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ABSTRACT. In this paper, three classes of systems of generalized vector quasi-
equilibrium problems are introduced and studied in product FC-spaces without
convexity structure. We prove some new equilibrium existence theorems for three
classes of systems of generalized vector quasi-equilibrium problems in noncompact
product FC-spaces. These results improve and generalize some recent results in
literature to product FC-spaces without any convexity structure.
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FC— diagonal quasi-convex; C;(xr) — FFC'— quasi-convex; C;(z) — FC— quasi-
convex-like; FC-spaces.

1. INTRODUCTION

Let X be a convex subset of a real topological vector space F (in short t.v.s.) and
F: X x X — R be a given function with F'(x,z) > 0 for all z € X. By equilibrium
problem, Blum and Oettli [1] considered the problem of finding v € X such that
F(u,y) > 0 for all y € X. This problem contains optimization problems, Nash type
equilibria problems, variational inequality problems, complementary problems and
fixed point problems as special case. In 1980, Giannessi [2] introduced the vector
variational inequality problem in finite dimensional Euclidean spaces. From the
above applications, generalized vector quasi-equilibrium problems, and system of
generalized vector quasi-equilibrium problems have become important developed
directions of vector variational inequality theory, for example, see [4-26].
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In 2000, Ansari et al. [4] introduced the system of vector equilibrium problems
(for short, SVEP), that is, a family of equilibrium problems for vector-valued bifunc-
tions defined on a product set, with applications in vector optimization problems
and Nash equilibrium problem [5] for vector valued functions. Recently, Ansari
et al. [6] introduced the following concept of system of vector quasi-equilibrium
problems (in short, SVQEP) as follows (see also in [7-13]; Let I be any index set
and for each ¢ € I, let X; be a topological vector space. Consider a family of
nonempty convex subsets {K;};c; with K; C X;. We denote by K = [[,; K;
and X = [[,.; Xi. For each i € I, let Y; be a topological vector space and let
Ci: K —2Y,8;: K — 2Kiand F; : K x K; — 2 be multi-valued mappings.
The system of vector quasi-equilibrium problems (in short, SVQEP), that is, to find
x € K such that for each ¢ € I,

x; € Si(x) : Fi(x,y;) ¢ —intCi(x) Vy; € Si(x). (1.1)

If S;(x) = K, for all x € K, then (SVQEP) reduces to (SVEP) (see [4]) and if the
index set [ is singleton, then (SVQEP) becomes the vector quasi-equilibrium prob-
lem which contains vector quasi-optimization problem and vector quasi-variational
inequality problem as special cases (see [3]).

In 2010, Li and Li [14] considered three following problems. Let let X, Y and
Z be three real topological spaces, let X and Y be Hausdorff spaces, £ C X and
D C Z be two nonempty subsets. Let C : X — 2Y be set-valued mapping such
that C(x) be a proper, closed and convex cone of Y with nonempty interior. Let
S:E—2FT:E —2Pand F: ExDxE — 2Y be three set-valued maps. Three
classes of generalized vector quasi-equlilbrium problems: Find Z € F and z € T(Z)
such that

() (GVQEPD) z € S(z) and F(z,z) € —intC(z),Vy € S(z).
(i) (GVQEPI) z € S(z) and F(z,z) N —intC(Z) = 0,Vy € S(T).

(iii) (GVQEPII) 7 € (%) and F(z,2) C —C(z),Vy € S(%).
Moreover, they obtained some existence results by using the well know Fan-KKM
theorem without the compact assumption and unless otherwise specified.

On the other hand, it is well known that many existence theorems of maximal el-
ements for set-valued mappings have been established in topological vector spaces,
H-spaces and G-convex spaces by many authors. The notion of generalized convex
(in short, G-convex) spaces was introduced by Park and Kim in [15, 16] . In 2005,
Ding [17] was introduced the notion of a finitely continuous topological space (in
short, FC-space). It is clear that the class of G-convex spaces is a subclass of FC-
spaces. We emphasis that FC-space is a topological space without any convexity
structure.

