Analysis and.
Journal of Nonlinear Analysis and Optimization B
Vol. 2, No. 1, (2011), 155 - 166 s iy
ISSN : 1906-9685 Sy

http://www.sci.nu.ac.th/jnao

WEAK CONVERGENCE THEOREMS FOR GENERALIZED
HYBRID MAPPINGS IN BANACH SPACES

WATARU TAKAHASHI!*, JEN-CHIH YAO?

!Department of Mathematical and Computing Sciences, Tokyo Institute of
Technology, Japan and Applied Mathematics, National Sun Yay-sen University,
Taiwan
2Department of Applied Mathematics, National Sun Yat-sen University,
Kaohsiung 80424, Taiwan

ABSTRACT. Let E be a real Banach space and let C' be a nonempty subset of E.
A mapping T : C' — F is called generalized hybrid if there are «, 3 € R such that
alTz =Ty + (1 = a)|lz = Ty|* < BTz — y|* + (1 = B) |l — yII?

for all z,y € C. In this paper, we first deal with some properties for generalized
hybrid mappings in a Banach space. Then, we prove weak convergence theorems
of Mann’s type for such mappings in a Banach space satisfying Opial’s condition.

KEYWORDS : Banach space; Nonexpansive mapping; Nonspreading mapping; Hy-
brid mapping; Fixed point; Weak convergence.

1. INTRODUCTION

Let H be a real Hilbert space and let C' be a nonempty subset of H. Then a
mapping T : C — H is said to be nonexpansive if |7z — Ty|| < ||l — y|| for all
x,y € C. An important example of nonexpansive mappings in a Hilbert space is a
firmly nonexpansive mapping. A mapping F' is said to be firmly nonexpansive if

|Fa — Fy|?> < (z —y, Fz — Fy)

for all z,y € C; see, for instance, Browder [3] and Goebel and Kirk [7]. It is
known that a firmly nonexpansive mapping F' can be deduced from an equilibrium
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problem in a Hilbert space; see, for instance, [2] and [6]. Recently, Kohsaka and
Takahashi [15], and Takahashi [21] introduced the following nonlinear mappings
which are deduced from a firmly nonexpansive mapping in a Hilbert space. A
mapping T : C — H is called nonspreading [15] if

2|Tx - Ty|* < | Tz — ylI* + | Ty — || (1.1
for all z,y € C. Amapping T : C — H is called hybrid [21] if
3|1 T2 — Tyl* < llo — yll* + 1 Tx — yl* + | Ty — =] (1.2)

for all z,y € C. They proved fixed point theorems for such mappings; see also
Kohsaka and Takahashi [14], Iemoto and Takahashi [10] and Takahashi and Yao
[23]. Motivated by these mappings and results, Aoyama, Iemoto, Kohsaka and
Takahashi [1] introduced a broad class of nonlinear mappings in a Hilbert space
called A-hybrid which contains the classes of nonexpansive mappings, nonspread-
ing mappings, and hybrid mappings. Furthermore, Kocourek, Takahashi and Yao
[12] introduced a more broad class of nonlinear mappings than the class of A-
hybrid mappings in a Hilbert space. They called such a class the class of gener-
alized hybrid mappings and then proved general fixed point theorems and some
convergence theorems in a Hilbert space; see also [25] and [8]. Hsu, Takahashi
and Yao [9] extended this class of generalized hybrid mappings in a Hilbert space
to Banach spaces and they also called such a class the class of generalized hybrid
mappings. Further, they proved general fixed point theorems in a Banach space;
see also [13].

In this paper, we first deal with some properties for generalized hybrid mappings
in a Banach space. Then, we prove weak convergence theorems for such mappings
in a Banach space satisfying Opial’s condition.

