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ABSTRACT. In this paper we introduce and extend some notions in [18] and intro-
duce a notion of t-best approximatively compact sets, t-best approximation points,
t-proximinal sets and t-boundedly compact sets in both fuzzy and intuitionistic
fuzzy metric spaces. The results obtained in this paper are related to the corre-
sponding results in metric spaces and fuzzy metric spaces and fuzzy normed space.
Many examples are also given.
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1. INTRODUCTION AND PRELIMINARIES

It is well known that the notion of fuzzy metric spaces plays a fundamental role
in fuzzy topology, so many authors have introduced and studied several notions of
fuzzy metric spaces from different points of view. In particular, following Menger
[9], Kramosil and Michalek [8] generalized the concept of probabilistic metric space
and studied an interesting notion of fuzzy metric space with the help of continuous
t-norm. Later on, in order to construct a Hausdorff topology on the fuzzy metric
space George and Veeramani [6] modified the concept of fuzzy metric space intro-
duced by Kramosil and Michalek and obtained several classical theorems on this
new structure. Actually, this topology is first countable and metrizable [3]. Further
results in the topology of fuzzy metric spaces, in the sense of [6] may be found in
[2,3,5,7, 11, 15]. Park [10] extended the notion of fuzzy metric space proposed by
George and Veeramani [6] and introduced the notion of intuitionistic fuzzy metric
space which is based both on the idea of intuitionistic fuzzy set and the concept
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of fuzzy metric spaces. The topology generated by intuitionistic fuzzy metric space
coincides with the topology generated by fuzzy metric space and, hence, topological
results for intuitionistic fuzzy metric space are immediate consequences of the cor-
responding for fuzzy metric space. Some results in the topology of the intuitionistic
fuzzy metric spaces may be found in [4, 10, 12].

Best approximation in fuzzy metric spaces has been discussed by Veeramani in
[18]. In this paper , we start with the definitions of intuitionistic fuzzy metric spaces
[10] and fuzzy normed spaces [13] and conclude some useful results, to be used in
the next section. In section 2, we define the notion of t-approximatively compact
sets in fuzzy and intuitionistic fuzzy metric spaces and introduce the notions of
t-proximinal sets, t-boundedly compact sets, and t-best approximation points, this
notions are the generalization of [13, 18]. For this notions we also point out some
results about the relationship between metric spaces, fuzzy metric spaces and
intuitionistic fuzzy metric spaces. To define the intuitionistic fuzzy metric space
we have to state several concepts as follows:

Definition 1.1. [14]. A binary operation * : [0,1] x [0,1] — [0, 1] is continuous
t-norm if * satisfies the following conditions:

(a): * is commutative and associative;

(b): * is continuous;

(€): ax1=aforallac|0,1];

(d): axb<c+dwhenevera <candb<danda,b,c,de [0,1].

Definition 1.2. [14]. A binary operation ¢ : [0,1] x [0,1] — [0, 1] is continuous
t-conorm if ¢ satisfies the following conditions:

(a): ¢ is commutative and associative;

(b): ¢ is continuous;

(c): a0 =aforalla € [0,1];

(d): adb < cOd whenever a < cand b < d and a,b,¢,d € [0,1].

Definition 1.3. [10]. A 5-tuple (X, M, N, *, Q) is said to be an intuitionistic fuzzy
metric space if X is a arbitrary set, * is a continuous t-norm, ¢ is a continuous
t-conorm and M, N are fuzzy sets on X x X x (0,00), satisfying the following
conditions, for all z,y,z € X,s,t > 0

(@): M(x,y, )+N(9c y,t) < 1;

): M(z,y,t) >

(c): M(x,y,t) = 11fandonly1fx—y

@: M(x,y,t) = M(y,z,1);

(@0 M(z,y,1) = M(y, 2,5) < M(z, 21 + 5);
®: M(z,y,.): (0 oo) (0, 1] is continuous;
@: N(z,y, )

(h): N(z,y,t) = O if and only if z = y;

=

(i): (x,y,t) = N(y,z,t);

G): N(x,y,t)ON(y,2,8) > N(x,z,t+ s);

(k): N(z,y,.):(0,00) — (0,1] is continuous.
The functions M (z,y,t), N(z,y,t) denote the degree of nearness and the degree of
non-nearness between x and y with respect to ¢, respectively. A fuzzy metric space
is a triple (X, M, *) such that conditions (b)-(f) are satisfied[6].