Motivated and inspired by research works mentioned above, in this paper, we in-
troduce three classes of systems of generalized vector quasi-equilibrium problems
in product FC-spaces. Let X and Y be two nonempty sets. We denote by 2Y and
(X)) the family of all subsets of Y and the family of all nonempty finite subsets of
X, respectively. Let I be any index set. For each 7 € I, let X; and Y; be topological
spaces and Z; be a topological vector space. Let X = [[,.; X;,Y = [[,.;Yi and
fori € I and z € X, z; = m;(2) be the projection of z onto X;. For each i € I, let
A Y x X = 2% T, .Y x X — 2% 0; : X — 2% such that for each z € X, C;(z)
be a closed convex cone with nonempty interior, and ¥; : X; x Y x X — 2Zi pe
set-valued mappings.
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We consider the following three classes of systems of generalized vector quasi-
equilibrium problems:

() (SGVQEP 1) Find (§, %) € Y x X such that for each i € I,
Ui € T3(3, 2), 2 € Ai(§,2) and V;(x;,9, 2) € —intCy(2),Ya,; € Ai(7, 2).
(i) (SGVQEP 2) Find (3, %) € Y x X such that for each i € I,
yAi € T’Z(ga 2)7 ZAl € Al(ga 2) and \I/i(xiaga 72) N 7Zntcz(2) = @,VI'Z S Al(ga ’2)
(iii) (SGVQEP 3) Find (7, %) € Y x X such that for each i € I,
yAi c Tl(]),é), Z; € Al(:lj,é) and \I/z({L'Z, z}, ,2) C —Cl(ZA),V.’ﬁZ S Az(ﬁ, ,2)
Let Vj be a topological vector space ordered by a proper closed convex cone D in
Vopandlet h:Y x X — 2% is a set-valued mapping. ~ Moreover, we introduce the
notations of C;(z) — F'C—diagonal quasi-convex, C;(x) — F'C'—quasi-convex and
C;(z) — FC'—quasiconvex-like for set-valued mappings in FC-space. By using these
notions and an existence theorem of maximal elements for a family of set-valued
mappings, we prove some new existence theorems of solutions for the SGVQEP (1),
SGVQEP (2) and SGVQEP (3) in noncompact product FC-spaces without convexity

structure. These results improve and generalize some recent known results in
literature to noncompact FC-spaces.

2. PRELIMINARIES

Let A, be the standard n-dimensional simplex with vertices {eg, €1,...,e,}. If
J is a nonempty subset of {0,1,...,n}, we denote by A; the convex hull of the
vertices {e; : j € J}. The following notion was introduced by Ben-El-Mechaiekh et
al. [18].

Definition 2.1. (X,I') is said to be a L-convex space if X is a topological space
andI' : (X) — 2% is a mapping such that for each N € (X) with |N| = n+1, there
exists a continuous mapping ¢y : A, — I'(N) satisfying A € (N) with [A] =J+1
implies pn(A;) C I'(A), where A is the face of Ay corresponding to A.

The following notion of a finitely continuous topological space (in short, FC-
space) was introduced by Ding [17].

Definition 2.2. (X, py) is said to be a FC-space if X is a topological space and
for each N = {xq,...,2,} € (X) where some elements in N may be same, there
exists a continuous mapping ¢y : A, — X. A subset D of (X, ¢y) is said to be a
FC-subspace of X if for each N = {zg,...,x,} € (X) and for each {z;,,...,2;, } C
NN D,pn(Ar) C D, where A = co({e;; : j =0,...,k}).

It is clear that any convex subset of a topological vector space, any H-space

introduced by Horvath [19], any G-convex space introduced by Park and Kim [15,
], and any L-convex spaces introduced by Ben-El-Mechaiekh et al. [18] are all
FC-space.