2. PRELIMINARIES

Throughout this paper, we denote by N the set of positive integers and by R the
set of real numbers. Let E be a real Banach space with norm || - || and let E* be the
topological dual space of E. We denote the value of y* € E* at x € F by (x,y*).
When {z,} is a sequence in E, we denote the strong convergence of {z,} tox € E
by x, — = and the weak convergence by x,, — x. The modulus ¢ of convexity of
FE is defined by

o9 =int {1- XM o < 1y < 10 - ) 2 €

for every € with 0 < € < 2. A Banach space E is said to be uniformly convex if
0(€) > 0 for every € > 0. A uniformly convex Banach space is strictly convex and
reflexive. Let C be a nonempty subset of a Banach space F. AmappingT : C — FE
is nonexpansive if || Tz — Ty|| < ||z — y| for all z,y € C. Amapping T : C — E'is
quasi-nonexpansive if F(T') # () and | Tz —y|| < ||[z—y| forallz € C andy € F(T),
where F(T) is the set of fixed points of T'. If C' is a nonempty closed convex subset
of a strictly convex Banach space E and T : C' — (' is quasi-nonexpansive, then
F(T) is closed and convex; see Itoh and Takahashi [1 1]. Let F be a Banach space.
The duality mapping .J from E into 27 " is defined by

Jo={z" € B*: (w,a") = ||z]* = [|="|*}
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forevery x € E. Let U = {z € E : ||z|| = 1}. The norm of FE is said to be Gateaux
differentiable if for each z,y € U, the limit

N e ]

t—0 t
exists. In the case, E is called smooth. We know that F is smooth if and only if J is
a single-valued mapping of F into E*. We also know that F is reflexive if and only
if J is surjective, and E is strictly convex if and only if .J is one-to-one. Therefore, if
E is a smooth, strictly convex and reflexive Banach space, then J is a single-valued
bijection. The norm of F is said to be uniformly Gateaux differentiable if for each
y € U, the limit (2.1) is attained uniformly for x € U. It is also said to be Fréchet
differentiable if for each x € U, the limit (2.1) is attained uniformly for y € U. A
Banach space F is called uniformly smooth if the limit (2.1) is attained uniformly
for z,y € U. It is known that if the norm of E is uniformly Gateaux differentiable,
then J is norm to weak® uniformly continuous on each bounded subset of E, and
if the norm of E is Fréchet differentiable, then J is norm to norm continuous. If
FE is uniformly smooth, J is norm to norm uniformly continuous on each bounded
subset of £/. For more details, see [19, 20]. The following results are also in [19, 20].

(2.1)

Theorem 2.1. Let E be a Banach space and let J be the duality mapping on E.
Then, for any x,y € E,

l2l* = llyl* = 2(z = v, ),
where j € Jy.

Theorem 2.2. Let E be a smooth Banach space and let J be the duality mapping
onE. Then, (x —y,Jx — Jy) > 0 forallx,y € E. Further, if E is strictly convex and
(x —y,Jxr — Jy) =0, thenz = y.

The following result was proved by Xu [26].

Theorem 2.3 (Xu [26]). Let FE be a uniformly convex Banach space and let r > 0.
Then there exists a strictly increasing, continuous and convex function g : [0, 00) —
[0, 00) such that g(0) = 0 and

Az + (1= Nyl* < Azl + (1= N[lyll* = A1 = Ng(llz —yl)
forallz,y € B, and A with0 < A< 1, where B, = {z € E : ||z|| < r}.

Let E be a Banach space. Then, F satisfies Opial’s condition [17] if for any {x,,}

of F such that x,, — x and x # y,

liminf ||z, — z|| < liminf ||z, — y|.

n—-oo n——aoo
Let F be a Banach space and let A C Ex E. Then, Ais accretive if for (21, y1), (x2,92) €
A, there exists j € J(x1 —x3) such that (y; —ys, j) > 0, where J is the duality map-
ping of E. An accretive operator A C E x E is called m-accretive if R(I+rA) = E for
all > 0, where I is the identity operator and R(I+rA) is the range of [+rA. Anac-
cretive operator A C E'x E is said to satisfy the range condition if D(A) C R(I+rA)
for all » > 0, where W is the closure of the domain D(A) of A. An m-accretive
operator satisfies the range condition.

