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ABSTRACT: The purpose of this paper is to introduce the iterative algorithms basing on the
shrinking projection method for finding a common element of the set of common fixed points
of two families of quasi-¢-nonexpansive mappings and the set of solutions of the generalized
mixed equilibrium problems in the framework of Banach spaces. Our results improve and
extend the corresponding results announced by many others.
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1. Introduction

Let E be a Banach space and let E* be the dual of E and let C be a closed convex subset of E.
Let ] be the normalized duality mapping from E into 2E" given by

Jo={x" € E": (x,x") = [Jx[[lx*[|, [|x]| = l[x"[[}, Vx € E,

where E* denoted the dual space of E and (-, -) the generalized duality pairing between E and
E*. Itis well known that if E* is uniformly convex, then | is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping have been given in [11, 32, 39].

Let ® : C x C — R be abifunction, ¢ : C — R be real-valued function,and ¥ : C — E* be a
nonlinear mapping. The generalized mixed equilibrium problem is to find u € C such that
(1) O(u,y) + (Yu,y —u) + ¢(y) —¢(u) 20, Vy € C.
The set of solutions to (1) is denoted by GMEP(O©, ¢, ¥), i.e.,
(2) GMEP(©,¢,¥)={ucC:0(u,y)+ (Yu,y—u)+ ¢(y) — ¢(u) >0, Vy € C}.

Special examples are as follows:
(I) If ¥ = 0, the problem (1) is equivalent to finding u € C such that

3) O(u,y) +oy) —@(u) 20, Vy € C,
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which is called the mixed equilibrium problem (see [6]). The set of solutions to (3) is denoted
by MEP.

(II) If ® = 0, the problem (1) is equivalent to finding u € C such that
@) (Yu,y—u) +¢(y) —¢(u) 20, vy € C,
which is called the mixed variational inequality of Browder type (see [3]). The set of solutions
to (4) is denoted by VI(C, A, ¢).

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then Pc is nonexpansive. This fact actually characterizes Hilbert spaces
and, consequently, it is not available in more general Banach spaces. In this connection, Alber
[1] recently introduced a generalized projection operator C in a Banach space E which is an

analogue of the metric projection in Hilbert spaces.
Consider the functional ¢ : E x E — R defined by

®) oy, x) = llyl* = 2(y, Jx) + |||

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that, in a
Hilbert space H, (40) reduces to ¢(y, x) = ||x — y||? for all x,y € H. The generalized projection
Ilc : E — Cis a mapping that assigns to an arbitrary point x € E the minimum point of the
functional ¢(y, x), that is, [Tcx = x*, where x* is the solution to the minimization problem:

© $(x' %) = Inf gy, ).

The existence and uniqueness of the operator I'l¢c follows from the properties of the functional
¢(y,x) and strict monotonicity of the mapping ] (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, II¢c = Pc. It is obvious from the definition of the function ¢ that

@ (lyll = 1x1)* < ¢y, x) < (lyll + [|x]|)* for all x,y € E.

() ¢(x,y) = ¢p(x,2) + ¢(z,y) +2(x —z,]Jz— Jy) forall x,y,z € E.

@) ¢(x,y) = (x, Jx — Jy) + (v — x, Jy) < [|x[[[lJx = Jyll + [ly — x| [ly[| for all x,y € E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x,y € E,

¢$(x,y) = 0if and only if x = y.

For more detail see [11, 32]. Let C be a closed convex subset of E, and let T be a mapping
from C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be
an asymptotic fixed point of T [29] if C contains a sequence {x,} which converges weakly to
p such that lim, .« ||x, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted
by F(T). A mapping T from C into itself is called nonexpansive if || Tx — Ty|| < [lx — y|| for
all x,y € C and relatively nonexpansive [8, 10, 12] if F(T) = F(T) and ¢(p, Tx) < ¢(p,x)
forall x € Cand p € F(T). The asymptotic behavior of relatively nonexpansive mappings
which was studied in [8, 10, 12] is of special interest in the convergence analysis of feasibility,
optimization and equilibrium methods for solving the problems of image processing, ratio-
nal resource allocation and optimal control. The most typical examples in this regard are the
Bregman projections and the Yosida type operators which are the cornerstones of the common
tixed point and optimization algorithms discussed in [9] (see also the references therein).

The mapping T is said to be ¢-nonexpansive if ¢(Tx, Ty) < ¢(x,y) for all x,y € C. T is said
to be quasi-¢-nonexpansive if F(T) # @ and ¢(p, Tx) < ¢(p, x) forallx € Cand p € F(T).

Remark 1.1. The class of quasi-¢-nonexpansive is more general than the class of relatively
nonexpansive mappings [8, 10, 21, 24, 25] which requires the strong restriction F(T) = F(T).

Next, we give some examples which are closed quasi-¢-nonexpansive [27].

Example 1.2. (1). Let E be a uniformly smooth and strictly convex Banach space and A be a
maximal monotone mapping from E to E such that its zero set A0 is nonempty. Then J, =
(J +rA)~!isa closed quasi-¢-nonexpansive mapping from E onto D(A) and F(J,) = A~10.

(2). Let Il be the generalized projection from a smooth, strictly convex and reflexive Banach
space E onto a nonempty closed convex subset C of E. Then Il¢ is a closed and quasi-¢-
nonexpansive mapping from E onto C with F(I1¢) = C.
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On the other hand, One classical way to study nonexpansive mappings is to use contractions
to approximate a nonexpansive mapping (see [4]). More precisely, let t € (0,1) and define a
contraction G; : C — C by Gix = txg+ (1 — t)Tx for all x € C, where x¢ € C is a fixed point
in C. Applying Banach’s Contraction Principle, there exists a unique fixed point x; of G; in
C. It is unclear, in general, what is the behavior of x; as t — 0 even if T has a fixed point.
However, in the case of T having a fixed point, Browder [4] proved that the net {x;} defined
by x; = txo+ (1 —t)Tx; for all t € (0,1) converges strongly to an element of F(T) which is
nearest to xg in a real Hilbert space. Motivated by Browder [4], Halpern [16] proposed the
following innovation iteration process:

(7) x0 €C, xpp1=anxo+ (1—ay)Tx,, n=0
and proved the following theorem.
Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a nonexpan-

sive mapping on C. Define a real sequence {a,} in [0,1] by a, = n=%,0 < 8 < 1. Define a sequence
{xn} by (7). Then {x,} converges strongly to the element of F(T) nearest to u.