Definition 1.4. [13] The 3-tuple (X, N, *) is said to be a fuzzy normed space if
X is a vector space, * is a continuous ¢t-norm and N is a fuzzy set on X x (0,1)
satisfying the following conditions for every =,y € X and ¢,s > 0,
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(@): N(z,t) >

(b): N(x,t) = 11fand only if z = 0;

(c): N(azx,t) = N(z,t/|al), for all « # 0;
(d): N(z,t)* N(y,s) < N(z+y,t+s);

(e): N(z,.):(0,00) — [0,1] is continuous;
®: limyoo N(z,t) =1

Remark 1.5. [13] Every fuzzy normed space (X, N, ) induces a fuzzy metric space
(X, M, x) by defining M (z,y,t) = N(z — y,t) and is therefore a topological space

f (X, M,x) is a fuzzy metric space then George and Veeramani proved [6]
that every fuzzy metric spaces (X, M, *) generates a Hausdorff first countable
topology 7p; on X which has as a base the family of open balls of the form
{Bu(z,r,t);z € X,r € (0,1),t > 0}, where By(x,r,t) = {y € X : M(z,y,t) >
1 — r}. Furthermore, for each z in X, {B(z,1/n,1/n);n € N} is a neighbor-
hood local base at = for the topology 75s, so 7js is the first countable. Recently,
George and Romaguera proved [3] that if (X, M, %) is a fuzzy metric space, then
{Un,;n € N} is a base for a uniformity i,, on X compatible with 75, where
U, = {(z,y) € X x X;M(z,y,1/n) > 1 — (1/n)} for all n € N. Therefore,
(X, M, *) is a metrizable space. Analogously, Saadati and Park [12] proved for
intuitionistic fuzzy metric spaces (X, M, N, %, {) that the topology 7(s, ) on X for
which open balls are of the form {B n)(z,7,t);2 € X,r € (0,1),t > 0} where
Bou,ny(z,r,t) ={y € X : M(z,y,t) > 1 —r,N(y,z,t) < r} is metrizable.

Remark 1.6. [4, Proposition 1] For each € X, r € (0,1) and ¢ > 0, we have
By (z,7,t) = Bu,ny(, 7, 1), thus, the two topologies 7); and 7(y7, vy are equivalent
in X, and the results obtained in the topology of intuitionistic fuzzy metric spaces
become immediate consequences of the corresponding results of the topology of
fuzzy metric spaces.

Remark 1.7. In a fuzzy metric space (X, M, *) for each z in X, 0 < r < 1 and
t > 0, the set Bys[z,r,t] defined as
Bylz,rt]={ye X : M(z,y,t) > 1—r}

is a closed set [6]. By a similar proof [18, Preposition.1] we deduce for each z € X,
0 <r < 1landt > 0in an intuitionistic fuzzy metric space (X, M, N, *,{) , the set
Byr,ny[z, 7, t] defined as

Boumlz,rtl={ye X : M(z,y,t) >1—r,N(y,z,t) <r}
is equal to Bys[z,7,t]. Consequently, the set By, n)[z,7,1] is a closed set in the
topology 7(ps,ny on X.

Remark 1.8. [4, Proposition 2] Let (X, M, N, *, {) be an intuitionistic fuzzy metric
space, then the triple (X, My, *) is a fuzzy metric on X where My is defined on
X x X x (0,00) by My(z,y,t) = 1 — N(z,y,t) and x is the continuous t-norm
defined by axb=1—[(1 —a)0(1 — b)].

In sequel we simply show the fuzzy metric space (X, My, *) by (X, N, x).
As a conclusion from above remark and definition of intuitionistic fuzzy metric
spaces, we derive the following theorem.