3. GENERALIZED HYBRID MAPPINGS IN BANACH SPACES

Let E be a Banach space and let C be a nonempty subset of E. Then, a mapping
T : C — F is said to be firmly nonexpansive [4] if

||T.’E - Ty||2 < <‘r - y7j>7
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forall z,y € C, where j € J(Txz—Ty). It is known that the resolvent of an accretive
operator satisfying the range condition in a Banach space is a firmly nonexpansive
mapping. In fact, let C = D(A) and r > 0. Define the resolvent J, of A as follows:

Jrx={z€ D(A):xz € z+rAz}

for all z € D(A). It is known that such J,.x is a singleton; see [19]. We have that

for 1,29 € D(A), 1 = 21 +7y1, Y1 € Az and 29 = 25 + 1Y, Y2 € Azs. Since A is
accretive, we have that (y; — y2,7) > 0, where j € J(z; — 2z2). So, we have

(

T — 21 T2 — 22

) = 0.
r T

Furthermore, we have that

Tl — 21 T2 — 22 .
< - 7]>20
r r
= (21— 21— (X2 — 22),7) >0

= (z1 —22,5) > ||21 — 22|”.

From z; = J.x1 and 25 = J,x2, we have that J, is a firmly nonexpansive mapping;
see also [4], [5] and [24]. From [9] we know that the classes of nonexpansive map-
pings, nonspreading mappings and hybrid mappings are deduced from the class of
firmly nonexpansive mappings in a Banach space. In general, Hsu, Takahashi and
Yao [9] defined a class of nonlinear mappings in a Banach space containing the
classes of nonexpansive mappings, nonspreading mappings and hybrid mappings
as follows: Let E be a Banach space and let C' be a nonempty subset of E. A
mapping 7" : C' — F is called generalized hybrid if there are a, 3 € R such that

allTe =Ty + (1 — )z — Tyl < BITz -yl + (1 - Dllz—yl2 G

for all x,y € C. They also called such a mapping an («, ()-generalized hybrid
mapping in a Banach space. We note that an («, (3)-generalized hybrid mapping is
nonexpansive for « = 1 and g = 0, nonspreading for &« = 2 and g = 1, and hybrid
for a = % and § = % As in [9], we have the following result in a Banach space; see
[9] for the proof.

Theorem 3.1. Let C' be a nonempty subset of a Banach space E and let T be a
generalized hybrid mapping of C into E, i.e., there are «, 3 € R such that

allTz — Tyl + (1 - a)llo — Tyll? < BTz — gl + (1L — Bz —yl* (3.2
forallz,y € C. Then, the following hold:
() fa+B8<1,thenT =1, wherelx =z forallz € C;
(i) f « = 0 and B = 1, then T satisfies that | Tz — y|| = ||Ty — || for all
z,y € C;
(iii) ifa =0 and B > 1, thenT satisfies that
2]l —y|* < Iz —y||* + || Ty — ||
forallx,y € C;
(iv) f f=ta+1, -1 <t <ooanda > 0, thenT satisfies that
2Tz — Ty|* + 2tz — y||* < (¢ + )||T2 —yl* + (¢ + )Ty — ||

forallz,y € C. In particular, T is nonexpansive fort = —1, nonspreading
Sort =0, and hybrid fort = —%;
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W iff=ta+1, —0o<t<—-1landa <0, thenT satisfies that
2w — Ty|]? + 2l — y|* > (¢ + DTz — yl|” + (¢ + D||Ty — 2]
Sorallx,y € C.

Furthermore, we have the following result.

Theorem 3.2. Let F be a Banach space, let C' be a nonempty subset of E and let
A € [0, 1]. Then the following hold:

(i) A generalized hybrid mapping with a fixed point is quasi-nonexpansive;
(i) a firmly nonexpansive mapping is (2 — A\, 1 — \)-generalized hybrid.