Recently, Martinez-Yanes and Xu [20] has adapted Nakajo and Takahashi’s [23] idea to mod-
ify the process (7) for a single nonexpansive mapping T in a Hilbert space H:

X0 = x € Cchosen arbitrary,
Yn = ayxo+ (1 —a,)Txy,,
(8) Co = {veC:llyn—ol? <llxn —o)* + an(lxo0]|* + 2(xn — x0,v))},
Q, = {veC:{(x,—0v,x0—2x,) >0},
Xny1 = Pc,ng,Xo,

\

where P denotes the metric projection from H onto a closed convex subset C of H. They
proved that if {a,} C (0,1) and lim, .o, = O, then the sequence {x,} generated by (8)
converges strongly to Prm)x.

In [25](see also [21]), Qin and Su improved the result of Martinez-Yanes and Xu [20] from
Hilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, C be a nonempty
closed convex subset of E and T : C — C be a relatively nonexpansive mapping. Assume that {a,} is a
sequence in (0,1) such that lim, .. &y, = 0. Define a sequence {x, } in C by the following algorithm:

Xo = x € Cchosen arbitrary,
Yn = J ManJxo+ (1 — an)JTxn),
©) Cr = {0€C:0(0yn) < tup(o,yn) + (1 - 0)9(0, %)},
Qu = {veC:{x—vJx—]Jx,) =0},
Xpy1 = Ilg,ng,%o-

where | is the single-valued duality mapping on E. If F(T) is nonempty, then {x,} converges to
HF(T)X().

Recently, Plubtieng and Ungchittrakool [24], still in the framework of Banach spaces, intro-
duced the following hybrid projection algorithm for a pair of relatively nonexpansive map-

pings:

X0 = x € Cchosen arbitrary,
yo = J HanJxo+ (1—an)]za),
. 2o = T T+ B T+ B S%),
Hy = {z€C:¢(zyn) <Pz, xn) + an(||xol]* +2(z, Jxn — Jx))},
W, = {ze€C:{(x,—2z]Jx—]x,) >0},
Xn+1 — PHan"x, n = O, 1, 2, cery
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where {a,}, {,B,(})}, {,B,(f)} and {,B,(f')} are sequences in [0, 1] with ,85,1) + [8512) + ﬁ,(f) =1 for all
n € NU{0} and T, S are relatively nonexpansive mappings and ] is the single-valued duality
mapping on E. They proved that the sequence {x,} generated by (10) converges strongly to a
common fixed point of T and S.

Very recently, Qin, Cho, Kang and Zhou [26] introduced a new hybrid projection algorithm
for two families of quasi-¢-nonexpansive mappings which more general than relatively non-
expansive mappings to have strong convergence theorems in the framework of Banach spaces.
To be more precise, they proved the following theorem:

Theorem QCKZ. Let E be uniformly convex and uniformly smooth Banach space, and let
C be a nonempty closed convex subset of E. Let {S;}ic; and {T;}ic; be two families of closed
quasi-¢p-nonexpansive mappings of C into itself with F := Njc;F(T;) N N;eF(S;) is nonempty,
where [ is an index set. Let the sequence {x, } be generated by the following manner:

2

X0 = x € Cchosen arbitrary,
zoi = T UBN T + B T + B TS ixn),
Yn,i = ]_1(0‘11,1']350 + (1 - “n,i)]zn,i>/
(1) Coi = {u€Crp(uyni) < Plu,xn) + ani([[x0l|* +2(u, Jxn — Jxu))},
Cn = mz'GICn,i/
Q = C
Qn = {ME Qn_1: <xn_ur]x0_]xn> 20}/
Xp+1 = chanXO, n = 0,1,2,...,

where ] is the duality mapping on E, {a,,;}, { ,Bgll)l}(z =1,2,3,...) are sequences in (0,1) such
that

@) B) + B + B = Iforalli e 1
(ii) lim,—~ea,; = O0foralli € I; and
(iii) Lim infy e ) i) > 0 and limy e B} = 0 forall i € I.

Then the sequence {x,} converges strongly to ITrxy.

On the other hand, let f : C x C — R be a bifunction. The equilibrium problem for f is to
find £ € C such that

(12) f(z,y) > 0, VyecC.

The set of solutions of (12) is denoted by EP(f).

Numerous problems in physics, optimization, and economics reduce to find a solution of
the equilibrium problem. Some methods have been proposed to solve the equilibrium prob-
lem in a Hilbert space; see, for instance, Blum and Oettli [5], Combettes and Hirstoaga [7], and
Moudafi [22]. On the other hand, there are some methods for approximation of fixed points of
Fixed Point Theory and Applications a nonexpansive mapping. Recently, Tada and Takahashi
[30, 31] and Takahashi and Takahashi [37] obtained weak and strong convergence theorems for
finding a common element of the set of solutions of an equilibrium problem and the set of fixed
points of a nonexpansive mapping in a Hilbert space. In particular, Tada and Takahashi [31]
established a strong convergence theorem for finding a common element of two sets by using
the hybrid method introduced in Nakajo and Takahashi [23]. They also proved such a strong
convergence theorem in a uniformly convex and uniformly smooth Banach space. Recently,
Takahashi et al. [38] introduced a hybrid method which is different from Nakajo and Taka-
hashis hybrid method. It is called the shrinking projection method. They obtained the strong
convergence theorem in the frame work of Hilbert spaces. Based on the so-called shrinking
projection method of Takahashi et al. [38], Takahashi and Zembayashi [36] introduced the



115 R. Wangkeeree, U. Kamraksa / Journal of Nonlinear Analysis and Optimization 1 (2010), 111-129

following iterative scheme :

X0 = x€C, Cy=¢C,
Yn = J YanJxn + (1 —ay)]Txn),
(13) Uy, € Csuchthat f(u,,y) + %(y — Uy, Jun — Jyn) >0, Yy € C,
Cir1 = {veCu:o(v,un) <P(v,x0)},
Xup1 = I, x0, Vn >0,

where ] is the single-valued duality mapping on E and Il¢ is the generalized projection from
E onto C. They proved that the sequence {x,} defined by (13) converges strongly to g =
I (1)nEP(£) X0 under appropriate conditions imposed on the parameters.