Theorem 1.1. The 5-tuple (X, M, N,x*,) is an intuitionistic fuzzy metric space if
and only if the triples (X, M, %) and (X, N, %) are fuzzy metric spaces on X and for
eachz,y € X andt € (0,00),

M(z,y,t) + N(z,y,t) < 1.
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Remark 1.9. [10] Every fuzzy metric space (X, M, «) is an intuitionistic fuzzy
metric space of the form (X, M,1 — M, *,{) such that t-norm * and t-conorm ¢
are associated , ie, 20y = 1 — [(1 — z) * (1 — y)] for any z,y € [0,1]. We call
the intuitionistic fuzzy metric space (X, M, N, x, (), the spacial intuitionistic fuzzy
metric space when M # 1 — N.

Remark 1.10. [11, Proposition.1] Let (X, M, %) be a fuzzy metric space then M is
a continuous function on X x X x (0, 00).

By using remarks 1.8 and 1.10 we derive the following:

Theorem 1.2. Let (X, M, N, x, ) be an intuitionistic fuzzy metric space, then M
and N are continues functions on X x X x (0, 00).

The followings are examples for intuitionistic fuzzy metric space:

Example 1.11. [10] Let (X, d) be a metric space. Define a x b = ab and aQb =
min{l,a+b} for all a,b € [0, 1] and let My and Ny be fuzzy sets on X x X x (0, c0)
defined as

d(zx,
and Ng(z,y,t) = #ﬁf’ﬁ,y)

h n
Ma(,y,1) = FTmaay)
for all t,h,m,n € RT. Then (X, My, Ng,*,¢) is an intuitionistic fuzzy metric
space and called induced intuitionistic fuzzy metric space. The fuzzy metric space

(X, My, %) is called, induced fuzzy metric space [6].

Note the above example holds when t-norm is a * b = min{a,b} and t-conorm
is a0b = max{a, b} and hence the 5-tuple (X, M, N, *, {) is an intuitionistic fuzzy
metric space with respect to any continuous t-norm and continuous t-conorm. In
the above example by taking h = m = n = 1, we get

¢ d(z,
Md($7y7t) = m and Nd(xa:%t) = t+£{(my’;)

The fuzzy metric space (X, My, Ny, , Q) is called, the standard intuitionistic fuzzy
metric space.

Example 1.12. Let X = N. Define a * b = max{0,a+b— 1} and a0b=a+ b — ab
for all a,b € [0,1] and let M and N be fuzzy sets on X x X x (0,00) as

x+t y—

y+t Ty y+t Ty
M(z,y,t) = » and N(z,y,t) =

1 xr—

o+l y<=w T ys«w

for all z,y € X and t > 0, then (X, M, N, x,{) is an intuitionistic fuzzy metric
space, but if we choose t-norm a * b by min{a, b} and t-conorm a{b by max{a, b},
then (X, M, N, x, ) is not an intuitionistic fuzzy metric space.

Note that, in the above example, t-norm * and t-conorm ¢ are not associated,
and there exists no metric d on X that induces standard intuitionistic fuzzy metric
space on X.

In all above examples, M is related to N by M = 1 — N. The following is an
example of a spacial intuitionistic fuzzy metric space in which M # 1 — N.

Example 1.13. Let X = R” and give ds the Euclidean distance on X and d., the

max-distance on X .i.e. for each z = (z1,22,...,2Zn).y = (Y1,Y2,-..,Yn) € X give
do(z,y) = /(21 —y1)? + (22 — y2)2 + - + (20 — yn)?
doo(xay) = max{|:c1 - y1|7 |IQ - y2‘7~ ) |xn - yn|}

Define a xb = aband aQb =1 —[(1 — a) * (1 — b)] and let My, and N,__ be fuzzy
sets on X x X x (0,00) as follows
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; - t — _deo(zyy)
Ma,(2,y.t) = ey and Na, (2,0.0) = 5500y
for all z,y € X and t > 0, we show that My, (z,y,t) + Ng_(x,y,t) < 1, the
inequality doo(2,y) < d2(z,y) holds, thus

_ _doo(z,y) da(z,y)
Na,(2,y,t) = t+dojzy,y) < t+dzgzwy,y)

consequently

do(x,
Ma, (2,y,t) + Na (2, y,1) < t+d2t(w:y) + t+f1(2(acy,.2/) =L

By theorem 1.1 (X, My,, Ny__, *,¢) is an intuitionistic fuzzy metric space.

