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An extragradient type method for a system of equilibrium problems,
variational inequality problems and fixed points of finitely many

nonexpansive mappings
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ABSTRACT: The purpose of this paper is to investigate the problem of finding the common
element of the set of common fixed points of a finite family of nonexpansive mappings, the
set of solutions of a system of equilibrium problems and the set of solutions of the variational
inequality problem for a monotone and k-Lipschitz continuous mapping in Hilbert spaces.
Consequently, we obtain the strong convergence theorem of the proposed iterative algorithm
to the unique solutions of variational inequality, which is the optimality condition for a min-
imization problem. The results presented in this paper generalize, improve and extend some
well-known results in the literature.
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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let F be
a bifunction of C × C into R, where R is the set of real numbers. The equilibrium problem for
F : C × C → R is to find x ∈ C such that

(1) F(x, y) ≥ 0, ∀y ∈ C.

The set of solutions of (1) is denoted by EP(F), that is,

(2) EP(F) =
{

x ∈ C : F(x, y) ≥ 0, ∀y ∈ C
}

.

Given a mapping B : C → H, let F(x, y) = 〈Bx, y − x〉 for all x, y ∈ C. Then z ∈ EP(F) if
and only if 〈Bz, y − z〉 ≥ 0 for all y ∈ C, i.e., z is a solution of the variational inequality prob-
lems. Numerous problems in physics, optimization, saddle point problems, complementarity
problems, mechanics and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [4] introduced an iterative scheme of finding the best approximation to initial data
when EP(F) is nonempty and proved a strong convergence theorem. Some methods have
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been proposed to solve the problem (1); see, for instance, [10, 16, 21, 22, 23, 24, 29, 33, 38, 39]
and the references therein.

Let = = {Fk}k∈Λ be a family of bifunctions from C × C into R, where R is the set of real
numbers. The system of equilibrium problems for = = {Fk}k∈Λ is to determine common
equilibrium points for = = {Fk}k∈Λ such that

(3) Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C.

where Λ is an arbitrary index set. The set of solutions of (3) is denoted by SEP(=), that is,

(4) SEP(=) =
{

x ∈ C : Fk(x, y) ≥ 0, ∀k ∈ Λ, ∀y ∈ C
}

.

If Λ is a singleton, then the problem (3) is reduced to the problem (1). The problem (3) is very
general in the sense that it includes, as special case, some optimization , variational inequali-
ties, minimax problems, the Nash equilibrium problem in noncooperative games, economics
and others (see, for instance, [2, 4, 5]). The classical variational inequality problem is to find
x ∈ C such that

(5) 〈Bx, y− x〉 ≥ 0, ∀y ∈ C.

The set of solutions of (5) is denoted by VI(C, B), that is,

(6) VI(C, B) =
{

x ∈ C : 〈Bx, y− x〉 ≥ 0, ∀y ∈ C
}

.

The variational inequality has been extensively studied in the literature; see, for instance [6, 7,
9, 12, 16, 29, 39]. This alternative equivalent formulation has played a significant role in the
studies of the variational inequalities and related optimization problems.

Recall the following definitions:
(1) A mapping B of C into H is called monotone if

〈Bx − By, x − y〉 ≥ 0, ∀x, y ∈ C.

(2) B is called β-strongly monotone (see [3, 18]) if there exists a constant β > 0 such that

〈Bx − By, x − y〉 ≥ β‖x − y‖2, ∀x, y ∈ C.

(3) B is called k-Lipschitz continuous if there exists a positive real number k such that

‖Bx − By‖ ≤ k‖x − y‖, ∀x, y ∈ C.

(4) B is called β-inverse-strongly monotone (see [3, 18]) if there exists a constant β > 0 such
that

〈Bx − By, x − y〉 ≥ β‖Bx − By‖2, ∀x, y ∈ C.

Remark 1.1. It is obvious that any β-inverse-strongly monotone mapping B is monotone
and 1

β -Lipschitz continuous.

(5) A mapping T of C into itself is called nonexpansive (see [30]) if

‖Tx − Ty‖ ≤ ‖x − y‖, ∀x, y ∈ C.

We denote F(T) = {x ∈ C : Tx = x} be the set of fixed points of T.
(6) Let f : C → C is said to be a α-contraction if there exists a coefficient α (0 < α < 1) such

that
‖ f (x)− f (y)‖ ≤ α‖x − y‖, ∀x, y ∈ C.

(7) An operator A is strongly positive linear bounded operator on H if there exists a constant
γ̄ > 0 with the property

〈Ax, x〉 ≥ γ̄‖x‖2, ∀x ∈ H.

(8) A set-valued mapping T : H → 2H is called monotone if for all x, y ∈ H, f ∈ Tx and
g ∈ Ty imply 〈x − y, f − g〉 ≥ 0.
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(9) A monotone mapping T : H → 2H is maximal if the graph of G(T) of T is not properly
contained in the graph of any other monotone mapping.

It is known that a monotone mapping T is maximal if and only if for (x, f ) ∈ H × H,
〈x − y, f − g〉 ≥ 0 for every (y, g) ∈ G(T) implies f ∈ Tx.

Let B be a monotone mapping of C into H and let NCv be the normal cone to C at
v ∈ C, that is,

NCv = {w ∈ H : 〈v− u, w〉 ≥ 0, ∀u ∈ C}
and define

Tv =
{

Bv + NCv, v ∈ C;
∅, v /∈ C.

Then T is the maximal monotone and 0 ∈ Tv if and only if v ∈ VI(C, B); see [27].

In 1976, Korpelevich [17] introduced the following so-called extragradient method:

(7)


x0 = x ∈ C,

yn = PC(xn − λBxn),

xn+1 = PC(xn − λByn),

for all n ≥ 0, where λ ∈ (0, 1
k ), C is a closed convex subset of Rn and B is a monotone and

k-Lipschitz continuous mapping of C into Rn. He proved that if VI(C, B) is nonempty, then
the sequences {xn} and {yn}, generated by (7), converge to the same point z ∈ VI(C, B). For
finding a common element of the set of fixed points of a nonexpansive mapping and the set of
solution of variational inequalities for an β-inverse-strongly monotone, Takahashi and Toyoda
[31] introduced the following iterative scheme:

(8)

{
x0 ∈ C chosen arbitrary,
xn+1 = αnxn + (1− αn)SPC(xn − λnBxn), ∀n ≥ 0,

where B is β-inverse-strongly monotone, {αn} is a sequence in (0,1) and {λn} is a sequence in
(0, 2β). They showed that if F(S) ∩ VI(C, B) is nonempty, then the sequence {xn} generated
by (8) converges weakly to some z ∈ F(S) ∩ VI(C, B). Recently, Iiduka and Takahashi [15]
proposed a new iterative scheme as following

(9)

{
x0 = x ∈ C chosen arbitrary,
xn+1 = αnx + (1− αn)SPC(xn − λnBxn), ∀n ≥ 0,

where B is β-inverse-strongly monotone, {αn} is a sequence in (0, 1), and {λn} is a sequence in
(0, 2β). They showed that if F(S) ∩ VI(C, B) is nonempty, then the sequence {xn} generated
by (9) converges strongly to some z ∈ F(S) ∩VI(C, B).