Proof. We show (i). Since T': C — F is a generalized hybrid mapping, there are
a, 8 € R such that

a|Tz = Ty|* + (1 =)z = Ty|* < BTz —ylI* + 1 = Bz —yl>  3.3)
forall z,y € C. Let u € F(T'). Then we have that for any y € C,

allu =Tyl + (1 - a)llu—Tyl? < Blu—yl? + (1 - Blu—yl® (G4

and hence ||u — Ty||?> < ||u — y|*>. This implies that T is quasi-nonexpansive. We

next show (ii). Let 7" be a firmly nonexpansive mapping of C into F. Then we have
that for z,y € C and j € J(Tx — Ty),

1Tz — Tyl < (z — y, ).
From Theorem 2.1 we have that
IT2=Ty||* < (z - y,3)
—0<2(x—Tax— (y—Ty),j)
= 0< |lo —y|* - Tz — Ty|
= Tz~ Ty|* < [lz —y|
= Tz =Tyl < |z — .
So, for A € [0, 1] we have
NITz = Ty|* < Alz -y (3.5)
Futhermore, we have that for z,y € C and j € J(Tx — Ty),
IT2=Ty||* < (z — y,3)
= 0<20x—-Tz— (y—Ty),J)
= 0 < |z =Tyl = |Tx = Ty||* + | Tz —y||* — Tz — Ty
= 0< |lz = Tyl* + lly - Tz|)* - 2| Tz — Ty|
= 2||Ta — Ty|? < o — Tyl* + |ly — Tz|*
Thus, for A € [0, 1] we have
2(1 = N)||Tz = Tyl < (1 = Nz = Tyl* + 1 = Nly - T=||*. (3.6)
Therefore, we have from (3.5) and (3.6) that
(2= W) Te — Tyl < (1= Nz = Tyl? + (1 = My — Ta|* + Az — |
and hence
(2= NITe - Tyl2 + (A= Dlle - Tyl2 < (1 = Ay - Ta? + Mo - g2
This implies that T is a (2 — A\, 1 — \)-generalized hybrid mapping. O
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Using Takahashi and Jeong’s result [22], Hsu, Takahashi and Yao [9] also proved
the following fixed point theorem for generalized hybrid mappings in a Banach
space.

Theorem 3.3. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C' — C be a generalized hybrid mapping. Then
the following are equivalent:

@ F(T) #0;

(b) {T"x} is bounded for some x € C.

Using Theorem 3.3, they also proved the following fixed point theorems in a
Banach space.

Theorem 3.4. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C' — C' be a nonexpansive mapping, i.e.,

1Tz =Tyl < llz =y, Va,yeC.
Suppose that there exists an element & € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Theorem 3.5. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T : C — C' be a nonspreading mapping, i.e.,

2|Tx - Ty|* < |Tx —yl* + | Ty — «|*, Va,yeC.

Suppose that there exists an element & € C such that {T"z} is bounded. Then, T
has a fixed point in C.

Theorem 3.6. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. LetT : C — C' be a hybrid mapping, i.e.,

37w = Ty|]? < [T — y|2 + | Ty — o2 + o = y|?, Va,y e C.

Suppose that there exists an element x € C such that {T"z} is bounded. Then, T
has a fixed point in C'.

4. SOME PROPERTIES OF GENERALIZED HYBRID MAPPINGS

Let E be a Banach space. Let C be a nonempty subset of . Let T : C — C be
a mapping. Then, p € C'is called an asymptotic fixed point of 7" [18] if there exists
{z,} C C such that x,, — p and lim,, o |2, — T2,| = 0. We denote by F(T)
the set of asymptotic fixed points of 7. A mapping I — T of C' into F is said to be
demiclosed on C' if F(T) = F(T).

Theorem 4.1. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. Leta, € R and letT be an («, 3)-generalized
hybrid mapping of C' into itself such that « > 1 and 3 > 0. Then F(T) =F(T),ie.,
I — T is demiclosed.