By the definition of FC-subspaces of a FC-space, it is easy to see that if {B;} € T
is a family of FC-subspaces of a FC-space (Y, ¢py) and N;c;B; # 0, then N B; is
also a FC-subspace of (Y, ¢n) where I is any index set. For a subset A of (Y, pn),
we can define the FC-hull of A as follows:

FC(A) :ﬂ{B CY:AC BandBis FC — subspace of Y}.

Clearly, FC(A) is the smallest FC-subspace of Y containing A and each FC-
subspace of a FC-space is also a FC-space.
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Lemma 2.3. [20] Let (Y, pn) be a FC-space and A be a nonempty subset of Y .
Then

FC(A) = J{FC(N): N € (A)}.

Lemma 2.4. [20] Let X be a topological space, (Y, pn) be a FC-space and G : X —
2Y be such that G~}(y) = {x € X : y € G(z)} is compactly open in X for each
y € Y. Then the mapping FC(G) : X — 2Y defined by FC(G)(x) = FC(G(z)) for
eachz € X satisfies that (FC(G))™!(y) is also compactly open in X for eachy € Y.

Lemma 2.5. [17] Let I be any index set. For eachi € I, let (Y;, ¢n,) be a FC-space.
LetY = [[,c;Yi and o = [[;c; ¢n,- Then (Y, ¢on) is also a FC-space.

Lemma 2.6. [20] Let I be any index set. For eachi € I, let (X;, ¢n,) be a FC-space,
X = Hie[ X; and K be a compact subset of X. Foreachi € I, let G; : X — 2% be
such that
(i) foreachi € I andx € X, G;(x) is a FC-subspace of X;,
(i) foreachz € X, m;(z) ¢ G;(x) foralli € I,
(iii) for eachy; € X;, G ! (yi) is compactly open in X
(iv) for each N; € (X;), there exists a nonempty compact FC-subspace Ly, of
X, containing N; and for each x € X \ K, there exists i € I satisfying
Ly, NGi(z) #£ 0.
Then there exists # € K such that G;(£) = 0, foreach i € I.

Lemma 2.7. [21] Let X and Y be topological spaces and G : X — 2Y be a set-
valued mapping. Then G is lower semicontinuous in x € X if and only if for any
y € G(z) and any net {z,} C X satisfying o — x, there exists a net {y,} such
that y,, € G(z,) and y, — y.

Lemma 2.8. [22] Let X,Y and Z be topological spaces. Let F : X x Y — 2% and
C : X — 2% pe set-valued mappings such that
(i) C has closed (resp., open) graph,
(i) for eachy € Y, F(-,y) is lower semicontinuous on each compact subset of
X.
Then the mapping F* : Y — 2% defined by F*(y) = {x € X : F(x,y) C C(z)}
(resp., F*(y) = {x € X : F(x,y) N C(x) = 0}) has compactly closed values.

Lemma 2.9. [22] Let X,Y and Z be topological spaces. Let F : X x Y — 2% and
C : X — 2% pe set-valued mappings such that
(i) C has closed (resp., open) graph in X x Z,
(i) for eachy € Y, F(-,y) is upper semicontinuous on each compact subset of
X with nonempty compactly closed values.
Then the mapping F* : Y — 2% defined by F*(y) = {x € X : F(z,y) € C(z)}
(resp., F*(y) = {z € X : F(z,y) N C(x) # 0}) has compactly closed values.

3. THE EXISTENCE OF THE SYSTEM OF GENERALIZED VARIATIONAL
INEQUALITY

Throughout this section, unless otherwise specified, we assume the following
notations and assumptions. Let I be any index set. For each ¢ € I, let (X;, on,)
and (Yz,golN) be F'C'—spaces, and Z; be a nonempty set. Let X = [[,.; X; and
Y = [l;c; Y. Foreachi € I,let A; : Y x X — 2% T, : Y x X — 2%and
C; : Y x X — 2% such that for each z € X, C;(z) be a closed convex cone with
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nonempty interior, ¥; : X; x Y x X — 2% be set valued mappings. From Li and Li
[14] and Ding [22], we first propose the following generalized convexity definitions.