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see e.g., [13, 35, 36, 37] and the references therein. Convex minimiza-
tion problems have a great impact and influence in the development of almost all branches of
pure and applied sciences. A typical problem is to minimize a quadratic function over the set
of the fixed points of a nonexpansive mapping on a real Hilbert space H:

(10) min
x∈C

1
2
〈Ax, x〉 − 〈x, b〉,

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S on
H and b is a given point in H. Moreover, it is shown in [19] that the sequence {xn} defined by
the scheme

(11) xn+1 = εnγ f (xn) + (1− εn A)Sxn

converges strongly to z = PF(S)(I − A + γ f )(z). Recently, Plubtieng and Punpaeng [24] pro-
posed the following iterative algorithm:
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(12)

{
F(un, y) + 1

rn
〈y− un, un − xn〉 ≥ 0, ∀y ∈ H,

xn+1 = εnγ f (xn) + (I − εn A)Sun.

They proved that if the sequence {εn} and {rn} of parameters satisfy appropriate condition,
then the sequences {xn} and {un} both converge to the unique solution z of the variational
inequality

(13)
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ F(S) ∩ EP(F),

which is the optimality condition for the minimization problem

(14) min
x∈F(S)∩EP(F)

1
2
〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H).
In 2009, Peng and Yao [20] introduced an iterative scheme for finding a common element of

the set of solutions of the system equilibrium problems (3), the set of solutions to the variational
inequality for a monotone and Lipschitz continuous mapping and the set of common fixed
points of a countable family of nonexpansive mappings in a Hilbert spaces and proved a strong
convergence theorem.

Definition 1.2. [16]. For a finite family of nonexpansive mappings of T1, T2, ..., TN and sequence
{µn,i}N

i=1 in [0, 1], we define the mapping Wn of C into itself as follows:

Un,0 = I,
Un,1 = µn,1T1Un,0 + (1− µn,1)Un,0,
Un,2 = µn,2T2Un,1 + (1− µn,2)Un,1,

...(15)
Un,N−1 = µn,N−1TN−1Un,N−2 + (1− µn,N−1)Un,N−2,

Wn = Un,N = µn,NTNUn,N−1 + (1− µn,N)Un,N−1.

On the other hand, Colao et al. [10] introduced and considered an iterative scheme for
finding a common element of the set of solutions of the equilibrium problem (1) and the set
of common fixed points of a finite family of nonexpansive mappings on C. Starting with an
arbitrary initial x0 ∈ C and defining a sequence {xn} recursively by

(16)

{
F(un, y) + 1

rn
〈y− un, un − xn〉 ≥ 0, ∀y ∈ H,

xn+1 = εnγ f (xn) + βxn +
(
(1− β)I − εn A

)
Wnun,

where {εn} be a sequences in (0, 1). It is proved [10] that under certain appropriate condi-
tions imposed on {εn} and {rn}, the sequence {xn} generated by (16) converges strongly to
z ∈ ∩∞

n=1F(Tn) ∩ EP(F), where z is an equilibrium point for F and the unique solution of the
variational inequality (13), i.e., z = P∩∞

n=1F(Tn)∩EP(F)(I − (A− γ f ))z.
In 2009, Colao et al. [11] introduced and considered an implicit iterative scheme for finding

a common element of the set of solutions of the system equilibrium problems (3) and the set of
common fixed points of an infinite family of nonexpansive mappings on C. Starting with an
arbitrary initial x0 ∈ C and defining a sequence {zn} recursively by

(17) zn = εnγ f (zn) + (1− εn A)Wn JFM
rM,n

JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n

JF1
r1,n

zn,

where {εn} be a sequences in (0, 1). It is proved [11] that under certain appropriate condi-
tions imposed on {εn} and {rn}, the sequence {xn} generated by (17) converges strongly to
z ∈ ∩∞

n=1F(Tn) ∩
(
∩M

k=1SEP(Fk)
)
, where z is the unique solution of the variational inequality

(13) and which is the optimality condition for the minimization problem (14). In 2010, He et
al. [14] introduced an explicit iterative scheme for finding common solutions of variational
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inequalities and systems of equilibrium problems and fixed points of an infinite family of non-
expansive mappings.

In this paper, motivated by Colao et al. [10, 11], He et al. [14], and Peng and Yao [20, 21], we
introduce a new iterative scheme in a Hilbert space H which is mixed the iterative schemes of
(16) and (17). We prove that the sequence converges strongly to a common element of the set
of solutions of the system equilibrium problems (3), the set of common fixed points of a finite
family of nonexpansive mappings and the set of solutions of variational inequality (5) for be
a monotone and k-Lipschitz continuous mapping in Hilbert spaces by using the extragradient
approximation method. The results presented in this paper generalize, improve and extend
some well-known results in the literature.

2. Preliminaries

Let H be a real Hilbert space with norm ‖ · ‖ and inner product 〈·, ·〉 and let C be a closed
convex subset of H. When {xn} is a sequence in H, we denote strong convergence of {xn} to
x ∈ H by xn → x and weak convergence by xn ⇀ x. In a real Hilbert space H, it is well known
that

‖λx + (1− λ)y‖2 = λ‖x‖2 + (1− λ)‖y‖2 − λ(1− λ)‖x − y‖2,
for all x, y ∈ H and λ ∈ [0, 1].

Lemma 2.1. [26] Let (C, 〈., .〉) be an inner product space. Then for all x, y, z ∈ C and α, β, γ ∈ [0, 1]
with α + β + γ = 1, we have

‖αx + βy + γz‖2 = α‖x‖2 + β‖y‖2 + γ‖z‖2 − αβ‖x − y‖2 − αγ‖x − z‖2 − βγ‖y− z‖2.

Recall that the metric (nearest point) projection PC from H onto C assigns to each x ∈ H the
unique point in PCx ∈ C satisfying the property

‖x − PCx‖ = min
y∈C

‖x − y‖.

The following characterizes the projection PC.
In order to prove our main results, we need the following lemmas.

Lemma 2.2. For a given z ∈ H, u ∈ C,

u = PCz ⇔ 〈u− z, v− u〉 ≥ 0, ∀v ∈ C.

It is well known that PC is a firmly nonexpansive mapping of H onto C and satisfies

(18) ‖PCx − PCy‖2 ≤ 〈PCx − PCy, x − y〉, ∀x, y ∈ H.

Moreover, PCx is characterized by the following properties: PCx ∈ C and for all x ∈ H, y ∈ C,

(19) 〈x − PCx, y− PCx〉 ≤ 0.

It is easy to see that (19) is equivalent to the following inequality:

(20) ‖x − y‖2 ≥ ‖x − PCx‖2 + ‖y− PCx‖2.