2. BEST APPROXIMATION

We begin this section with the concept of t-best approximation points in fuzzy
metric spaces introduced by Veeramani [18].
Our reference for best approximation in metric spaces is [16].

Definition 2.1. Let A be a nonempty subset of fuzzy metric space (X, M, ). For
xz € X and ¢ > 0, define
M(A, z,t) = sup{M(z,y,t) : y € A}
An element yg € A is said to be a t-best approximation point to x from A if
M (yo, x,t) = M (A, z,t).

We denote by P%(:L‘, t) the set of t-best approximation points to . For ¢t > 0 a
subset A of a fuzzy metric space (X, M, ) is called t-proximinal if for every point
€ X, P (x,t) #0.

Example 2.2. [18] Let X = N, define a *b = ab for all a,b € [0, 1], let M be a fuzzy
seton X x X x (0,00) as follows
vt TSy
M(z,y,t) =
wo o y<w

for all z,y € X and ¢ > 0, then (X, M, *) is a fuzzy metric space. Let A =
{2,4,6,...} then we conclude

M(A,3,t) = max{%a ij:tt} = 27172 = M(3,4,t)

Hence, for each ¢t > 0, 4 is t-best approximation point to 3 from A. As M (3,4,t) >
M (2,3,t), 2 is not a t-best approximation point to 3, so P}/ (3,t) = {4}.

A fuzzy metric space (X, M, ) is called strong fuzzy metric space [18, Defination
2.1}, if for each z in X and ¢ > 0, the map y — M (x,y,t) is a continuous map on
X. Since by remark 1.10 the map y — M (z,y,t) is always continuous thus every
strong fuzzy metric space (X, M, %) is a fuzzy metric space and we can omit the
notion of strong fuzzy metric spaces which is used in [18].

Definition 2.3. [18] For ¢ > 0, a nonempty subset A of a fuzzy metric space
(X, M, %) is said to be t-approximatively compact if for each x in X and each se-
quence y,, in A with M (y,,x,t) — M (A, z,t), there exists a subsequence y,,, of y,
converging to an element yg in A.

Definition 2.4. [18] For ¢t > 0, a nonempty closed subset A of a fuzzy metric space
(X, M, %) is said to be t-boundedly compact if for each z in X and 0 < r < 1, the
set B[z, r,t] N A is a compact subset of X.
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Remark 2.5. [13] Let (X, d) be a metric space and A C X, then A is a approxi-
matively compact set in the metric space (X, d) if and only if for any ¢t > 0, A is a
t-approximatively compact set in the induced fuzzy metric space (X, My, *) .

Veeramani proved that every nonempty t-approximatively compact subset of a
fuzzy metric space is t-proximinal and every t-boundedly compact subset of fuzzy
metric space is t-approximatively compact [18, Theorem 2.10,Theorem 2.16 re-
spectively]. Also it can be easily proved that every t-proximinal set is a closed
set. Thus each of the following properties in fuzzy metric spaces implies the next
one:compact, t-boundedly compact, t-approximatively compact, t-proximinal and
closed.

Now we define the notions of t-approximatively compact sets and t-best approx-
imation points in intuitionistic fuzzy metric space(X, M, N, x, {).