Definition 3.1. Let I be any index set. For each i € I, let (X;, pn,) and (Y5, cp/Ni)
be F'C—spaces, and Z; be a nonempty set. Let X = [[,.; X; and Y = [[,.; V.
Foreachi € I,let 4, : Y x X =25 T, : Y x X - 2¥and C; : ¥ x X — 2%
such that for each z € X, C;(z) be a closed convex cone with nonempty interior,
U, : X; xY x X — 2% be set valued mappings. For eachi € [ and y € Y, U, :
X; XY x X — 2% is said to be

(i) ¥, is said to be C’,»(z) — FC— diagonal quasi-convex of weak type 1 in first
argument if each N; = {z;0,...,2;n} € (X;) and for each z € X with
z; € FC(N;), there exists j € {0,...,k} such that

(i) ¥, is said to be C;(z) — FC'— diagonal quasi-convex of weak type 2 in first
argument if each N; = {x;0,...,2;n} € (X;) and for each z € X with
z; € FC(N;), there exists j € {0, ..., k} such that

Ui(2i,,y,2) N —intCi(z) = 0,

(iii) ¥; is said to be C;(z) — FC— diagonal quasi-convex of strong type 1 in
first argument if each N; = {z;0,...,%;n} € (X;) and for each z € X
with z; € FC(N;), there exists j € {0, ..., k} such that

Vi(zi;,y,2) C Ci(2).

(iii) ¥; is said to be C;(z) — FC— diagonal quasi-convex of strong type 2 in
first argument if each N; = {z;0,...,%;»} € (X;) and for each z € X
with z; € FC(N;), there exists j € {0, ..., k} such that

Now, we establish an existence result for a solution of systems of generalized
vector quasi-equilibrium problems (SGVQEP) as follows :

Theorem 3.2. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Joreachi € I, the following condition are satisfied;

() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T, (u;) and A (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — U;(z;,y,2) is upper semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, ¥, : X;xY x X — 2% is C;(z)— F C—diagonal quasi-convex
of wealk type 1 in first argument;

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,z) N Ly, and v; € A;(y, z) N Ly, satisfying ¥, (0;,y, z) C —intC;(2).
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Then the solution set My of SGVQEP(1) is nonempty and compact in H X K, where
My ={(y,2) € HxK :y; € T;(y,2), zi € Ai(y, 2) and ¥;(x;,y,z) € —intCy(z),Va; €
Az(ya Z)7Z € I}

Proof. Step I. Show that M is nonempty.
For each i € I, we define a set-valued mapping P; : Y x X — 2%i by

Pi(y,z) ={x; € X; : (25,9, 2) C —intCi(2)},V(y,2) €Y x X.
We now, show that for each i € I and (y,2) € Y x X
zi =mi(2) ¢ FC(P;(y, 2)). (3.1
If it is false, then there exist i € I and (3,Z) € Y x X such that z; = m;(2) €

FC(P;(y,Z)). Hence by Lemma 2.3, there exists N; = {@;0,...,Tin} € (Pi(7, 2))
such that Z; = m;(2) € FC(N;). Thus, we have

Vi(xi;,9,2) C —intCy(2),¥j = 0,...,n.
By (iv) and Definition 3.1.(i), there exists j € {O7 ... ,n} such that

\Ifl($l7 5 g, 2) ,¢_ fth’l(Z),Vj == 0, ey Ny
which is a contradiction. Then, for each ¢ € I and (y,2) € Y x X,z = m(z) ¢
FC(P;(y, z)). Hence by condition (iii) and Lemma 2.9, for each i € I and z; € X,
the set

P w) ={(y,2) €Y x X : Wi(3,y,2) C —intCi(2)}
is compactly open in € Y x X. From Lemma 2.4 that (FC(FP;))"!(z;) is also
compactly open in € Y X X for each z; € X;. By Lemma 2.5, it follows ¢ € I,Y; X X;
is a FC-space and Y x X is also a FC-space for all ¢ € I.
Next, for each i € I, we define a set-valued mapping G; : Y x X — 2Yi*¥Xi py

Ti(y, z) x [Ai(y, ) N FC(P(y, 2))], if (y,2) € Wi,
Ti<yﬂz) X Ai(yvz)v zf(y7z) ¢ Wi.