Using Lemma 2.2, one can see that the variational inequality (5) is equivalent to a fixed point
problem.

It is easy to see that the following is true:

(21) u ∈ VI(C, B) ⇔ u = PC(u− λBu), λ > 0.

Lemma 2.3. [25]. Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {xn} ⊂ H
with xn ⇀ x, the inequality

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖,

hold for each y ∈ H with y 6= x.
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Lemma 2.4. [28] . Let {xn} and {zn} be bounded sequences in a Banach space X and let {βn}
be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1. Suppose xn+1 = (1 −
βn)zn + βnxn for all integers n ≥ 0 and lim supn→∞(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0. Then,
limn→∞ ‖zn − xn‖ = 0.

Lemma 2.5. [32]. Assume {an} is a sequence of nonnegative real numbers such that

an+1 ≤ (1− ln)an + σn, n ≥ 0,

where {ln} is a sequence in (0, 1) and {σn} is a sequence in R such that
(1) ∑∞

n=1 ln = ∞,
(2) lim supn→∞

σn
ln ≤ 0 or ∑∞

n=1 |σn| < ∞.

Then limn→∞ an = 0.

Lemma 2.6. . Let H be a real Hilbert space. Then for all x, y ∈ H,
(1) ‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉,
(2) ‖x + y‖2 ≥ ‖x‖2 + 2〈y, x〉.

Lemma 2.7. [19]. Let C be a nonempty closed convex subset of H and let f be a contraction of H into
itself with α ∈ (0, 1), and A be a strongly positive linear bounded operator on H with coefficient γ̄ > 0.
Then , for 0 < γ < γ̄

α ,〈
x − y, (A− γ f )x − (A− γ f )y

〉
≥ (γ̄− αγ)‖x − y‖2, x, y ∈ H.

That is, A− γ f is strongly monotone with coefficient γ̄− γα.

Lemma 2.8. [19]. Assume A be a strongly positive linear bounded operator on H with coefficient
γ̄ > 0 and 0 < ρ ≤ ‖A‖−1. Then ‖I − ρA‖ ≤ 1− ργ̄.

For solving the equilibrium problem for a bifunction F : C × C → R, let us assume that F
satisfies the following conditions:

(A1) F(x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F(x, y) + F(y, x) ≤ 0 for all x, y ∈ C;
(A3) for each x, y, z ∈ C, limt↓0 F(tz + (1− t)x, y) ≤ F(x, y);
(A4) for each x ∈ C, y 7→ F(x, y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.9. [2]. Let C be a nonempty closed convex subset of H and let F be a bifunction of C × C
into R satisfying (A1)-(A4). Let r > 0 and x ∈ H. Then, there exists z ∈ C such that

F(z, y) +
1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C.

The following lemma was also given in [5].

Lemma 2.10. [5]. Assume that F : C × C → R satisfies (A1)-(A4). For r > 0 and x ∈ H, define a
mapping JF

r : H → C as follows:

JF
r (x) =

{
z ∈ C : F(z, y) +

1
r
〈y− z, z− x〉 ≥ 0, ∀y ∈ C

}
for all z ∈ H. Then, the following hold:

(1) JF
r is single- valued;

(2) JF
r is firmly nonexpansive, i.e., for any x, y ∈ H,∥∥JF

r x − JF
r y

∥∥2 ≤
〈

JF
r x − JF

r y, x − y
〉

;

(3) F(JF
r ) = EP(F); and

(4) EP(F) is closed and convex.
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3. Main Results

In this section, we deal with the strong convergence of extragradient approximation method
(23) for finding a common element of the set of solutions of the system equilibrium problems
(3), the set of common fixed points of a finite family of nonexpansive mappings and the set of
solutions of variational inequality (5) for be a monotone and k-Lipschitz continuous mapping
in Hilbert spaces.

First, let Ti : C → C, where i = 1, 2, . . . , N, be a family of finitely nonexpansive mappings.
Let the mapping Wn be defined by

(22)



Un,0 = I,
Un,1 = λn,1T1Un,0 + (1− λn,1)Un,0,
Un,2 = λn,2T2Un,1 + (1− λn,2)Un,1,
...
Un,N−1 = λn,N−1TN−1Un,N−2 + (1− λn,N−1)UN−2,
Wn = Un,N = λn,NTNUn,N−1 + (1− λn,N)UN−1,

where {λn,1}, {λn,2}, . . . , {λn,N} ∈ (0, 1]. Such a mapping Wn is called the W-mapping gener-
ated by T1, T2, . . . , TN and λn,1, λn,2, . . . , λn,N . Nonexpansivity of each Ti ensures the nonexpan-
sivity of Wn. Moreover, in ([1], Lemma 3.1), it is shown that F(Wn) = ∩N

i=1F(Ti).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈ {1, 2, 3, . . . , M}
be a bifunction from C × C to R satisfying (A1)-(A4). Let T1, T2, . . . , TN be a family of finitely non-
expansive mappings of C into itself and let Wn be the W-mapping generated by T1, T2, . . . , TN and
λn,1, λn,2, . . . , λn,N . Let B be a monotone and k-Lipschitz continuous mapping of C into H such that

Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1) and let A be a strongly positive linear bounded
operator on H with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Let {xn}, {yn} and {un} be sequences generated
by

(23)


x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)WnPC(un − λnByn), ∀n ≥ 1,

where {αn}, {βn} are two sequences in (0, 1), {λn} ⊂ [a, b] ⊂ (0, 1
k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M}

are a real sequence in (0, ∞) satisfy the following conditions:
(C1) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C3) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0 for each k ∈ {1, 2, 3, . . . , M},
(C4) limn→∞ λn = 0,
(C5) limn→∞ |λn,i − λn−1,i| = 0 for all i = 1, 2, . . . , N.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality

(24)
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ(I − A + γ f )(z), which is the optimality condition for the minimization
problem

(25) min
x∈Ω

1
2
〈Ax, x〉 − h(x),

where h is a potential function for γ f (i.e., h′(x) = γ f (x) for x ∈ H).
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Proof. Note that from the condition (C1), we may assume, without loss of generality, that αn ≤
(1 − βn)‖A‖−1 for all n ∈ N. From Lemma 2.8, we know that if 0 ≤ ρ ≤ ‖A‖−1, then
‖I − ρA‖ ≤ 1 − ργ̄. We will assume that ‖I − A‖ ≤ 1 − γ̄. Since A is a strongly positive
bounded linear operator on H, we have

‖A‖ = sup
{∣∣〈Ax, x〉

∣∣ : x ∈ H, ‖x‖ = 1
}

.

Observe that 〈(
(1− βn)I − αn A

)
x, x

〉
= 1− βn − αn〈Ax, x〉

≥ 1− βn − αn‖A‖
≥ 0,

this show that (1− βn)I − αn A is positive. It follows that

‖(1− βn)I − αn A‖ = sup

{∣∣∣∣〈(
(1− βn)I − αn A

)
x, x

〉∣∣∣∣ : x ∈ H, ‖x‖ = 1

}
= sup

{
1− βn − αn〈Ax, x〉 : x ∈ H, ‖x‖ = 1

}
≤ 1− βn − αnγ̄.

