O

Remark 3.3. Condition (a)(ii) of Theorem 2.2 holds when T, F' are continuous
mappings and the graph of the mapping C' is closed. The following simple example
shows that the continuity of the maps isn’t necessary condition to hold (a)(ii).
Let X =Y = R, and K be a non-singleton convex subset of X and let T'(z) =
0, F(z,z) = 0,F(xz,y) = 1 for x # y,. Then F is not continuous but the condition
(a)(ii) is satisfied. can fail.

Corollary 3.4. Assume that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\B, there exists y € D such that (T'(z),y — x) + F(y,z) —
Fz,x) ¢ C(x);

(i) for each fixed y € K, the set valued mapping G : K — 2Y defined by
Gy)={ze K:(Tx,y—z)+ F(y,z) — F(z,z) € C(z)}

is transfer closed on each compact convex subset K containing D

() the set {y € K : (Tz,y —z) + F(y,x) — F(z,z) ¢ C(x)} is convex,

VzekK.

Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is relatively
compact.

Proof. The result follows from Theorem 2.2 by defining h(z,y) = (Tx,y — x) +
F(y,z) — F(x,z), for each z,y € K.

Remark 3.5. The condition (b) of Corollary 2.4 holds if the function y — F(x,y)
is C(x)— convex for each x € K. To see this let A € [0, 1], and
(Tx,y; —x) + Fyi,x) — F(z,z) € Y\C(x), fori=1,2.

Since Y'\C(z) is an open set then there exists a balanced neighborhood V' of zero
such that we have

V4 ({(Te,yp —2) + Fly, x) — F(z,z)) € Y\C().

Moreover, note Y\C(z) is a cone, for each positive integer n we get

%(V b (T — a) + Flyn,2) — F(z,2)) € Y\C(@).  (2.1)

For sufficiently large positive integer n we have
1-A

7(@%2/2*@+F(y27$)*F(ﬂfax)) ev (2.2)
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From (2.1) and (2.2) we get
A(Tz, g1 — x) + Fyr, ) — F(a,2)) + (1= N((Tz,y2 — )+
F(ya,z) — F(z,2)) € Y\C(z) (2.3).
From the C'(z)— convexity we have

AF(y1,2) + (1L = N F(y2, ) — F(Ay1 + (1 — Nyz,z) € C(x) (2.4).

Finally (2.3), (2.4) and (Y\C(x)) — C(z) C Y\C(z) imply the result.
By combining Corollary 2.4 and Remark 2.5 we obtain the following result.

Theorem 3.6. Assume that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\B, there exists y € D such that (T'(x),y —z) + F(y,x) —
Fz,x) ¢ C(x);

(ii) for each fixed y € K, the set valued mapping G : K — 2V defined by
Gly) ={z e K:(Tz,y —x) + Fy,z) - F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) the functiony — F(z,y) is C(x)— convex, Vx € K;
Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is compact.

Theorem 3.7. Suppose that:

(@) there exist a nonempty compact subset B and a nonempty convex compact
subset D of K such that

(i) for each x € K\ B, there existy € D and an open neighborhood U, of x
in K such that

(T'(2),y = 2) + F(y,2) = F(2,2) € C(2),Vz € Uy;

(ii) for each fixed y € K, the set valued mapping G : K — 2" defined by
Gly)={ze K:(Tx,y —z)+ F(y,x) — F(z,z) € C(x)}
is transfer closed on each compact convex subset K containing D
(b) the functiony — F(x,y) is C(x)— convex, Vx € K;

Then, (VMQVI) has a solution. Moreover, the solution set of (VMQVI) is nonempty and
relative compact in K.

Proof. We define I' : K — 2K by
IN(y)={ze K:(T(x),y—z)+ Fy,z) — F(x,x) € C(z)}.

One can see, by using (b) and Remark 2.5, I' is a KKM map and so clI' is a KKM
mapping (Note I'(x) C ¢lI'(z) for all z € K). From (a)(i) we conclude [, ., clT'(z) C
B and hence Lemma 1.4 implies (., c/l'(z) # (). Then for each nonempty finite
subset A of K, by Lemmas 2.1, 1.4, we get ﬂa:Eco(DUA) cdl(z) # 0. Now we can
conclude the proof as the same manner of the proof of Theorem 2.2. t
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Theorem 3.8. Suppose that all assumptions of one of the Theorems 2.2, 2.6 or 2.7
or Corollary 2.4 are satisfied. If, 0 € K and F(2u,v) = 2F(u,v),Yu,v € K, then,
(VMQCP) has a solution. Moreover, the solution set of (VMQCP) is relative compact.

Proof. The result follows from Theorems 2.2 and 2.3. U
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