Motivated and inspired by liduka and Takahashi [17], Martinez-Yanes and Xu [20], S. Mat-
sushita and W. Takahashi [21], Plubtieng and Ungchittrakool [24], Qin and Su [25], Qin, Cho,
Kang and Zhou[26], Takahashi et al. [38] and Takahashi and Zembayashi [36], we introduce a
new hybrid projection algorithm basing on the shrinking projection method for two families of
quasi-¢-nonexpansive mappings which more general than relatively nonexpansive mappings
to have strong convergence theorems for approximating the common element of the set of com-
mon fixed points of two families of quasi-¢-nonexpansive mappings and the set of solutions
of the equilibrium problem in the framework of Banach spaces.

2. Preliminaries

A Banach space E is said to be strictly convex if ||XT+yH < 1forall x,y € Ewith ||x|| = |ly]| =1
and x # y. Itis also said to be uniformly convex if lim, .« ||x, — ¥»|| = 0 for any two sequences

{xn},{yn} in E such that ||x,|| = |lyx|| = 1 and lim, . ||x”2ﬂ|| =1lLLetU={x€cE:|x||=
1} be the unit sphere of E. Then the Banach space E is said to be smooth provided

Lty =
t—0 t

exists for each x,y € U. It is also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping | is single valued.
It is also known that if E is uniformly smooth, then | is uniformly norm-to-norm continuous
on each bounded subset of E. Some properties of the duality mapping have been given in
[14, 28, 32, 33]. A Banach space E is said to have Kadec-Klee property if a sequence {x,} of E
satisfying that x, — x € E and ||x,|| — ||x||, then x,, — x. It is known that if E is uniformly
convex, then E has the Kadec-Klee property; see [14, 32, 33] for more details. Let E be a smooth
Banach space.

Now we collect some definitions and lemmas which will be used in the proofs for the main
results in the next section. Some of them are known; others are not hard to derive.

Lemma 2.1 (Kamimura and Takahashi [18]). Let E be a uniformly convex and smooth Banach space
and let {y, }, {zn } be two sequences of E such that either {y, } or {z, } is bounded. Iflimy,_.co ¢(Yn, zn) =
0, then limy,—co ||y — za|| = 0.

Lemma 2.2 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let C be a nonempty
closed convex subset of a smooth Banach space E and x € E. Then, xo = Ilcx if and only if (xo —
y,Jx —Jxo) = 0fory € C.

Lemma 2.3 (Alber [1], Alber and Reich [2], Kamimura and Takahashi [18]). Let E be a reflexive,
strictly convex and smooth Banach space, let C be a nonempty closed convex subset of E and let x € E.
Then

¢y, Hcx) + ¢(Ilex, x) < ¢y, x)
forally € C.
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Lemma 2.4 (Qin et al. [26]). Let E be a uniformly convex and smooth Banach space, C be a closed
convex subset of E and T be a closed and quasi-p-nonexpansive mapping from C into itself. Then F(T)
is a closed convex subset of C.

Let E be a reflexive strictly convex, smooth and uniformly Banach space and the duality
mapping from E to E*. Then J~1 is also single-valued, one to one, surjective, and it is the
duality mapping from E* to E. We make use of the following mapping V studied in Alber [1],

(14) V(x,x*) = [l = 2(x,x*) + || x>
forall x € Eand x* € E*. Obviously, V(x,x*) = ¢(x, ] "}(x*)). We know the following lemma:

Lemma 2.5 (Kamimura and Takahashi [18]). Let E be a reflexive, strictly convex and smooth Banach
space, and let V be as in (14). Then

V(x,x) +2(71(x") —x,y") < V(xx" +y")
forall x € Eand x*,y* € E*.

Lemma 2.6 ([13, Lemma 1.4]). Let X be a uniformly convex Banach space and B,(0) = {x € E :
|x|| < 7} be a closed ball of X. Then there exists a continuous strictly increasing convex function
g :10,00) — [0, 00) with g(0) = 0 such that

(15) 1A% + py + vzl* < Allxl|? + plly 1 + v llz]* = Apg (llx = ylD),

forall x,y,z € B,(0) and A, u,y € [0, withA+pu+vy=1

For solving the equilibrium problem, let us assume that a bifunction f satisfies the following
conditions:

(A1) f(x,x) =0forallx € C;
(A2) fis monotone, thatis, f(x,y) + f(y,x) <O0forallx,y € C;
(A3) forallx,y,z € C,

(16) limsup f(tz+ (1 —t)x,y) < f(xy);
£10

(A4) forall x € C, f(x, ) is convex and lower semicontinuous.
For example, let A be a continuous and monotone operator of C into E* and define

f(x,y) = (Ax,y —x),Vx,y € C.
Then, f satisfies (A1)-(A4).

Lemma 2.7 (Blum and Oettli [5]). Let C be a closed convex subset of a smooth, strictly convex, and
reflexive Banach spaces E, let f be a bifunction from C x C — R satisfying (A1) — (A4), and letr > 0
and x € E. Then, there exists u € C such that

(17) Fluy) 3ty —uJu—Jx) >0, VyeC

Lemma 2.8 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a uniformly
smooth, strictly convex, and reflexive Banach space E, and let f be a bifunction from C x C to R
satisfying (A1) — (A4). Forall r > 0 and x € E, define a mapping

(18) Trx:{ueC:f(z,y)+%<y—u,]u—]x>20, VyEC}.