We will divide the proof of Theorem 3.1 into several steps.
Step 1. We claim that {xn} is bounded.

Indeed, pick any x∗ ∈ Ω. By taking =k
n = JFk

rk,n JFk−1
rk−1,n JFk−2

rk−2,n . . . JF2
r2,n JF1

r1,n for k ∈ {1, 2, 3, . . . , M}
and =0

n = I for all n. The nonexpansivity of JFk
rk,n for each k = 1, 2, 3, . . . , M implies that =k

n is
nonexpansive. Let x∗ = =k

nx∗, we note that un = =M
n xn, it follows that

‖un − x∗‖ = ‖=M
n xn −=M

n x∗‖ ≤ ‖xn − x∗‖.

Put vn = PC(un − λnByn). Then, from (20) and the monotonicity of B, we compute

‖vn − x∗‖2 ≤ ‖un − λnByn − x∗‖2 − ‖un − λnByn − vn‖2

= ‖un − x∗‖2 − ‖un − vn‖2 + 2λn〈Byn, x∗ − vn〉
= ‖un − x∗‖2 − ‖un − vn‖2

+2λn
(
〈Byn − Bx∗, x∗ − yn〉+ 〈Bx∗, x∗ − yn〉+ 〈Byn, yn − vn〉

)
≤ ‖un − x∗‖2 − ‖un − vn‖2 + 2λn〈Byn, yn − vn〉
= ‖un − x∗‖2 − ‖un − yn‖2 − 2〈un − yn, yn − vn〉 − ‖yn − vn‖2

+2λn〈Byn, yn − vn〉
= ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2

+2〈un − λnByn − yn, vn − yn〉.

Moreover, since yn = PC(un − λnBun) and (19), we have

(26) 〈un − λnBun − yn, vn − yn〉 ≤ 0.

Since B is k-Lipschitz continuous and (26), we obtain

〈un − λnByn − yn, vn − yn〉
= 〈un − λnBun − yn, vn − yn〉+ 〈λnBun − λnByn, vn − yn〉
≤ 〈λnBun − λnByn, vn − yn〉
≤ λn‖Bun − Byn‖‖vn − yn‖
≤ λnk‖un − yn‖‖vn − yn‖.
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Since λn ∈ (0, 1
k ), we have

‖vn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + 2λnk‖un − yn‖‖vn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + λ2

nk2‖un − yn‖2 + ‖vn − yn‖2

= ‖un − x∗‖2 + (λ2
nk2 − 1)‖un − yn‖2(27)

≤ ‖un − x∗‖2,

and hence

(28) ‖vn − x∗‖ ≤ ‖un − x∗‖ ≤ ‖xn − x∗‖.

Thus, we can note that

‖xn+1 − x∗‖ =
∥∥∥αn

(
γ f (xn)− Ax∗

)
+ βn(xn − x∗) +

(
(1− βn)I − αn A

)
(Wnvn − x∗)

∥∥∥
≤ (1− βn − αnγ̄)‖vn − x∗‖+ βn‖xn − x∗‖+ αn‖γ f (xn)− Ax∗‖
≤ (1− βn − αnγ̄)‖xn − x∗‖+ βn‖xn − x∗‖+ αn‖γ f (xn)− Ax∗‖
= (1− αnγ̄)‖xn − x∗‖+ αnγ‖ f (xn)− f (x∗)‖+ αn‖γ f (x∗)− Ax∗‖
≤ (1− αnγ̄)‖xn − x∗‖+ αnγα‖xn − x∗‖+ αn‖γ f (x∗)− Ax∗‖

= (1− (γ̄− γα)αn)‖xn − x∗‖+ (γ̄− γα)αn
‖γ f (x∗)− Ax∗‖

γ̄− γα
.(29)

By induction that

(30) ‖xn − x∗‖ ≤ max
{
‖x1 − x∗‖,

‖γ f (x∗)− Ax∗‖
γ̄− γα

}
, n ∈ N.

Hence, {xn} is bounded, so are {un}, {vn}, {Bun}, {Bvn}, {Wnvn} and
{

f (xn)
}

.
Step 2. We claim that

lim
n→∞

‖=k
nxn −=k

n+1xn‖ = 0(31)

for every k ∈ {1, 2, 3, . . . , M}. From Step 2 of the proof in [10, Theorem 3.1], we have for
k ∈ {1, 2, 3, . . . , M},

lim
n→∞

‖JFk
rk,n+1 xn − JFk

rk,n xn‖ = 0.(32)

Note that for every k ∈ {1, 2, 3, . . . , M}, we obtain

=k
n = JFk

rk,n JFk−1
rk−1,n JFk−2

rk−2,n . . . JF2
r2,n

JF1
r1,n

= JFk
rk,n=

k−1
n .

So, we have

‖=k
nxn −=k

n+1xn‖(33)

= ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk

rk,n+1=
k−1
n xn − JFk

rk,n+1=
k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖=k−1

n xn −=k−1
n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk−1

rk−1,n=
k−2
n xn − JFk−1

rk−1,n+1=
k−2
n xn‖

+‖=k−2
n xn −=k−2

n+1xn‖

≤ ‖JFk
rk,n=

k−1
n xn − JFk

rk,n+1=
k−1
n xn‖+ ‖JFk−1

rk−1,n=
k−2
n xn − JFk−1

rk−1,n+1=
k−2
n xn‖

+ . . . + ‖JF2
r2,n
=1

nxn − JF2
r2,n+1

=1
nxn‖+ ‖JF1

r1,n
xn − JF1

r1,n+1
xn‖.

Now, apply (32) to (33), we conclude (31).
Step 3. We claim that limn→∞ ‖xn+1 − xn‖ = 0.

On the other hand, from un = =M
n xn and un+1 = =M

n+1xn+1, by the triangular inequality, we
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have

‖un+1 − un‖ = ‖=M
n+1xn+1 −=M

n xn‖
= ‖=M

n+1xn+1 −=M
n+1xn‖+ ‖=M

n+1xn −=M
n xn‖

≤ ‖xn+1 − xn‖+ ‖=M
n+1xn −=M

n xn‖.(34)

We note that

‖vn+1 − vn‖ = ‖PC(un+1 − λn+1Byn+1)− PC(un − λnByn)‖
≤ ‖un+1 − λn+1Byn+1 − (un − λnByn)‖
= ‖(un+1 − λn+1Bun+1)− (un − λn+1Bun)

+ λn+1(Bun+1 − Byn+1 − Bun) + λnByn‖
≤ ‖(un+1 − λn+1Bun+1)− (un − λn+1Bun)‖

+ λn+1(‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖) + λn‖Byn‖
≤ (1 + λn+1k)‖un+1 − un‖+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+λn‖Byn‖.(35)