Proof. Let T : C — C be an («, 3)-generalized hybrid mapping, i.e., there exist
a, 8 € R such that

alTz = Ty|* + (1 = a)|lz = Ty|* < BTz — y|* + (1 = B) |l — yII? (4.1)

for all 2,y € C. The inclusion F(T) C F(T) is obvious. Thus we show F(T) C
F(T). Let u € F(T) be given. Then we have a sequence {z,} of C' such that
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Zp = uand lim, . ||z, — T2z,|| = 0. Since T : C — C is a generalized hybrid
mapping, we obtain that

AT, = Tul? + (1= ) | — Tull® < BTz, — ul® + (1 = B)llzn —ul®. 2.2
From o > 1, 8 > 0 and (4.2), we have

ol T, — Tu||2 < B Tzn — 2| + |77 — UH)2 + (1= B)llzn — u||2
+ (= V) (|zp — T2l + | Tz — Tul)?.
So, we have that
(@ = (0= D)ITzp — Tul® < (B+ (1 = B)llzn — ul]* + (B + a = )|z, — Tz, |?
+2(8+a— D([|zn —ull + [[T2n — Tul )| Tzn — n|

and hence
1T — Tull® < n — ull? + (8 + & — 1) 2n — T (@3
+2(8+a—1)([lon — ull + [Tz — Tul)[Tzn — 2n.
From z,, — u, we obtain that {z,,} is bounded. From lim,,_ ||z, — Tz,|| = 0 we

also have that {T'z,, } is bounded. So, we can take a positive constant M such that
sup{||zn — u|| + || Tzn — Tul|| : n € N} < M. (4.4
Suppose T'u # u. Then we have from Opial’s condition, (4.3) and (4.4) that
liminf ||z, — u||* < liminf ||z, — Tu|?
n——-o0 n——:oo
= liminf ||z, — Tz, + Tz, — Tul?
n——oo
= liminf | Tz, — Tul?
n—-aoo
< liminf(||z, — ul|® + (B + o — 1)||z, — Tz,
n——oo
+2(8+a—-1)M|Tay — n|)
= lim inf ||2,, — ul?.
n—-uoo

This is a contradiction. So, we have Tu = u and hence F(T) C F(T). This
completes the proof. U

Remark. We do not know that the demiclosedness property for a generalized hy-
brid mapping holds or not in a uniformly convex Banach space.

Using Theorem 4.1, we can prove the following theorems in a Banach space.

Theorem 4.2. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. LetT : C — C be a nonexpansive mapping,
ie.,

[Tz =Tyl < [lz —yll, Vz,yeC.

Then, I — T is demiclosed on C.
Proof. In Theorem 4.1, a (1, 0)-generalized hybrid mapping of C into itself is nonex-

pansive. Further, « =1 > 1and 6 =0 > 0. By Theorem 4.1, I — T is demiclosed
on C. O
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Theorem 4.3. Let E be a Banach space satisfying Opial’s condition and let C' be a
nonempty closed convex subset of E. Let T : C — C' be a nonspreading mapping,
ie.,

2| T — Ty|)® < |Ta -yl + [Ty — 2|%, Va,y € C.
Then, I — T is demiclosed on C.
Proof. In Theorem 4.1, a (2, 1)-generalized hybrid mapping of C into itself is non-

spreading. Further, « =2 > land § =1 > 0. By Theorem 4.1, I — T is demiclosed
on C. O

Theorem 4.4. Let E be a Banach space satisfying Opial’s condition and let C' be a

nonempty closed convex subset of E. Let T : C — C be a hybrid mapping, i.e.,
3Tz — Tyl* < ||Tx — y|* + | Ty — z|* + ||z — ylI*, Va,yeC.

Then, I — T is demiclosed on C.

Proof. InTheorem 4.1, a (%, %)—generalized hybrid mapping of C' into itself is hybrid.
Further, o = % >land f = % > 0. By Theorem 4.1, I — T is demiclosed on C'. [

Next, we have the following property of the fixed point set of a generalized hybrid
mapping in a Banach space.

Theorem 4.5. Let E be a strictly convex Banach space, let C' be a nonempty closed
convex subset of E and let T' be a generalized hybrid mapping of C' into itself. Then
F(T) is closed and convex.