By condition (i), for each i € I and (y,2) € Y x X, G,(y, ) is an FC-subspace of
Y; x X;. From the definition of W; and (3.2), (y;,2;) ¢ Gi(y, z), for each i € I and
(y,2) €Y x X.

Then, for each ¢ € I and (u;,v;) € Y; x X;, we have

Gy Muiv) = [T (w) () A7 (o) (YFC(P)) ™ (v3)]
UL < X\W) ()T (wa) () A7 (00)].

Since (FC(P;))~1(v;) is compactly open in Y x X for each v; € X;, it follows by
the condition (ii) that G;l (ui, vi) is also compactly open in Y x X. By (vi), for each
H; = M; x N; € (Y; x X;) there exists compact FC-subspace Ly, = Ly, X Ly, of
Y, x X, containing H; such that

Thus all conditions of Lemma 2.6 are satisfied. Hence by Lemma 2.6, there exists
(9,2) € H x K such that G;(y,2) = 0 for each i € I. If (y,2) ¢ W, for some
J € I, then either T;(y, 2) = 0 or A;(3,%) = 0, which contradicts the condition (i).
Therefore, (§, 2) € W; for all ¢ € I. This implies that for each i € I,4; € T;(§,2), 4; €
Ai(9,2) and A; (g, 2)NFC(P;(9, 2)) = @ and hence A;(7, 2)NP;(g, 2) = 0. Therefore,
foreachi € I,y; € Ti(9,2), 2; € Ai(9, 2) and
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Hence, (¢, 2) € My,and M, is nonempty.
Step II. Show that M; is compact.
By condition (iii) and Lemma 2.9, we note that, for each ¢ € I and v; € X;, the set

{(y,2) €Y x X : U;(vy,y, 2) € —intCi(2)}
is compactly closed in Y x X. This implies that the set
{(y,2) € HX K : V;(z;,y,2) € —intC;(2),Va; € Ai(y, 2)}
is closed in H x K, for all 7 € I. By condition (v), the set
W, ={(y,z) e Hx K :y; € T;(y,2),2; € A;(y,2)}

is also closed in H x K for each i € I. It follows that M, is closed in H x K. Hence
H x K is compact in Y x X and therefore M; is nonempty and compact . This
completes the proof. (I

Theorem 3.3. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Soreachi € I, the following condition are satisfied;

() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T,  (u;) and A; ' (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y,;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, ¥, : X;xY x X — 2% is C;(z)— F C—diagonal quasi-convex
of wealk type 2 in first argument;

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; X
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,2)N Ly, and v; € A;(y, 2)N Ly, satisfying ¥, (v;,y, 2) N (—intCi(2)) #
0

Then the solution set M> of SGVQEP(2) is nonempty and compact in H X K, where
M2 = {(yvz) EHXK: Yi € Tl(yaz)wzz € Al(yaz) and \Ijz(xzvyvz) N (—thZ(z)) =
0,Vz; € Ai(y, 2),1 € T}.