Substituting (34) into (35), we have

‖vn+1 − vn‖ ≤ (1 + λn+1k)‖un+1 − un‖+ λn+1
(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖

≤ (1 + λn+1k)‖xn+1 − xn‖+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖.(36)

Putting zn = xn+1−βnxn
1−βn

=
αnγ f (xn)+

(
(1−βn)I−αn A

)
Wnvn

1−βn
then, we get xn+1 = (1− βn)zn + βnxn, n ≥

1. It follows that

zn+1 − zn =
αn+1γ f (xn+1) +

(
(1− βn+1)I − αn+1 A

)
Wn+1vn+1

1− βn+1

−
αnγ f (xn) +

(
(1− βn)I − αn A

)
Wnvn

1− βn

=
αn+1

1− βn+1
γ f (xn+1)−

αn

1− βn
γ f (xn) + Wn+1vn+1 −Wnvn

− αn+1

1− βn+1
AWn+1vn+1 +

αn

1− βn
AWnvn

=
αn+1

1− βn+1

(
γ f (xn+1)− AWn+1vn+1

)
+

αn

1− βn

(
AWnvn − γ f (xn)

)
+ Wn+1vn+1 −Wn+1vn + Wn+1vn −Wnvn.(37)
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It follows from (36) and (37) that

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ ‖Wn+1vn+1 −Wn+1vn‖

+ ‖Wn+1vn −Wnvn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ ‖vn+1 − vn‖

+ ‖Wn+1vn −Wnvn‖ − ‖xn+1 − xn‖

≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ λn+1k‖xn+1 − xn‖

+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖+ ‖Wn+1vn −Wnvn‖.(38)

By the definition of Wn that

‖Wn+1vn −Wnvn‖ = ‖λn+1,NTNUn+1,N−1vn + (1− λn+1,N)vn − λn,NTNUn,N−1vn − (1− λn,N)vn‖
≤ |λn+1,N − λn,N |‖vn‖+ ‖λn+1,NTNUn+1,N−1vn − λn,NTNUn,N−1vn‖
≤ |λn+1,N − λn,N |‖vn‖+ ‖λn+1,N(TNUn+1,N−1vn − TNUn,N−1vn)‖

+|λn+1,N − λn,N |‖TNUn,N−1vn‖
≤ 2M|λn+1,N − λn,N |+ λn+1,N‖Un+1,N−1vn −Un,N−1vn‖,(39)

where M is an approximate constant such that M ≥ max{supn≥1{‖vn‖}, supn≥1{‖TmUn,m−1vn‖} | m =
1, 2, . . . , N}.

Since 0 < λni ≤ 1 for all n ≥ 1 and i = 1, 2, . . . , N, we compute

‖Un+1,N−1vn −Un,N−1vn‖
= ‖λn+1,N−1TN−1Un+1,N−2vn + (1− λn+1,N−1)vn − λn,N−1TN−1Un,N−2vn − (1− λn,N−1)vn‖
≤ |λn+1,N−1 − λn,N−1|‖vn‖+ ‖λn+1,N−1TN−1Un+1,N−2vn − λn,N−1TN−1Un,N−2vn‖
≤ |λn+1,N−1 − λn,N−1|‖vn‖+ ‖λn+1,N−1(TN−1Un+1,N−2vn − TN−1Un,N−2vn)‖

+|λn+1,N−1 − λn,N−1|‖TN−1Un,N−2vn‖
≤ 2M|λn+1,N−1 − λn,N−1|+ ‖Un+1,N−2vn −Un,N−2vn‖.

It follows that

‖Un+1,N−1vn −Un,N−1vn‖ ≤ 2M|λn+1,N−1 − λn,N−1|+ 2M|λn+1,N−2 − λn,N−2|
+‖Un+1,N−3vn −Un,N−3vn‖(40)

≤ 2M
N−1

∑
i=2

|λn+1,i − λn,i|+ ‖Un+1,1vn −Un,1vn‖

= 2M
N−1

∑
i=2

|λn+1,i − λn,i|

+‖λn+1,1T1vn + (1− λn+1,1)vn − λn,1T1vn − (1− λn,1)vn‖

≤ 2M
N−1

∑
i=1

|λn+1,i − λn,i|.
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Substituting (40) into (39) yields that

‖Wn+1vn −Wnvn‖ ≤ 2M|λn+1,N − λn,N |+ 2λn+1,N M
N−1

∑
i=1

|λn+1,i − λn,i|

≤ 2M
N

∑
i=1

|λn+1,i − λn,i|,(41)

Applying (41) in (38), we get

‖zn+1 − zn‖ − ‖xn+1 − xn‖ ≤ αn+1

1− βn+1

(
‖γ f (xn+1)‖+ ‖AWn+1vn+1‖

)
+

αn

1− βn

(
‖AWnvn‖+ ‖γ f (xn)‖

)
+ λn+1k‖xn+1 − xn‖

+ (1 + λn+1k)‖=M
n+1xn −=M

n xn‖
+ λn+1

(
‖Bun+1‖+ ‖Byn+1‖+ ‖Bun‖

)
+ λn‖Byn‖+ 2M

N

∑
i=1

|λn+1,i − λn,i|.

By (31) and (C1)-(C5), imply that

lim sup
n→∞

(‖zn+1 − zn‖ − ‖xn+1 − xn‖) ≤ 0.

Hence, by Lemma 2.4, we obtain
lim
n→∞

‖zn − xn‖ = 0.

It follows that

(42) lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

(1− βn)‖zn − xn‖ = 0.

Applying (31), (42) and (C4) to (34) and (35), we obtain that

(43) lim
n→∞

‖un+1 − un‖ = lim
n→∞

‖vn+1 − vn‖ = 0.

Step 4. We claim that limn→∞ ‖xn −Wnvn‖ = 0.
Since xn+1 = αnγ f (xn) + βnxn + ((1− βn)I − αn A)Wnvn, we have

‖xn −Wnvn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 −Wnvn‖

= ‖xn − xn+1‖+
∥∥∥αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
Wnvn −Wnvn

∥∥∥
= ‖xn − xn+1‖+

∥∥∥αn
(
γ f (xn)− AWnvn

)
+ βn(xn −Wnvn)

∥∥∥
≤ ‖xn − xn+1‖+ αn

(
‖γ f (xn)‖+ ‖AWnvn‖

)
+ βn‖xn −Wnvn‖,

it follows that

‖xn −Wnvn‖ ≤ 1
1− βn

‖xn − xn+1‖+
αn

1− βn

(
‖γ f (xn)‖+ ‖AWnvn‖

)
.

By (C1), (C2) and (42), we obtain

(44) lim
n→∞

‖Wnvn − xn‖ = 0.