Definition 2.6. Let A be a subset of intuitionistic fuzzy metric space (X, M, N, , {),
forx € X,t > 0let
M(A, z,t) = sup{M(y,z,t) :y € A} and N(A,z,t)=1inf{N(y,z,t):y € A}
We say A is a t-proximinal subset of X (respect to (M, N)) if for each x in X there
exist two elements y;,y2 € A such that M(y;,z,t) = M(A, z,t) and N(ys,x,t) =
N(A,z,t). In this case we say y1, y2 are t-best approximation points to x (respect
to (M,N) from A). We denote by PflM’N)(x,t) the set of {a € A;M(a,z,t) =
M(A, z,t),N(a,z,t) = N(A,z,t)}. If (X, M, N, *, ) be a non-spacial intuitionistic
fuzzy metric space, then we have M = 1 — N and if we define P} (x,t) by {a €
A;N(a,z,t) = N(A, z,t)}then PY!(z,t) = PY (z,t) and we can choose y; = yo. In
this case we say y; is a t-best approximation point to x (respect to (M, N) from A).
Notice by theorem 1.1, (X, N, x) is a fuzzy metric space and we have PIQM’N) (z,t) =
P (z,t) N PY (z,¢).

Next examples illustrate the last definition.

Example 2.7. Take X = R?, let (X, My,, Ng_, *, 0) be an intuitionistic fuzzy metric
space defined in example 1.13 and take a = (0,5/4),b = (1,1) € X. Define A C X
by a line that connect a to b. ie. A = {Aa+ (1 — \)b; A € [0,1]}. We observe
that da(A, zo) = inf{\/2% + y?; (z,y) € A} = 5/4 and we find there exists exactly
one element y; = (0,5/4) in A such that dy(A4,2z9) = da(y1,20). On the other
hand, we observe that do (A, o) = inf{max{|z|, |y|}, (z,y) € A} = 1 and we find
there exists exactly one element yo = (1, 1) in A such that do, (4, ¢) = doo (Y2, Zo),
consequently, for every ¢t > 0

t
Ma, (A, zo,t) = sup{ Mg, (y, xo,t);y € A} = Sup{m;y € A}

t t
t +inf{da(zo,y);y € A} ¢+ da(zo, 1)

Consequently, there exists a unique point y; = (0,5/4) in A such that My, (A, zo,t) =
Mg, (y1,20,t) and by similar reasoning we find there exists a unique point y, =
(1,1) in A such that Ng__ (A4, zo,t) = Na_ (Y2, 20,t), so y1 = (0,5/4) and y» =
(1,1) are t-best approximation points to x = (0,0) (respect to (My,, Ng__)) and
PN () —

Example 2.8. In the example 2.7, if we replace the fuzzy set N, by Ng,, then

y1 = (0,5/4) is a t-best approximation point to 2 = (0, 0) respect to (My,, Ng,) and

PMENE) (0 1) — {(0,5/4))
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Remark 2.9. (a): For any t > 0, A is a t-proximinal subset of X in fuzzy
metric space (X, M, *) if and only if A is a t-proximinal subset of X in
fuzzy metric space (X, M,1— M, *,{). If A is a subset of X, then for each
e X, PY(x,t) =P M (a,t).

(b): Suppose (X, M, N, x,{) be an intuitionistic fuzzy metric space and A a
subset of X then for every = in X, y1,y2 € A are t-best approximation
points to z (respect to (M, N)) in the intuitionistic fuzzy metric space
(X, M, N,*, Q) if and only if y; and y» are t-best approximation points to
x in the fuzzy metric spaces (X, M, ) and (X, N, x) respectively.

Example 2.10. Consider the intuitionistic fuzzy metric space (X, M, N, *, {) in the
example 1.12, we have M = 1 — N. Let A = {2,4,6,...}, we conclude from the
above remark and example 2.2

M(A,3,t) = max{g—ii, i% = i% = M (3,4,1)

and

N(A,3,t) =1— M(A,3,t) =1 — M(3,4,t) = N(3,4,1)
Hence for each ¢ > 0, 4 is t-best approximation point to 3. As M (3,4,t) > M (2,3,t),
2 is not a t-best approximation point to 3 and P} (3,t) = 1(4M’N) (3,t) = {4}.

Remark 2.11. Let (X, d) be a metric space and A a nonempty subset of M, then
the following are equivalent.

(@): yo € A is a t-best approximation point to x € X in the metric space
(X, d).