Proof. Let T : C — C be a generalized hybrid mapping, i.e., there exist o, 3 € R
such that
af|Te = Ty|* + (1 - a)llz — Tyl < BTz — y[* + (1 = B)llx — y? (4.5)

for all z,y € C. If F(T) is empty, then F(T') is closed and convex. If F'(T) is
nonempty, then we have from Theorem 3.2 that T' is quasi-nonexpansive. From
Itoh and Takahashi [11], we have that F(T) is closed and convex. O

Let F be a Banach space and let C' be a nonempty subset of £. A mapping
T : C' — C is called asymptotically regular if for any x € C,

Ty — TP — 0.

Theorem 4.6. Let E be a uniformly convex Banach space and let C' be a nonempty
closed convex subset of E. Let T be a generalized hybrid mapping of C' into itself
with F(T) # 0 and let v be a real number with 0 < v < 1. Define a mapping
S:C—Chy

S=~v1+(1-T.
Then, for any x € C, Sz — S™z converges strongly to 0, i.e., S is asymptotically
regular.

Proof. Let T : C — C be a generalized hybrid mapping with F(T) # (. Then,
from Theorem 3.2 we have that 7" is quasi-nonexpansive. Using that T is quasi-
nonexpansive, we have that for any v € F(T), x € Cand n € N,

15" e —ul| = [|SS™z — u
=||vS"x + (1 —v)TS"x — ul|
= [y(8"x —u) + (L = )(TS"z — u)|
<A™z —ul + A = TS"x — ul|
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<8z —ull + (1 =) [|5™2 — u]
= [|S"z — u||.

So, we have that lim,,_,, ||S"2 — u|| exists. Then, {S"x} is bounded. Since T is
quasi-nonexpansive, {T'S"z} is also bounded. Let

r = max{sup |S"z — u||,sup | TS"x — ul| }.
neN neN
Then, from Theorem 2.3, there exists a strictly increasing, continuous and convex
function g : [0,00) — [0, 00) such that g(0) = 0 and
12z + (1= Nyl* < Mal® + 1@ = lyll* = A1 = Ng(|lz - yll)

forall z,y € B, and A with 0 < A < 1, where B, = {2 € E : ||z|| < r}. So, we have
that for any u € F(T), x € C and n € N,

15"+ — ul? = [|SS"x — ul]?
= ||vS"x + (1 — )TS"z — ul)?
<9)18"2 —ul® + (1= NITS"z — ul|* = 1(1 = 1)g(|S"x - TS"z|)

<I8" e — ul) +

o~ o~ o~ —

1= IS"z —ul* = (1 = 7)g(||S"z — TS"z|)
= [|8"z — ul* = (1 = )g(||S"z — TS"x])
< 18"z —ulf?
and hence
Y1 =g(|8"z = TS"x|) < [[$™x — ul® = Sz — u]*.
Since lim,, ., ||S™2 — u||? exists and 0 < v < 1, we have
lim_g(|S"e ~ 75" a]) = 0.
From the properties of g, we have lim,, . ||S"2 — T'S"z|| = 0. From
|8 e — TS™z|| = ||[vS"x + (1 — y)TS"x — TS x| = v||S™x — TS"z|,
we have that
|S" e — S™z| = ||S" T e — TS "z + TS"x — S"z|
< |8z — TS™x|| + | TS™x — S™=|
=4||S"x — TS x| + |TS"x — S"z| — O.
This completes the proof. O

5. WEAK CONVERGENCE THEOREMS

In this section, we first prove a weak convergence theorem of Mann'’s type [16]
for generalized hybrid mappings in a Banach space satisfying Opial’s condition.