Proof. For each i € I, we define a set-valued mapping P, : Y x X — 2% by
Pi(y,z) ={z; € X; : Vi(zs,y,2) N (—intCi(2)) # 0},Y(y,2) €Y x X.
We now show that, for each i € [ and (y,z) € Y x X,
zi =mi(2) ¢ FC(P;(y,2)). (3.2)

If it is false, then there exist ¢ € I and (3,%) € Y X X such that z; = m;(2) €
FC(P;(y,z)). Hence by Lemma 2.3, there exists N; = {2;0,...,2Zin} € (P;(7,2)).
such that z; = m;(2) € FC(N;). Thus, we note that

\I’i(l'ij,ﬂ, Z) - —thZ(Z),Vj =0,...,n.
It follows by (iv) and Definition 3.1.(ii) that there exists j € {0,...,n} such that
\Ifi(l'i].,:lj, 2) g —thZ(Z),V] = 0, ey
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which is a contradiction. Hence, for each i € [ and (y,2) € Y x X, z; = m;(2) ¢
FC(P;(y, z)). By condition (iii) and Lemma 2.8, we note that, the set

P x) = {(y,2) €Y x X : U(z4,y,2) N (—intCy(z)) # 0}

7
is compactly openin € Y x X for all ¢ € I and z; € X;. It follows from Lemma 2.4
that (FC(P;))~!(x;) is also compactly open in € Y x X for each x; € X;. Hence,
by Lemma 2.5, for each 7 € I,Y; X X; is a FC-space and Y X X is also an FC-space.
By the similar argument as in the proof of Theorem 3.2, we obtain the desired
result. O

Theorem 3.4. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I, C;(z) be closed convex cone with nonempty interior. Suppose that
foreachi e I,

(i) foreach(y,z) € Y x X,T;(y, z) and A;(y, z) are nonempty F'C—subspaces
of Y; and X;, respectively;

(i) for each (u;,v;) € Y; X Xi,Tfl(ui) and A;l(vi) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, U, : X;xY x X — 2%i is C;(z)— FC—diagonal quasi-convex
of strong type 1 in first argument;

W) theset W; = {(y,2) € Y x X 1 y; € Ti(y,2),2z € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, x Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi el, 121 €
Ti(y,z) N Ly, and o; € Ai(y, z) N Ly, satisfying ¥;(0;,y,2z) € —C;(z

Then the solution set M3 of SGVQEP(3) is nonempty and compact in H x K, where
Ms={(y,2) €e Hx K :y; € T;(y,2),z € Ai(y,2) and V;(2;,y,2) C —C;(2),Vz; €
Ai(y,z),i €I}

Proof. For each i € I, we define a set-valued mapping P; : Y x X — 2% by
Pi(y,z) ={z; € X; : ¥i(w;,y,2) € —Ci(2)},V(y,2) € Y x X.
We now show that, for each i € I and (y,2) € Y x X
zi =m(2) ¢ FC(P;(y, 2)). (3.3)

If it is false, then there exist ¢ € I and (7,Z) € Y x X such that z; = m;(2) €
FC(P;(y,z)). Hence by Lemma 2.3, there exists N; = {%;0,...,2Zin} € (P;(7, 2)).
such that z; = m;(2) € FC ( ;). Thus, we note that
(i, 9,2) € —Ci(2),¥j =0,...,n

It follows (iv) and Definition 3.1.(iii) that there exists j € {0,...,n} such that

Vi(zi,,9,2) C —Ci(2),¥j =0,...,n
which is a contradiction. Hence, for each ¢ € [ and (y,2) € Y x X,z = mi(2) ¢
FC(P;(y, z)). Then by condition (iii) and Lemma 2.8, for each i € [ and z; € X,
the set

Pl (wi) ={(y.2) €Y x X : Wi(wi,y,2) € —Cilz

is compactly open in € Y x X. It follows from Lemma 2.4 that (FO(P;) ™ (xy)
is also compactly open in € Y x X for each z; € X;. Hence, by Lemma 2.5, for
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eacht € I,Y; x X; is a FC-space and Y x X is also an FC-space. By the similar
argument as in the proof of Theorem 3.2, we obtain the desired result. U

Definition 3.5. For eachi € [ and (y,2) € Y x X, ¥; : X; x Y x X — 2% is said
to be
() C;(z) — FC— quasi-convex in first argument if each (y,z) € Y x X, N; =
{SC@(), e ,xi,n} S <X1>, {Iiﬂ;u, e 7Ii,ik} C Nz and QZ,T S (,0/N1 (Ak), there
exists j € {0, ..., k} such that