Then, the following hold:

(1) T, is single-valued;

(2) T is a firmly nonexpansive-type mapping [19], that is, for all x,y € E,
(19) (Tx — Ty, JT,x — JTy) < (Tx =Ty, Jx—]Jy);

(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.
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Lemma 2.9 (Takahashi and Zembayashi [35]). Let C be a closed convex subset of a smooth, strictly
convex, and reflexive Banach space E, let © be a bifunction from C x C to R satisfying (A1) — (A4),
and let r > 0. Then, forall x € E and q € F(T,),

¢(q, Trx) +¢(Trx,x) < ¢(q,%).

Lemma 2.10. Let C be a closed convex subset of a smooth, strictly convex, and reflexive Banach spaces
E, let © be a bifunction from C x C — R satisfying (A1) — (A4). Let ¥ : C — E* be a continuous
and monotone operator and ¢ : C — R be a lower semi-continuous and convex function. Let r > 0 be
any given number and x € E be any given point. Then, there exists u € C such that

1
(20) O(x,y) +oy) —e(x) + (¥x,y —x) + ;<y —u,Ju—Jx) >0, VyecC.
Proof. We define a bifunction f : C x C — R by

(21) floy) =0 y) +oy) —elx) + (Txy —x), YxyeC
Next, we prove that the bifunction f satisfies condition (A1)-(A4):

(Al) f(x,x) =0forallx € C.

Since f(x,x) = O(x,x) + ¢(x) — ¢(x) + (¥Yx,x —x) =0, forall x € C.

(A2) f is monotone, i.e., f(x,y) + f(y,x) <Oforall x,y € C.

From the definition of f we have

floy)+fy,x) = Oy)+e(y) —e(x)+ (Yx,y —x) + Oy, x) + ¢(x) — ¢(y) + (¥x, x —y)
= 0O(x,y) +0(y,x) <0.
(A3) for each x,y,z € C,

limsup f(tz+ (1 —t)x,y) < f(x,y).
£10

Since

limsup f(tz+ (1 —t)x,y)

£10

— limsup[@(tz + (1 - 1)x,y) + 9(y) — g(tz+ (1 — )x) + (¥x,y — (tz+ (1 - £)x))]
£10

< limsup©O(tz+ (1 —t)x,y) + ¢(y) — lirﬂénf(p(tz +(1—-t)x)+ (¥x,y) — lirﬂ(i)nfﬁ’x, tz+ (1 —t)x)
£10

< 1O y)+ (1 -1H0(x,y) +¢y) — ¢(x) + (Yx,y) — (Yx,x)

= O(ny) +9y) —¢(x) +{(Yx,y —x) = f(x,y).
(A4) for each x € C, y — O(x,y) is a convex and lower semicontinuous.
For each x € C, Vt € (0,1) and Vy, z € C, since G satisfies (A4), we have

flx,ty+(1—1t)z) = Ox,ty+(1—1t)z)+ety+ (1 —1t)z) —@(x) + (¥x, (ty + (1 — t)z) — x)
< 10(xy) + (1-1H0O(x,2) +to(y) + (1 - t)e(z) — (x) + (Y, (ty + (1 - 1)z) — x)
= tO(xy) +o(y) — ¢(x) + (Yx,y —x)]
+ (1 =1[0(x,2) + ¢(z) — ¢(x) + (Yx,z — x)]
= tf(xy) + (1 —-t)f(x,2).
So, y — f(x,y) is convex.

Similarly, we can prove that y — f(x,y) is lower semicontinuous. Hence f satisfies condition
(A1)-(A4). Applying Lemma 2.7, there exists u € C such that

Fluy) + oy —uJu—Jx) 20, VyecC
That is
O(x,y) + 9(y) — p(x) + (Fxy )+ ly—u,Ju—Jx) 20, VyeC,
This is completes the proof. U
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3. Main Results

In this section, we prove two strong convergence theorems for approximating the common
element of the set of common fixed points of two families of quasi-¢-nonexpansive mappings
and the set of solutions of the generalized mixed equilibrium problem in the framework of a
real Banach space.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R
be a a lower semi-continuous and convex function. Let © be a bifunction from C x C to R satisfying
(A1) — (A4), let {T;}ic; and {S;}ier be two families of closed quasi-¢-nonexpansive mappings T;,
S; : C — C such that the common fixed point set F := (;c; F(T;) N Nie; F(Si) N GMEP(®, ¢, ¥) is
nonempty , where I is an index set. Let {x, } be a sequence generated by the following manner:

xg € C chosen arbitrary and Cy; = C, Vi€ l,

zn = 1B T + B T + B TS i),

Yni =] aniJxo — (1 — ani)Jzni),

uy; € Csuch that ©(un,y) + @(y) — ¢(uyi)+

(Fitisy — 1) + 7=y — i, Juni — Jyni) 20, ¥y € C,

Cn+1,i = {M S Cn,i : (,b(u/ un,i) < ‘P(u/ xn) + an,i(HxHZ + 2<u/ Jxn — ]x0>)}/
Cn+1 = ﬂiel Cn+1,ir

xo, Vn2>0,

(22)

Xn+1 = ch+1

where | is a duality mapping on E, {ay;}, {:3;(11)1} (i = 1,2,3) and {r,;} are sequences in (0,1)
satisfying

(@) limycotty; = 0 foreachi € I;

(b) {rni} C [a, o) for some a > 0and foralli € I;

(c) 5,(}2 + ﬁ,(fz) + ,87(131) =1 for each i € I and if one of the following conditions is satisfied
(c-1) liminfy—.co BB} > 0 forall I = 2,3 and forall i € I and
(c-2) liminfy .o /YY) > 0 and liminf, .o B} = 0 for each i € L.
Then the sequence {x, } converges strongly to ITpxy.