Theorem 5.1. Let F be a uniformly convex Banach space which satisfies Opial’s
condition and let C' be a nonempty closed convex subset of E. Let a,,3 € R and
let T be an («, 3)-generalized hybrid mapping of C' into itself such that & > 1 and
B > 0. Let {v,} be a sequence of real numbers with0 < a < v, < b < 1 and define
a sequence {x,} of C as follows: x1 =z € C and

Tntl = Ynln + (]- - ’Vn)TfEn, Vn € N.
IfF(T) # 0, then {z,} converges weakly to some element z € F(T).
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Proof. Let T : C — C be an («, 3)-generalized hybrid mapping., i.e.,
a| Tz = Ty|* + (1 - a)llz = Ty||* < BTz -yl + (1 = B)|la - y|?
for all z,y € C. Since F(T) # (), we know from Theorem 3.2 that T is quasi-

nonexpansive. Using the fact that T is quasi-nonexpansive, we have that for any
ue F(T),z€Candn €N,

[znt1 — ull = [lvnzn + (1 = ) Tzn — ul|
= llm(@n —u) + (1 =) (Ten — u)|
<l —ull + (1 =) [ Ten — ull
S llwn —ull + (1 =) ln —ull
= [[an —ull.
So, we have that lim,,—, ||z, — u|| exists. Then, {z,} is bounded. Since T is
quasi-nonexpansive, {T'z,} is also bounded. Let
r = max{sup |z, — ul|,sup ||Tz, — ul|}.
neN neN
Then, from Theorem 2.3, there exists a strictly increasing, continuous and convex
function g : [0, 00) — [0, 00) such that g(0) = 0 and
A+ (1= Ngll? < Allzl + (1 = )yl = M1 = Ng(lle — g1l
forall z,y € B, and A with 0 < A < 1, where B, = {z € E : ||z]| < r}. So, we have
that forany u € F(T), x € C andn € N,
241 = ull® = [Yazn + (1 = y0) Ty — uf?
= n(n — ) + (1 = 73) (T — )|
< allzn = ull? + (1 = )| T2 — wl? = a1 = 3)g(ln — Tl
< allzn = w2 + (1= 3) 120 = ull® = 701 = 1)g(len — Tzal)
= llzn = ull® = (1 = 1)9(llzn — Tznl])
< wn —ul?
and hence
(L = 1)g (20 = Tl < n — > = [nss — ul®
Since lim,, . ||, — u||? exists, we have from 0 < a < v, < b < 1 that

lim g(||zn, — Tx,||) = 0.

n

From the properties of g, we have

lim ||z, —Txz,| = 0. (5.1)

Since {x, } is bounded and F is reflexive, there exists a subsequence {x,, } of {z,}
such that {x,, } converges weakly to v € C. Using Theorem 4.1 and (5.1), we have
Tu = u. Let us show that the entire sequence {x,,} converges weakly to some point
of F'(T). To show it, let us take two subsequences {x,,} and {x,,} of {z,} such
that z,,, — u and z,,;, — v. Suppose u # v. From u,v € F(T), we know that
lim,, . ||Zn —u| and lim,, o, ||z, —v|| exist. Since E satisfies Opial’s condition,
we have that
lim_[lon — vl = lim_ |z, — ul
n——-ao0o 1—>00

< lim ||z, — |
11— 00
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= lim ||z, —v|
n—aoo

= tim on, ol
J—00

< lim ||lzg, — ul|
J—

= lim |z, —ul.
n——-muo90

This is a contradiction. So, we must have v = v. This implies that {z,} converges
weakly to a point of F/(T). O

Remark. We do not know that such a weak convergence theorem for a generalized
hybrid mapping holds or not in a uniformly convex Banach space which has a
Fréchet differentiable norm.

Using Theorem 5.1, we obtain the following result.

Theorem 5.2. Let F be a uniformly convex Banach space which satisfies Opial’s
condition and let C' be a nonempty closed convex subset of E. LetT be a generalized
hybrid mapping of C into itself with F(T) # () and let v be a real number with
0 < v < 1. Define amapping S : C — C by

S=~I+1-~)T.
Then, for any x € C, S™x converges weakly to an element z € F(T).

Proof. Putting v, = v foralln € Nand S = v 4+ (1 — 7)T, we have that for any
zedl,

Ty = Sz = Sz, x5 = S%x = Sz, . ..
in Theorem 5.1. So, we have from Theorem 5.1 that S™x converges weakly to an
element z € F(T'). This completes the proof. O
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