Step 5. We claim that the following statements hold:
(i) limn→∞ ‖un − yn‖ = 0;

(ii) limn→∞ ‖un − vn‖ = 0;
(iii) limn→∞ ‖Wnyn − yn‖ = 0.
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For any x∗ ∈ Ω and (23), we compute

‖xn+1 − x∗‖2 =
∥∥∥(

(1− βn)I − αn A
)
(Wnvn − x∗) + βn(xn − x∗) + αn

(
γ f (xn)− Ax∗

)∥∥∥2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − x∗) + βn(xn − x∗)‖2 + α2

n‖γ f (xn)− Ax∗‖2

+ 2βnαn
〈

xn − x∗, γ f (xn)− Ax∗
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
≤

[
(1− βn − αnγ̄)‖Wnvn − x∗‖+ βn‖xn − x∗‖

]2 + α2
n‖γ f (xn)− Ax∗‖2

+ 2βnαn
〈

xn − x∗, γ f (xn)− Ax∗
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
≤

[
(1− βn − αnγ̄)‖vn − x∗‖+ βn‖xn − x∗‖

]2 + cn

≤ (1− βn − αnγ̄)2‖vn − x∗‖2 + β2
n‖xn − x∗‖2

+ 2(1− βn − αnγ̄)βn‖vn − x∗‖‖xn − x∗‖+ cn

≤ (1− βn − αnγ̄)2‖vn − x∗‖2 + β2
n‖xn − x∗‖2

+ (1− βn − αnγ̄)βn
(
‖vn − x∗‖2 + ‖xn − x∗‖2) + cn

=
[
(1− αnγ̄)2 − 2(1− αnγ̄)βn + β2

n
]
‖vn − x∗‖2 + β2

n‖xn − x∗‖2

+
(
(1− αnγ̄)βn − β2

n
)(
‖vn − x∗‖2 + ‖xn − x∗‖2) + cn

= (1− αnγ̄)2‖vn − x∗‖2 − (1− αnγ̄)βn‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn,(45)

where

cn = α2
n‖γ f (xn)− Ax∗‖2 + 2βnαn

〈
xn − x∗, γ f (xn)− Ax∗

〉
+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − x∗), γ f (xn)− Ax∗

〉
.

It follows from the condition (C1) that

(46) lim
n→∞

cn = 0.

Substituting (27) into (45), and (C4), we get

‖xn+1 − x∗‖2 ≤ (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖un − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖xn − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 + (1− αnγ̄)(1− βn − αnγ̄)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖un − yn‖2 + cn.

Hence

(1− λ2
nk2)‖un − yn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + cn

= (‖xn − x∗‖ − ‖xn+1 − x∗‖)(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn.

Since (46) and (42), we obtain

(47) lim
n→∞

‖un − yn‖ = 0.
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By the same argument as in (27), we also have

‖vn − x∗‖2 ≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + 2λnk‖un − yn‖‖vn − yn‖
≤ ‖un − x∗‖2 − ‖un − yn‖2 − ‖yn − vn‖2 + ‖un − yn‖2 + λ2

nk2‖vn − yn‖2

= ‖un − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2(48)

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2.

Substituting (48) into (45), and (C4), we get

‖xn+1 − x∗‖2 ≤ (1− αnγ̄)(1− βn − αnγ̄)
{
‖xn − x∗‖2 + (λ2

nk2 − 1)‖yn − vn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 + (1− αnγ̄)(1− βn − αnγ̄)(λ2
nk2 − 1)‖yn − vn‖2 + cn

≤ ‖xn − x∗‖2 + (λ2
nk2 − 1)‖yn − vn‖2 + cn.

It follows that

(1− λ2
nk2)‖yn − vn‖2 ≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + cn.

Again from (46) and (42), we have

(49) lim
n→∞

‖yn − vn‖ = 0.

On the other hand, we note that

‖un − vn‖ ≤ ‖un − yn‖+ ‖yn − vn‖.

Applying (47)and (49), we get

(50) lim
n→∞

‖un − vn‖ = 0.

For any x∗ ∈ Ω, note that JFk
rk,n is firmly nonexpansive (Lemma 2.10) for k ∈ {1, 2, 3, . . . , M},

then we get

‖=k
nxn − x∗‖2 = ‖JFk

rk,n=
k−1
n xn − JFk

rk,n x∗‖2

≤
〈

JFk
rk,n=

k−1
n xn − JFk

rk,n x∗,=k−1
n xn − x∗

〉
=

〈
=k

nxn − x∗,=k−1
n xn − x∗

〉
=

1
2

(
‖=k

nxn − x∗‖2 + ‖=k−1
n xn − x∗‖2 − ‖=k

nxn −=k−1
n xn‖2

)
and hence

‖=k
nxn − x∗‖2 ≤ ‖=k−1

n xn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2, k = 1, 2, 3, . . . , M

which implies that for each k ∈ {1, 2, 3, . . . , M},

‖=k
nxn − x∗‖2 ≤ ‖=0

nxn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2

−‖=k−1
n xn −=k−2

n xn‖2 − . . .− ‖=2
nxn −=1

nxn‖2 − ‖=1
nxn −=0

nxn‖2

≤ ‖xn − x∗‖2 − ‖=k
nxn −=k−1

n xn‖2.
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Together with (27) and (48), we compute

‖xn+1 − x∗‖2

≤ (1− αnγ̄)(1− βn − αnγ̄)‖vn − x∗‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− αnγ̄− βn)
{
‖un − x∗‖2 + (λ2

nk2 − 1)‖un − yn‖2
}

+ (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖un − x∗‖2 + (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2

+(1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn − x∗‖2 + (1− αnγ̄)(1− αnγ̄− βn)(λ2

nk2 − 1)‖un − yn‖2

+(1− αnγ̄)βn‖xn − x∗‖2 + cn

≤ (1− αnγ̄)(1− αnγ̄− βn)
{
‖xn − x∗‖2 − ‖=k

nxn −=k−1
n xn‖2

}
+(1− αnγ̄)(1− αnγ̄− βn)(λ2

nk2 − 1)‖un − yn‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)(1− αnγ̄− βn)‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + (1− αnγ̄)βn‖xn − x∗‖2 + cn

= (1− αnγ̄)2‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

=
[
1− 2αnγ̄ + (αnγ̄)2]‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k

nxn −=k−1
n xn‖2

+(1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − x∗‖2 + (αnγ̄)2‖xn − x∗‖2 − (1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn.

So, we obtain

(1− αnγ̄)(1− αnγ̄− βn)‖=k
nxn −=k−1

n xn‖2

≤ ‖xn − x∗‖2 − ‖xn+1 − x∗‖2 + (αnγ̄)2‖xn − x∗‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn

≤ ‖xn − xn+1‖(‖xn − x∗‖+ ‖xn+1 − x∗‖) + (αnγ̄)2‖xn − x∗‖2

+ (1− αnγ̄)(1− αnγ̄− βn)(λ2
nk2 − 1)‖un − yn‖2 + cn.

Using (C1), (42) , (46) and (47), we get

(51) lim
n→∞

‖=k
nxn −=k−1

n xn‖ = 0, ∀k = 1, 2, ..., M.