Proof. Let the bifunction f : C x C — R be defined by (21). Therefore, the mixed equilibrium
problem (1) is equivalent to the following equilibrium problem: find u € C such that

flu,y) >0, VYyeC,
and (66) can be written as:
xo € C chosen arbitrary and Cp; = C, Vi€,
Zni = B T + B T + B Si),

Yni= ]_1(0‘n,i]x0 - (1 - “n,i)]zn,i)r
(23) uy; € Csuch that f(u,,y) + %(y — Ui, Juni — Jyni) >0, Yy € C,
Cpiri = {1 € Cuj: p(ut, ;) < (1, 20) + i (||x|1> + 2w, Jxu — Jx0))},

Cnt1 = Nier Cut1,is
Xnt+1 = ]'—IC,/H_]'XOI Vn > 0.

\
Since the bifunction f satisfies conditions (A1) - (A4), from Lemma 2.10, for given r > 0 and
x € C,we define T, : C — 2€ by

T,(x)={uecC :f(u,y)—k%(y—u,]u—]x) >0, VyecC}.

Moreover, T, satisfies the conclusions in Lemma 2.8. We divide the proof of Theorem 3.1 into
seven steps:
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Step 1. Show that I'Irxp and Il

By Lemma 2.4, we know that N;c; F(T;) N N;er F(S;) is closed and convex. From Lemma 2.8
(4), we also have EP(f) is closed and convex. Hence F := (;c; F(T;) N N;er F(Si) NEP(f) isa
nonempty, closed, and convex subset of C. Consequently, ITrx is well defined.

From the definition of C,, it is obvious that C,, is closed for each n > 0. We show that C,,11
is convex for each n > 0. Notice that

Curri = {1 € Coi : p(ut, i) < p(ut, ) + i (|| %01 + 2{ut, Jxtn — Jx0))}

is equivalent to

.1 %0 are well defined.

i = 1€ Couin 20w, Joxw — Jyni) — 200 (1, Jxn — Jx0) < ||xnl* = lymill* + anillx0]1*}-
It is easy to see that C,’1 4118 closed and convex for all n > 0 and i € I. Therefore, C,11 =
Nic1 Cuv1i = Nier G, 41, is closed and convex for every n > 0. This shows that Ilc,,, xo is

well-defined.
Step 2. Show that F C C,, foralln > 0.

First, we observe that u,; = Ty, .y, foralln > 1and F C Cy = C. For any w € F and all
i € I, one has

p(w zni) = Plw, ] (B T+ Bt Tixn + B ISi)
= Jwl® —2(w, B Jxn + B Tixs + B ISix))
18D s + B T + B ISiea 2

< Jwl? —28%) (w, Jxn) — 28 (w, [ Tixu) — 2B (w, ]St
+ B a2+ BN T2 + B 1S |2
= Bg(w,xy) + Bl p(w, Tixu) + B p(w, Sixn)
< BUg(w,xa) + B2 p(w, x0) + B p(w, x)
= ‘P(wr xn)
and hence
P(w, “n,i) = ¢(w, Trn,iyn,i)
S (P(ZU, yn,i)
— 47(7/01 ]71(“71,1‘]350 - (1 - an,i)]Zn,i)
= |Jw||® = 2(w, aniJx0 — (1 — &y ;)20 i) + llaniJx0 — (1 — )]z
< lwl* = 20,4 (w, Jxo) — 2(1 — i) (w, Jzu,) + anillxol|* + (1 = ani)||zn,i]I*
= wpip(w,x0) + (1 —ayi)p(w,z,)
<y ip(w, x0) + (1 — i) p(w, x,)

P(w, x) + &y i[Pp(w, x0) — P(w, x,)]
(24) < p(w, xn) + i (||x0]|* + 2(w, Jxn — Jx0)).

This show that w € C,,;1; for each i € I. Thatis, w € Cy11 = ;e Cpt1,i foralln > 0.
Hence F C C,, foralln > 0.

Step 3. Show that lim,, . ¢(xy, Xo) exists.
We note that C,,1; C C,,; foralln > 0 and for all i € I. Hence
Cnt1 = Nie1Cur1,i C Cu = NierCa,i-

From x,,41 =Il¢, ,x0 € Cy41 C Cy and x,, = I, x9 € Cy, we have

n+1

(25) P (xn,%0) < Pp(xp41,x0), Vn>1.
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This is, {¢(xn, x0) } is nondecreasing. On the other hand, from Lemma 2.3, we have

(26) ¢ (xn, x0) = (e, x0, x0) < P(w, x0) — p(w, xn) < P(w, x0)-

for each w € F C C,,. Combining (25) and (26), we obtain that limit {¢(x,, xo) } exists.
Step 4. Show that {x,} is a convergent sequence in C.

Since x;,, = Ilc,xo € C;y C C,, for m > n, by Lemma 2.3, We also have

¢(xm, xn) = ¢(xm g,xo)
< ¢(xm, x0) — ¢(Ilg,x0, x0)
(27) = (p(xm, XQ) — gb(xn, xO)-

Letting m,n — oo in (27), one has ¢(xy,, x,) — 0. It follows from Lemma 2.1 that || x,, — x,|| — 0
as m,n — co. Hence {x,} is a Cauchy sequence. Since E is a Banach space and C is closed and
convex, one can assume that

(28) xy = p€C (n— o0).
Step 5. Show that p € N;c; F(T;) NNjer F(S;) NGMEP(©, ¢, F).
(a) We first will show that p € N;c; F(T;) N N;er F(S;). Taking m = n + 1 in (27), we obtain.

(29) lim ¢(x,51,x,) = 0.

n—oo

From Lemma 2.1, one has
(30) r}gr(}o | Xn+1 — x| = 0.

Noticing that x,, 11 = Ilc, ,x0 € C,41, from the definition of C,,11, for every i € I, we obtain

n+1

O (xXn1, i) < P(xnr1, %n) + (|| %0]12 + 2(xn41, Jxn — Jx0)).