(b): yo € A is a t-best approximation point to x € X in the induced fuzzy
metric space (X, My, *).

(c): yo € A is a t-best approximation point to z € X in the induced intu-
itionistic fuzzy metric space (X, My, Ny, *,

0).

Definition 2.12. For ¢t > 0, a nonempty subset A of an intuitionistic fuzzy metric
spaces (X, M, N, x, {) is said to be t-approximatively compact if for each z in X and
sequences each z, and y, in X with M (y,,z,t) — M(A,x,t) and N(x,,z,t) —
N(A, z,t), there exist subsequences x,,, of z, and y,, of y, converging to elements
xo and yg € A, respectively.

Remark 2.13. (@): If A be a compact subset of X in intuitionistic fuzzy met-
ric space (X, M, N, x,{) then for each t > 0, A is a t-approximatively
compact set.

(b): A is a approximatively compact subset of X in metric space (X, d) if and
only if for each t > 0, A is a t-approximatively compact subset of X in the
induced intuitionistic fuzzy metric space (X, My, Ny, *, Q).

(c): For eacht > 0, if A is a t-approximatively compact subset of X in intu-
itionistic fuzzy metric space (X, M, N, %, () then A will be a t-approximatively
compact subset of X in fuzzy metric space (X, M, ).

Theorem 2.1. Let A be a t-approximatively compact subset of X in intuitionistic
fuzzy metric space (X, M, N, *,{) then A is closed.

Proof. Let t > 0 and A be a t-approximatively compact subset of an intuitionistic
fuzzy metric space (X, M, N, *,0), then by remark 2.13, A is a t-approximatively
compact set in fuzzy metric space (X, M, ), thus by using [18, Theorem 2.11] A
is a closed set in fuzzy metric space (X, M, *) and since the two topologies 7)s
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and 7(js,n) coincides in X, A is a closed set in intuitionistic fuzzy metric space
(X, M, N, *,0). O

Theorem 2.2. Fort > 0, let A be a nonempty t-approximatively compact subset of
X in an intuitionistic fuzzy metric space (X, M, N, *,{) then A is a t-proximinal set.

Proof. For each z in X, we have
M(A, x,t) =sup{M(y,z,t);y € A} and N(A, z,t)=inf{N(y,x,t);y € A}
consequently there exist sequences z,, and y,, in A such that
M (yn,x,t) > M(A,z,t) and N(x,,z,t) — N(A, x,t)

since A is a t-approximatively compact set, subsequences y,,, of y, and z,, of z,
and points xg,yo € A exist such that z,, — x¢ and y,, — yo. By theorem 1.2, M
and N are continuous functions thus we have

M (yn,,z,t) = M(yo,x,t) and N(x,,,z,t) — N(xo,z,1)
so we conclude
M (yo,x,t) = M(A,z,t) and N(zg,x,t) = N(A,z,t)

consequently, yo, Zo are t-best approximation points to x from A (respect to (M, N)),
i.e. A is a t-proximinal set. O

Definition 2.14. For ¢t > 0, a nonempty closed subset A of an intuitionistic fuzzy
metric (X, M, N, *,0) is said to be t-boundedly compact if for each z in X and
0 <7 < 1, the set By, ny[z,7,t] N A is a compact subset of X.

Theorem 2.3. Let (X, M, N, x,{) is an intuitionistic fuzzy metric space, If A is a
nonempty t-boundedly compact subset of X then A is a t-approximatively compact
set.

Proqf. By remark 1.7 we have By [, r,t] = By,nl2,7,t], thus A is a t-boundedly
compact set in the fuzzy metric space (X, M, *) if and only if A is a t-boundedly
compact set in the intuitionistic fuzzy metric space (X, M, N, x, (). The proof is an
immediate consequence of [18, Theorem 2.16]. O

Remark 2.15. Since in an intuitionistic fuzzy metric space a set is compact if and
only if it is sequentially compact, thus for each ¢ > 0, if A is a t-approximatively

compact set then for each z in X the set PIE‘M’N) (z,t) is a compact set.
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