Observe that

‖Wnyn − yn‖ ≤ ‖Wnyn −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn − un‖+ ‖un − yn‖
≤ ‖yn − vn‖+ ‖Wnvn − xn‖+ ‖xn −=M

n xn‖+ ‖un − yn‖
≤ ‖yn − vn‖+ ‖Wnvn − xn‖+ ‖=0

nxn −=1
nxn‖+ ‖=1

nxn −=2
nxn‖

+ . . . + ‖=M−1
n xn −=M

n xn‖+ ‖un − yn‖.

Applying (44), (47), (49) and (51) to the last inequality, we have

(52) lim
n→∞

‖Wnyn − yn‖ = 0.

We also have

‖Wnun − un‖ ≤ ‖Wnun −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn − un‖
≤ ‖Wnun −Wnvn‖+ ‖Wnvn − xn‖+ ‖xn −=M

n xn‖
≤ ‖un − vn‖+ ‖Wnvn − xn‖+ ‖=0

nxn −=1
nxn‖+ ‖=1

nxn −=2
nxn‖

+ . . . + ‖=M−1
n xn −=M

n xn‖.
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Applying (44), (50) and (51) to the last inequality, we have

(53) lim
n→∞

‖Wnun − un‖ = 0.

Step 6. We claim that lim supn→∞

〈
(A − γ f )z, z − xn

〉
≤ 0, which z is the unique solution of

the variational inequality
〈
(A− γ f )z, x − z

〉
≥ 0, ∀x ∈ Ω.

Observe that PΩ(I − A + γ f ) is a contraction of H into itself. Indeed, for all x, y ∈ H, we
have
‖PΩ(I − A + γ f )(x)− PΩ(I − A + γ f )(y)‖

≤ ‖(I − A + γ f )(x)− (I − A + γ f )(y)‖
≤ ‖I − A‖‖x − y‖+ γ‖ f (x)− f (y)‖
≤ (1− γ̄)‖x − y‖+ γα‖x − y‖
= (1− (γ̄− γα))‖x − y‖,

since H is complete, there exists a unique fixed point z ∈ H such that z = PΩ(I − A + γ f )(z).
Since z = PΩ(I − A + γ f )(z) is a unique solution of the variational inequality (24). To show

this inequality, we choose a subsequence {xni} of {xn} such that

lim
i→∞

〈
(A− γ f )z, z− xni

〉
= lim sup

n→∞

〈
(A− γ f )z, z− xn

〉
.

Since {uni} is bounded, there exists a subsequence {unij
} of {uni} which converges weakly

to w ∈ C. Without loss of generality, we can assume that uni ⇀ w. Since limn→∞ ‖=k
nxn −

=k−1
n xn‖ = 0 for each k = 1, 2, ..., M, we have =k

ni
xni ⇀ w for each k = 1, 2, ..., M. From

‖un − yn‖ → 0 and ‖un − vn‖ → 0, we also obtain yni ⇀ w and vni ⇀ w. Since {uni} ⊂ C and
C is closed and convex, we have w ∈ C.

Next, we show that w ∈ Ω, where Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B).

First, we show that w ∈ ∩M
k=1SEP(Fk). Since un = =k

nxn for k = 1, 2, 3, . . . , M, we also have

Fk(=k
nxn, y) +

1
rn
〈y−=k

nxn,=k
nxn −=k−1

n xn〉 ≥ 0, ∀y ∈ C.

If follows from (A2) that,

1
rn
〈y−=k

nxn,=k
nxn −=k−1

n xn〉 ≥ −Fk(=k
nxn, y) ≥ Fk(y,=k

nxn)

and hence 〈
y−=k

ni
xni ,

=k
ni

xni −=k−1
ni

xni

rni

〉
≥ Fk(y,=k

ni
xni).

Since
=k

ni
xni−=

k−1
ni

xni
rni

→ 0 and uni = =k
ni

xni ⇀ w, it follows by (A4) that

Fk(y, w) ≤ 0 ∀y ∈ C,

for each k = 1, 2, 3, . . . , M.
For t with 0 < t ≤ 1 and y ∈ H, let yt = ty + (1 − t)w. Since y ∈ C and w ∈ C, we have

yt ∈ C and hence Fk(yt, w) ≤ 0. So, from (A1) and (A4) we have

0 = Fk(yt, yt) ≤ tFk(yt, y) + (1− t)Fk(yt, w) ≤ tFk(yt, y)

and hence Fk(yt, y) ≥ 0. From (A3), we have Fk(w, y) ≥ 0 for all y ∈ C and hence w ∈ EP(Fk)
for k = 1, 2, 3, . . . , M, that is, w ∈ ∩M

k=1SEP(Fk).
Next, we show that w ∈ ∩N

i=1F(Ti). By [1, Lemma 3.1], we have F(Wn) = ∩N
i=1F(Tn).

Assume w /∈ F(Wn). Since yni ⇀ w, ‖Wnyni − yni‖ → 0 and w 6= Wnw, it follows by the Opial’s
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condition that

lim inf
i→∞

‖yni − w‖ < lim inf
i→∞

‖yni −Wnw‖

≤ lim inf
i→∞

{
‖yni −Wnyni‖+ ‖Wnyni −Wnw‖

}
≤ lim inf

i→∞
‖yni − w‖

which derives a contradiction. Thus, we have w ∈ F(Wn) = ∩N
i=1F(Ti).

Finally, we show that w ∈ VI(C, B). Define

Tv =
{

Bv + NCv, v ∈ C,
∅, v /∈ C.

Then, T is maximal monotone. Let (v, w1) ∈ G(T). Since w1 − Bv ∈ NCv and vn ∈ C, we have
〈v− vn, w1 − Bv〉 ≥ 0. On the other hand, vn = PC(un − λnByn), we have

〈v− vn, vn − (un − λnByn)〉 ≥ 0,

and hence 〈
v− vn,

vn − un

λn
+ Byn

〉
≥ 0.

Therefore, we have

〈v− vni , w〉 ≥ 〈v− vni , Bv〉

≥ 〈v− vni , Bv〉 −
〈

v− vni ,
vni − uni

λni

+ Byni

〉
=

〈
v− vni , Bv− Byni −

vni − uni

λni

〉
= 〈v− vni , Bv− Bvni〉+ 〈v− vni , Bvni − Byni〉

−
〈

v− vni ,
vni − uni

λni

〉
≥ 〈v− vni , Bvni − Byni〉 −

〈
v− vni ,

vni − uni

λni

〉
.

Since limn→∞ ‖vn − un‖ = limn→∞ ‖vn − yn‖ = 0, uni ⇀ w and B is Lipschitz continuous, we
obtain that limn→∞ ‖Bvn − Byn‖ = 0 and vni ⇀ w. From lim infn→∞ λn > 0 and limn→∞ ‖vn −
un‖ = 0, we obtain

〈v− w, w1〉 ≥ 0.

Since T is maximal monotone, we have w ∈ T−10 and hence w ∈ VI(C, B).
Hence w ∈ Ω, where Ω := ∩N

i=1F(Ti) ∩
(
∩M

k=1SEP(Fk)
)
∩VI(C, B).