It follows from (29) and lim;, . &, ; = 0 that

(31) lim ¢(xy41,u,;) =0, Viel

n—oo
From Lemma 2.1, we have lim,,_.« ||x,1+1 — 1| = 0. This together with (30) implies that
(32) y}im |xn —unill =0, Viel

Since | is uniformly norm-to-norm continuous on bounded sets, for every i € I, one has
@) Y (3 = Tt | = Jim [T = x| = 0.
It follows from x, — p as n — oo that
(34) Up; — pasn —oo, Viel
Let r = sup, > {[|xnll, | Tixn||, [|Sixn|} for every i € I. Therefore Lemma 2.6 implies that

there exists a continuous strictly increasing convex function g : [0,00) — [0, 0c0) satisfying
2(0) = 0and (15)
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Case I. Assume that (c-1) holds. We observe that

P(w,uy;) =

IN

IN

This implies that

(35) Bl

(P<w’ Trn,iyn/i)

47(w, yn,i)

(w0, T (B Txn + B2 T Tin + L) IS i)

][> —2(w, B Jxu + B T Ty + B i)

1B o + B T + BE) TS i |

w2 — 288 (w, Jxn) — 2% (w, I Tix) — 2B (w0, JSixtu)
+ B Il + B Tl + B i

— Bt B3 (110 = Tixall)
ﬁi(ql’l)q)(w’ xn) T 'Bi(f,l)cp(wf Tixn) + :B;(jz)cp(w, Sixn)
_ﬁ1(11,1)'61(51)g(‘”xn _]Tian)

B (w,xn) + B D(w, xn) + B p(w, 1) — BB g (1 12n — JTiull)
¢(w, xn) — B BE g (1] — T Tixul))-

B e(Txn — JTixall) < p(w,xu) — p(w, ), Vi€ L

On the other hand, for every i € I, one has

P(w, xn) = p(w, i) = [|xull* = lfoail|* — 220, Jatn — Juay,1)

< floen = il [ Cllxen |+ Nl ill) + 2[[l[ [ Toen = Jun,ill-

It follows that (32) and (33) that

(36)

Observing that assumption liminf, .« ﬁﬁfl) B

p(w, x,) — P(w,uy;) =0 (n—o00), Viel
@) 0, (35) and (36), one has

n,i

gU[Jxp — JTixul|) =0 (n—o0), Vi€l

It follows from the property of the function g that

(37)

[Jxp —JTixy|| =0 (n—o00), Viel

Since ]! is also uniformly norm-to-norm continuous on bounded sets, for each i € I, one has

(38)

In a similar way, one has

(39)

lim ||x, — Tjx,|| = 0.
n—oo
n—oo

Noticing (28), (38), (39) and the closedness of T; and S; that p € N;c; F(T;) N Nier F(Si)-
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Case II. Assume that (c-2) holds. We observe that
p(w,uni) = ¢(w, Ty, Yni)
P(w, Yn,i)
P(w, ] (B Jon + B Tiew + B ISiu))
)] = 2(w, B T + B2 T i + BE) TS i)
+ 180 10 + B2 Ty + B 1Si, |2
lw]]? — 285 (w, Jxn) — 2B (w, I Tix) — 2B (w0, JSixtu)
+ B a2 + BN Tl + B S
— BB (118w — T Tiul)
= BUp(w,x) + Bl p(w, Toxn) + B (w, Sixn)
— BB g (|1 Tixn — ISiul))
< B, xn) + B p(w,xa) + Bl (w, x) — B BLIS (1 Tixs — JSixal])
= ¢(w,x:) — BBt (TTiv — JSia]).

A

IN

This implies that
(40) BB — ISixall) < plaw,20) — Pplw, uy), Vi€ L
On the other hand, for every i € I, one has

P(w, xn) — p(w, i) = |xull* = [[ttnill* — 2(w, Jxn — Jity,z)

<l = ill (e | =+ [2en,il]) + 2/l [ Toxn — Joum,ill-
It follows that (32) and (33) that
(41) p(w, x) = Pp(w, ;) =0 (n— ), Viel

) 0, (40) and (41), one has

n,i
8V Tixn = JSiza|) =0 (n—00), Viel

It follows from the property of the function g that

(42) |JTixy — JSixu|| = 0 (n—o0), Viel

Observing that assumption lim infy,_.c ﬁf} B

Since ]! is also uniformly norm-to-norm continuous on bounded sets, for each i € I, one has
(43) nh_{%o | Tixy, — Sixy|| = 0.
On the other hand, for each i € I, one has
¢(Tixp, tni) = ¢(Tixn, Ty, Yn,i)
¢(Tixn, Yn,i)
¢(Tixn, 72 (B Tt + B T Tivn + B 1S 1))
I Ttal12 = 2(Tia, B} T + B I Tt + B 1S )
118N T + B2 T + B 1S 2
| Tial | = 2B} (Tita, Jn) — 282 (Tien, T Tin)
2B} (T, JSix) + B 112+ B2 | Tieal P 4 B S
Bt 9 (Tin, %) + B} p (T, Sin)-

I IA

IN

(44)

IN
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Observe that
¢(Tixn, Sixn) = || Tixull® = 2(Tixn, JSixn) + || Sixu)?
= || Toxull* = 2(Tixw, JTixn) + 2(Tixn, J Tixn — JSixu) + || Sixa®
< 1Sixull® = 1T 1> + 21| Sixull[| T Tixn — JSixall
< 1Sixn = Tixu [ ([[Sixall + [ Tixnl) + 2[|Sixnl[ |/ Tixn — JSixull-
It follows from (42) and (43) that
(45) lim ¢(Tix,, Six,) =0, Viel

n—o00

Noticing that ,qull) — 0 asn — o0, (44) and (45), one arrives at

(46) 3%¢(Tixn,un,i) =0, Viel

From Lemma 2.1, one obtains

(47) 7}1_{20 | Tixp —uyil| =0, Viel

Hence

(48) | Tixn — xnll < |Tixn — tpill + [|un; — xall, Viel
It follows from (32) and (47) that

(49) lim [[Tix, —xuf| = 0, Viel

Moreover, we observe that
(50) |Sixn — xall < ||Sixn — Tixn|| + || Tixy — xu||, Vi€ L

Combining (43) with (49), one obtains lim,_.« ||Six, — x| = 0 for each i € I. Noticing (28), it
follows from the closedness of T; and S; and x,, — p that p € N;c; F(T;) N Nier F(Si)-

(b) We next show that p € GMEP(O, ¢, ¥).