\Iji(‘ri,ijayvz) C Wi(z},y,2) + Ci(2),

(i) C;(z) — FC— quasi-convex-like in first argument if each (y,2) € ¥ x X,
Ni = {xi@, . ,xi,n} S <Xi>, {xmo, . ,xi,ik} C NL' and l‘:( S (pNi (Ak),
there exists j € {0,...,k} such that

Wiz, y,2) C Vi(2ii;,y,2) — Ci(2).
Form Ding [23], we give the following lemma;

Lemma 3.6. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: be a set-valued mapping, such that for each z € X, C;(z) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC—quasiconvex-like in first argument, then, the set

{w; € X; : Ui (wy,y,2) € —intCy(2)}
is FC-subspace of X;.

Lemma 3.7. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: be a set-valued mapping, such that for each z € X, Ci(z) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC'—quasiconvex in first argument, then, the set

{z; € Xi : Uy(xy,y,2) N —intCy(z) = 0}
is FC-subspace of X;.

Lemma 3.8. [23] For eachi € I, let Z; be a topological vector space and C; : X —
2%: pe a set-valued mapping, such that for each z € X, Ci(2) is closed convex cone
in Z; with nonempty interior. If foreachi € I,(y,z) € Y x X, ¥; : X; xY x X — 2%
is C;(z) — FC'—quasiconvex-like in first argument, then, the set

{z; € X5 W(w4,y,2) C —Ci(2)}
is FC-subspace of X;.

Theorem 3.9. Let K and H be nonempty compact subsets of X and Y, respectively,
and for eachi € I,C;(z) be closed convex cone with nonempty interior. Suppose that
Joreachi € I, the following condition are satisfied;

(i) foreach(y,z2) € Y x X, T;(y, z) and A;(y, z) are nonempty F'C'—subspaces
of Y; and X;, respectively;

(ii) for each (u;,v;) € Y; x X;, T, (u;) and A; ' (v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — Y;(x;,y,2) is upper semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X, V¥, : X; x Y x X — 2% is C;(z) — FC— quasi-convex-like
in first argument and for each (y,z) € Y x X, ¥;(x;,y,2) € —intCy(2);



176 K. SOMBUT, S. PLUBTIENG/JNAO : VOL. 2, NO. 1, (2011), 167 - 179

) theset W; = {(y,2) € Y x X : y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;
(vi) there exists nonempty compact subset H X K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
T;(y,z) N Ly, and 0; € A;(y, 2) N Ly, satisfying ;(v;,y, z) C —intC;i(z).
Then the solution set My of SGVQEP(1) is nonempty and compact in H x K, where
My ={(y,2) € HxK :y; € T;(y,2), zi € Ai(y, z) and ¥;(x;,y,z) € —intC;(z),Va; €
Ay, 2),i € I}.

Proof. We first show that, ¥, is C;(z) — F'C'—diagonal quasi-convex of SK-type 1
in first argument for all © € I and z € X. If it is false, then there exist ¢ € I,
N; = {zio,...,zin} € (X;) and for each z € X with z; € FC(N;), such that
Vi(zi,,y,2) C —intCi(z), for all j € {0,...,k}. Hence, we obtain N; C P;(y, z). It
follows from (iv) and Lemma 3.6 that for each i € [ and (y,2) € Y x X, P;(y, Z) is an
FC-subspace of X;. Then we have z; € FC(N;) C P;(y,z), which contradicts the
fact that for each (y,2) € Y x X, z; ¢ P;(y, z). Therefore, for each i € ] and z € X,
U, is C;(z) — FC—diagonal quasi-convex of SK-type 1 in first argument. Thus all
conditions of Theorem 3.2 for the SGVQEP(1) are satisfied. Hence the conclusion
of Theorem 3.9 hold from Theorem 3.2. This completes the proof. g