Since z = PΩ(I − A + γ f )(z), it follows that

lim sup
n→∞

〈
(A− γ f )z, z− xn

〉
= lim sup

n→∞

〈
(A− γ f )z, z− xn

〉
= lim

i→∞

〈
(A− γ f )z, z− xni

〉
=

〈
(A− γ f )z, z− w

〉
≤ 0.(54)

It follows from the last inequality and (44) that

(55) lim sup
n→∞

〈
γ f (z)− Az, Wnvn − z

〉
≤ 0.

Step 7. Finally, we claim that {xn} converges strongly to
z = PΩ(I − A + γ f )(z).
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Indeed, from (23) , we have

‖xn+1 − z‖2(56)

=
∥∥αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
Wnvn − z

∥∥2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − z) + βn(xn − z) + αn

(
γ f (xn)− Az

)
‖2

= ‖
(
(1− βn)I − αn A

)
(Wnvn − z) + βn(xn − z)‖2 + α2

n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (xn)− Az
〉

+ 2αn

〈(
(1− βn)I − αn A

)
(Wnvn − z), γ f (xn)− Az

〉
≤

[
(1− βn − αnγ̄)‖Wnvn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγ
〈

xn − z, f (xn)− f (z)
〉
+ 2βnαn

〈
xn − z, γ f (z)− Az

〉
+ 2(1− βn)γαn

〈
Wnvn − z, f (xn)− f (z)

〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
(1− βn − αnγ̄)‖Wnvn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγ‖xn − z‖‖ f (xn)− f (z)‖+ 2βnαn
〈

xn − z, γ f (z)− Az
〉

+ 2(1− βn)γαn‖Wnvn − z‖‖ f (xn)− f (z)‖+ 2(1− βn)αn
〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
(1− βn − αnγ̄)‖xn − z‖+ βn‖xn − z‖

]2
+ α2

n‖γ f (xn)− Az‖2

+ 2βnαnγα‖xn − z‖2 + 2βnαn
〈

xn − z, γ f (z)− Az
〉

+ 2(1− βn)γαnα‖xn − z‖2 + 2(1− βn)αn
〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

=
[
(1− αnγ̄)2 + 2βnαnγα + 2(1− βn)γαnα

]
‖xn − z‖2 + α2

n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
− 2α2

n
〈

A(Wnvn − z), γ f (z)− Az
〉

≤
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + γ̄2α2

n‖xn − z‖2 + α2
n‖γ f (xn)− Az‖2

+ 2βnαn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)αn

〈
Wnvn − z, γ f (z)− Az

〉
+ 2α2

n‖A(Wnvn − z)‖‖γ f (z)− Az‖

=
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + αn

{
αn

[
γ̄2‖xn − z‖2 + ‖γ f (xn)− Az‖2

+ 2‖A(Wnvn − z)‖‖γ f (z)− Az‖
]
+ 2βn

〈
xn − z, γ f (z)− Az

〉
+ 2(1− βn)

〈
Wnvn − z, γ f (z)− Az

〉}
Since {xn}, { f (xn)} and {Wnvn} are bounded, we can take a constant K > 0 such that

γ̄2‖xn − z‖2 + ‖γ f (xn)− Az‖2 + 2‖A(Wnvn − z)‖‖γ f (z)− Az‖ ≤ K,

for all n ≥ 0. It then follows that

(57) ‖xn+1 − z‖2 ≤
[
1− 2(γ̄− αγ)αn

]
‖xn − z‖2 + αnσn,

where

σn = 2βn
〈

xn − z, γ f (z)− Az
〉
+ 2(1− βn)

〈
Wnvn − z, γ f (z)− Az

〉
+ αnK.
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Using (C1), (54) and (55), we get lim supn→∞ σn ≤ 0. Applying Lemma 2.5 to (57), we conclude
that xn → z in norm. This completes the proof. �

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈
{1, 2, 3, . . . , M} be a bifunction from C × C to R satisfying (A1)-(A4) and let B be a monotone and
k-Lipschitz continuous mapping of C into itself such that

Ω :=
(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1) and let A be a strongly positive linear bounded
operator on H with coefficient γ̄ > 0 and 0 < γ < γ̄

α . Let {xn}, {yn} and {un} be sequences generated
by 

x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αnγ f (xn) + βnxn +

(
(1− βn)I − αn A

)
PC(un − λnByn), ∀n ≥ 1,

where {αn}, {βn} are two sequences in (0, 1), {λn} ⊂ [a, b] ⊂ (0, 1
k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M}

are real sequence in (0, ∞) satisfy the following conditions:
(C1) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C2) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C3) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0,
(C4) limn→∞ λn = 0.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality 〈

(A− γ f )z, x − z
〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ(I − A + γ f )(z).

Proof. Put Tn = I for all n ∈ N and for all x ∈ C. Then Wn = I for all x ∈ C. The conclusion
follows from Theorem 3.1. This completes the proof. �

If A = I, γ ≡ 1 and γn = 1− αn − βn in Theorem 3.1, then we can obtain the following result
immediately.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fk, k ∈
{1, 2, 3, . . . , M} be a bifunction from C × C to R satisfying (A1)-(A4), let {Tn} be a family of finitely
nonexpansive mappings of C into itself and let B be a monotone and k-Lipschitz continuous mapping of
C into H such that

Ω := ∩N
n=1F(Tn) ∩

(
∩M

k=1SEP(Fk)
)
∩VI(C, B) 6= ∅.

Let f be a contraction of H into itself with α ∈ (0, 1). Let {xn}, {yn} and {un} be sequences generated
by 

x1 = x ∈ C chosen arbitrary,
un = JFM

rM,n JFM−1
rM−1,n JFM−2

rM−2,n . . . JF2
r2,n JF1

r1,n xn,
yn = PC(un − λnBun),
xn+1 = αn f (xn) + βnxn + γnWnPC(un − λnByn), ∀n ≥ 1,

where {Wn} is the sequence generated by (15)and {αn}, {βn}, {γn} are sequences in (0, 1), {λn} ⊂
[a, b] ⊂ (0, 1

k ) and {rk,n}, k ∈ {1, 2, 3, . . . , M} are a real sequence in (0, ∞) satisfy the following
conditions:

(C1) αn + βn + γn = 1,
(C2) limn→∞ αn = 0 and ∑∞

n=1 αn = ∞,
(C3) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1,
(C4) lim infn→∞ rk,n > 0 and limn→∞ |rk,n+1 − rk,n| = 0 for each k ∈ {1, 2, 3, . . . , M},
(C5) limn→∞ λn = 0.
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(C6) limn→∞ |λn,i − λn−1,i| = 0 for all i = 1, 2, . . . , N.

Then, {xn} and {un} converge strongly to a point z ∈ Ω which is the unique solution of the variational
inequality 〈

z− f (z), x − z
〉
≥ 0, ∀x ∈ Ω.

Equivalently, we have z = PΩ f (z).
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