From (40), we see

(51) P, yni) < P(u, xn0).
From u,, ; = T}, ,y»,; and Lemma 2.8, one has
P Yni) = (T, Yn,isYn,i)

< ¢(w,yni) — ¢(w, Trnz]/nz>

< ¢(w,xni) — p(w, Ty, Yn,i)
(52) = ¢(w,x;) — p(w, uy;).
It follows from (41) that
(53) ¢(Upi,yni) — 0asn — oo, Viel
Noticing Lemma 2.1, one sees
(54) i — ynill > 0asn — oo, Viel
Since | is uniformly norm-to-norm continuous on bounded sets, one has
(55) Tim [y~ Jyni =0, Vi€l
From the assumption r,,; > a, one sees
(56) lim HIMn,ir;i]yn,iH _o.
Noticing that u,,; = T}, ¥, one obtains

1
(57) f(unzzy)+7<y_un,i/]un,i_]y> Z O/ VyGC

}’ll
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From (A2), one arrives at
Un,i — JYn,i 1
(58) — un,in 2 Ay = i, Juni = Jyni) 2 —f (i y) 2 f(y, tini), Vy € C.

By taking the limit as n — o0 in the above inequality and from (A4) and (34), one has

(59) fly,p) <0, VyeC.

Forall0 < t < 1and y € C, define y; = ty + (1 — t)p. Noticing that y, p € C, one obtains
¥t € C, which yields that f(y;, p) < 0. It follows from (A1) that

(60) 0 = flyeyt) <tflyry)+ A=t f(yr,p) <tf(yry).
That is,
(61) flyvy) > 0.

Let t | O, from (A3), we obtain f(p,y) > 0, for all y € C. We have p € EP(f) thatis p €
GMEP(®, ¢, ¥). From (a) and (b), we conclude that p € F.

Step 6. Show that p = ITrxo.

From x, = Ilc, xo, we have

(62) (Jxo = JxXn,xp —2) >0, VzeC,.

Since F C C,, we also have

(63) (Jxo — Jxp,xy —u) >0, Vu€F.

By taking limit in (63), we obtain that

(64) (Jxo—Jp,p—u) >0, Vu€cF.

By Lemma 2.2, we can conclude that p = Ilrxg. This completes the proof. U

If ,31(111) =0foralln > 0and T; = S; for all i € I in Theorem 3.1, then we have the following.

Corollary 3.2. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R
be a real-valued function. Let © be a bifunction from C x C to R satisfying (A1) — (A4), let {T;}icr
be a family of closed quasi-¢p-nonexpansive mappings T; : C — C such that the common fixed point
set F:= (Nier F(Ti) N GMEP(©, ¢, Y) is nonempty, where I is an index set. Let {x,} be a sequence
generated by the following manner:

;

xo € C chosen arbitraryand Cp; = C, Viel,

Yni = Han,iJxo — (1 — o) Tixn),

uy; € Csuch that O(uy,y) + ¢(y) — @(uyi)+

(65) (Yupiy — tpi) + %(y — Upi, JUni — JYni) >0, Vy € C,

Coy1,i = {1t € Ci s Pt 1) < P, ) + i i([|x]|* + 2(u, Jxw — Jx0)) },
Cn+1 = Nier Cut1,ir

Xpat1 = ch+1x0/ Vn > O,

where | is a duality mapping on E, {a,,;}, (i = 1,2,3) and {r, ;} are sequences in (0,1) satisfying
(@) limycotty; = 0 foreachi € I;
(b) {rni} C [a,00) for some a > 0and forall i € I;

Then the sequence {x, } converges strongly to ITpxy.

Remark 3.3. Corollary 3.2 improves Theorem 3.1 of Takahashi and Zembayashi [36] in the
following senses:

(1) from the class of relatively nonexpansive mappings to the more general class of quasi-¢-
nonexpansive mappings.

(2) from one mapping to a family of mappings.
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(3) from the problem of finding the solutions of the equilibrium problem to the problem of
finding the solutions of the generalized mixed equilibrium problem.

Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let {T;}ic; and {S;}icr be two families of closed quasi-¢-nonexpansive
mappings T;, S; : C — C such that the common fixed point set F := (\;ic; F(T;) N Nier F(S;) is
nonempty, where I is an index set. Let {x, } be a sequence generated by the following manner:

xg € C chosen arbitrary and Cy; = C, Vi€,

zni = B Jon + B T + B IS i),

(66) Yni = ]_1(%,1']960 - (1 - “n,i)]zn,i)/

Curri = {1 € Cui : @1, Yni) < P, xn) + ani(||x]|* +2{u, Jxu — Jx0)) },

Cit1 = Nier Cuyis
X0, Vn >0,

Xp1 = e,

where | is a duality mapping on E, {a,, ;} and { 5511)1} (i = 1,2,3) are sequences in (0,1) satisfying
(@) limy,—coay; = 0foreachi € I;
(b) ﬁ,(:l) + ,B,(qzl) + ,81(131) = 1foreachi € I and if one of the following is satisfied.
(b-1) liminf, .o BB > 0 forall 1 = 2,3 and for all i € I and
(b-2) Liminf, .o B > 0 and liminf, oo B} = 0 for each i € I.
Then the sequence {x, } converges strongly to ITpxy.
Proof. Put f(x,y) = 0, forall x,y € C,¥ = ¢ = 0and {r,;} = {1},Vi € I in Theorem

3.1. Thus, we have u,; = y, ;. Then the sequence {x,} generated in Corallary 3.4 converges
strongly to I'lrxy.

Remark 3.5. (1) We note that the iterative method imposed in Corollary 3.4 bases on the shrink-
ing projection method which is different from the iterative method imposed in Theorem QCKZ

based on the hybrid method.
(2) We can obtain the Corollary 3.4 by using either the condition (b-1) or (b-2).