Theorem 3.10. Let K and H be nonempty compact subsets of X and Y, respec-
tively, and for each i € I,C;(z) be closed convex cone with nonempty interior. Sup-
pose that for each i € I, the following condition are satisfied;

(i) foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC'—subspaces
of Y; and X, respectively;

(i) for each (u;,v;) € Vi x Xy, T, (u;) and A;*(v;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — P;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X,¥; : X; x Y x X — 2% is Cy(z) — FC— quasi-convex in
first argument and for each (y,z) € Y x X, V,;(z;,y,2) N (—intC;(2)) = 0;

) the set W; = {(y,2) € Y x X :y; € T;(y,2),2; € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H X K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, x Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
%}(y, 2)N Ly, and o; € A;(y, z)N Ly, satisfying ¥, (v;,y, 2) N (—intCi(2)) #

Then the solution set Ms of SGVQEP(2) is nonempty and compact in H X K, where
My ={(y,2) € Hx K :y; € T;(y,2), 2 € Ai(y,2) and ¥;(x;,y,z) N (—intC;(z)) =
0,Vz; € Ai(y,2),i € I}.

Proof. We first show that ,¥U; is C;(z) — FC'—diagonal quasi-convex of SK-type 2
in first argument, for each ¢+ € I and z € X. If it is false, then, there exist i € I,
N; = {zio,...,zin}t € (X;) and for each z € X with z; € FC(N,), such that
Ui(xi;,y,2z) N —intCi(z) # @ for all j € {0,...,k}. Hence, we obtain N; C P;(y, ).
It follows from (iv) and Lemma 3.7 that for each ¢ € I and (y,2) € Y x X, P;(y, 2)
is an FC-subspace of X;. Then we have z; € FC(N;) C P;(y, Z), which contradicts
the fact that for each (y,z) € Y x X, z; ¢ Pi(y, z). Therefore, for each i € I and
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z € X, ¥, is C;(z) — FC—diagonal quasi-convex of SK-type 2 in first argument.
Thus all conditions of Theorem 3.3 for the SGVQEP(2) are satisfied. Hence the
conclusion of Theorem 3.10 hold from Theorem 3.3. This completes the proof. [

By applying Lemma 2.6, Lemma 3.8 and the similar argument as in the proof of
Theorem 3.9-3.10, we can easily prove the following results.

Theorem 3.11. Let K and H be nonempty compact subsets of X and Y, respec-
tively, and for each i € I, C;(z) be closed convex cone with nonempty interior. Sup-
pose that for eachi € I,
() foreach(y,z) € Y x X, T;(y, z) and A;(y, z) are nonempty FC—subspaces
of Y; and X;, respectively;

(i) for each (u;,v;) € Y; x X,;,Ti_l(ui) and Ai_l(v,;) are compactly open in
Y x X;

(iii) the mapping z — intC;(z) has an open graph and for each x; € X;, the
mapping (y,z) — P,;(x;,y,2) is lower semicontinuous on each compact
subsets of Y x X with nonempty compactly closed values;

(iv) foreachz € X,V; : X; x Y x X — 2% is C;(z) — FC—quasi-convex-like
in first argument and for each (y,z) € Y x X, V;(z;,y,2) C —C;(2);

() the set W; = {(y,2) € Y x X 1 y; € Ti(y,2),2 € Ai(y,2)} is compactly
closedinY x X;

(vi) there exists nonempty compact subset H x K of Y x X, and for each M; x
N; € (Y; x X;), there exists compact FC-subspace Ly, X Ly, containing
M; x N; such that for each (y,z) € Y x X \ H x K, there existi € I,u; €
Ti(y,z) N Ly, and v; € A;(y, z) N Ly, satisfying ¥;(0;,y, z) € —Ci(2).

Then the solution set M3 of SGVQEP(3) is nonempty and compact in H X K, where
Ms={(y,2) e Hx K :y; € T;(y, 2), z € Ai(y,2) and ¥;(z;,y,2) C —Cy(2),Vz; €
Ai(y,z),i eI}
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