Theorem 3.6. Let E be a uniformly convex and uniformly smooth Banach space and C be a nonempty
closed convex subset of E. Let ¥ : C — E* be a continuous and monotone operator and ¢ : C — R be
a real-valued function. Let ®© be a bifunction from C x C to R satisfying (A1) — (A4), let {T;};c; and
{Si}ie1 be two families of closed quasi-¢-nonexpansive mappings T;, S; : C — C such that the common
fixed point set F := (N;c; F(T;) N Nie; F(Si) N GMEP(®, ¢,Y) is nonempty , where I is an index set.
Let {x,,} be a sequence generated by the following manner:

xo € C chosen arbitrary,

Zui = T U B Jon + B2 T + BE)Sitn),

Yni = ] H(aniJxo — (1 — i) ]2,

uy; € Csuch that ©(uy,y) + @(y) — ¢(uyi)+

(¥, y — i) + 5y — Ui, Jiti — Jyni) >0, Yy € C,

(67) :
Hyi={ue C:¢(u,un;) < dp(u,xn) + ani(l|x]* + 2(u, Jx, — x0))},
Hy = Nier Hujis
Wo = C,

W, ={u € Wy_1:(x, —u,Jxo— Jx,) >0},
Xpi1 = Hpg,nw,x0, Vi >0,

where | is a duality mapping on E, {a,;}, {ﬁg)l} (i = 1,2,3) are sequences in (0,1) such that

(@) limycotty,; = 0foreachi € I;
(b) {r,i} C [a,00) for some a > 0 and foralli € I;
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(c) ,Bl(qll) + ,Bizl) + ,Bffl) = 1for each i € I and if either
(c-1) liminf, . /3,(113,5,(112 > 0foralll =2,3and foralli € I or
(c-2) liminfy.co BB > 0 and limin, .o B.) = 0 for each i € 1.

Then the sequence {x, } converges strongly to ITpxy.

Proof. We define a bifunction f : C x C — R by

flxy) =0(xy) +e(y) —ox) + (Yx,y —x), VxyeC.

From Lemma 2.10, we have the bifunction f satisfies condition (A1)-(A4). Therefore, the mixed
equilibrium problem (1) is equivalent to the following equilibrium problem: find u € C such
that

f(u,y) >0, VyeC,

and (67) can be written as:

xg € C chosen arbitrary,

Zni = ] B T + B T + B Si),

Yni =] NaniJxo — (1 — ani)Jzui),

uy; € Csuch that f(u,,y) + i(y — U, Juni — Jyni) >0, Yy € C,

T'n,i

(68) Hyi={u€C:p(u,uy;) < d(u,xn) + ani(||x]|?+2(u, Jxn — Jx0))},
Hy = Nier Hyiv
Wo =C,

W, = {u € W,_1: (xy —u,Jxg — Jxn) >0},
xn+1 - HHannxO’ vn Z 0’

It is obvious that H,, N W, is closed and convex. Now we show that F C H, N W, for all
n > 0. First, we show that F C H,, forall n > 0. For Vw € F and all i € I, one has

Ow,z0i) = (w0, ] (B T + BT Tixn + BU IS ix)
= [l = 2(w, B + B T Tixa + L) S i)
+ 118N T + B TTin + B 1S 2
]| — 2B (w, Jxu) — 288 (w, JTix) — 2B (1w, JSixtu)
B vl + B Tixa > + B TS P
B p(aw, xn) + B2 (w, Tix) + B p(ww, Six2)

B (w, xu) + B p(w, x) + B p(w, x,)
P(w, x,)

IN

IN
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and then

P(w,uni) = ¢(w, Tp, Yn,)

< ¢(w,Yn,i)
= ¢(w, ] N(aniJxo — (1 — an;i)]zn,)
= Jlwl* = 2(w, aiJx0 — (1= i) Jzu) + [lon,iJx0 — (1 = &) 2z i
< ||w||2 —2ay (W, Jx0) — 2(1 — i ) (W, Jzni) + tn,i XOH2 + (1= an,i)||zn,i
= wnip(w,x0) + (1 —ayi)p(w,z,)
< anip(w, x0) + (1 — i) p(w, Xn)
= ¢(w,xn) + ani[p(w, x0) — p(w, xn)]

(69) < p(w, x4) + i (|| x0]12 4+ 2(w, Jx, — Jxo)).

This show that w € H, ; for eachi € I. Thatis, w € H, = (;c; Hy,; for alln > 0.

Next, we show that F C W, for all n > 0. In fact, we prove this by induction. For n = 0, we
have F C C = W,. Assume that F C H,_4 for some n > 1, we will show that F C W, for the
same n > 1. Since x;, is the projection of xo onto H,_1 N W,,_1, by Lemma 2.2, we have

(70) (xp—2z,Jxo—Jxy) > 0, Vze€C,1NQy_1.

Since F C H,—1 N W,_1 by the induction assumptions, the last inequality holds, in particular,
for all w € F. This together with the definition of W,, implies that F C W,. Thus we proved
that F C H, N W,, Vn > 0. This means that {x, } is well define.

From the definition of W,,, we know that

(xp—z,Jx—Jx,) > 0, VzeW,.

So by Lemma 2.2 we have x,, = Iy, x. If we instead C, by W,, and C,,41 by H,, in the proof of
Theorem 3.1, and notice that x,,.1 = Il ~w,x € H, " W,, C W,,, we have

2

2

(71) lim |[|x,11 — x| = lm ||x, —u,;|| = 0.
n—oo n—oo

Since | is uniformly norm-to-norm continuous on bounded set, we have
(72) lim ||Jx, — Juy,|| = 0.
n—oo

Thus the proof that {x, } converges strongly to ITrx follows on the lines of Theorem 3.1. [
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prove the manuscript.
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