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An extragradient type method for a system of equilibrium problems,
variational inequality problems and fixed points of finitely many
nonexpansive mappings

Thanyarat Jitpeera', Poom Kumam!?

ABSTRACT: The purpose of this paper is to investigate the problem of finding the common
element of the set of common fixed points of a finite family of nonexpansive mappings, the
set of solutions of a system of equilibrium problems and the set of solutions of the variational
inequality problem for a monotone and k-Lipschitz continuous mapping in Hilbert spaces.
Consequently, we obtain the strong convergence theorem of the proposed iterative algorithm
to the unique solutions of variational inequality, which is the optimality condition for a min-
imization problem. The results presented in this paper generalize, improve and extend some
well-known results in the literature.
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1. Introduction

Let H be a real Hilbert space and let C be a nonempty closed convex subset of H. Let F be
a bifunction of C x C into R, where RR is the set of real numbers. The equilibrium problem for
F:CxC— Ristofind x € C such that

(1) F(x,y) >0, VyeC.
The set of solutions of (1) is denoted by EP(F), that is,
() EP(F)={xeC:F(x,y) >0, VyeC}.

Given a mapping B : C — H, let F(x,y) = (Bx,y —x) for all x,y € C. Then z € EP(F) if
and only if (Bz,y —z) > O forally € C, i.e., z is a solution of the variational inequality prob-
lems. Numerous problems in physics, optimization, saddle point problems, complementarity
problems, mechanics and economics reduce to find a solution of (1). In 1997, Combettes and
Hirstoaga [4] introduced an iterative scheme of finding the best approximation to initial data
when EP(F) is nonempty and proved a strong convergence theorem. Some methods have
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been proposed to solve the problem (1); see, for instance, [10, 16, 21, 22, 23, 24, 29, 33, 38, 39]
and the references therein.

Let & = {Fi}kea be a family of bifunctions from C x C into R, where R is the set of real
numbers. The system of equilibrium problems for & = {Fy}ren is to determine common
equilibrium points for & = {F;}xea such that

(3) F(x,y) >0, VkeA, VYyeC.
where A is an arbitrary index set. The set of solutions of (3) is denoted by SE P(S), that is,
4) SEP(%):{xEC:Fk(x,y) >0, VkeA, VyEC}.

If A is a singleton, then the problem (3) is reduced to the problem (1). The problem (3) is very
general in the sense that it includes, as special case, some optimization , variational inequali-
ties, minimax problems, the Nash equilibrium problem in noncooperative games, economics
and others (see, for instance, [2, 4, 5]). The classical variational inequality problem is to find
x € C such that

(5) (Bx,y—x) >0, VyeC.
The set of solutions of (5) is denoted by VI(C, B), that is,
(6) VI(C,B)={xeC:(Bx,y—x) >0, VyeC}.

The variational inequality has been extensively studied in the literature; see, for instance [6, 7,
9,12, 16, 29, 39]. This alternative equivalent formulation has played a significant role in the
studies of the variational inequalities and related optimization problems.

Recall the following definitions:

(1) A mapping B of C into H is called monotone if
(Bx —By,x —y) >0, Vx,y€C.
(2) Bis called B-strongly monotone (see [3, 18]) if there exists a constant § > 0 such that
(Bx —By,x —y) > Bllx —yl’>, VxyeC
(3) Bis called k-Lipschitz continuous if there exists a positive real number k such that
IBx — By|| < kllx—yl, VxyeC

(4) B is called B-inverse-strongly monotone (see [3, 18]) if there exists a constant B > 0 such
that
(Bx — By, x —y) > B||Bx — By||>, Vx,yeC.

Remark 1.1. Itis obvious that any p-inverse-strongly monotone mapping B is monotone

and %—Lipschitz continuous.

(5) A mapping T of C into itself is called nonexpansive (see [30]) if
ITx = Ty[| < [lx =yl, VYxyeC

We denote F(T) = {x € C: Tx = x} be the set of fixed points of T.
(6) Let f : C — C is said to be a a-contraction if there exists a coefficient a (0 < & < 1) such
that

1f(x) = fFWIl < aflx —yll, VxyeC.

(7) An operator A is strongly positive linear bounded operator on H if there exists a constant
¥ > 0 with the property

(Ax,x) > 4||x||>, Vx € H.

(8) A set-valued mapping T : H — 2H is called monotone if for all x,y € H, f € Tx and
g € Tyimply (x —y, f —g) = 0.
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(9) A monotone mapping T : H — 2! is maximal if the graph of G(T) of T is not properly
contained in the graph of any other monotone mapping.
It is known that a monotone mapping T is maximal if and only if for (x, f) € H x H,
(x—y,f —g) > 0forevery (y,g) € G(T) implies f € Tx.
Let B be a monotone mapping of C into H and let Ncv be the normal cone to C at
v € C, that is,

Nev={we H: (v—u,w)>0,Yu € C}

and define

0, v ¢ C.
Then T is the maximal monotone and 0 € Tv if and only if v € VI(C, B); see [27].

Tv:{ Bv+ Ncv, v €EC;

In 1976, Korpelevich [17] introduced the following so-called extragradient method:
xo=x€C,
() Yn = Pc(xn — ABxy),
X1 = Pe(x, — )\B]/n)r

for all n > 0, where A € (0, %), C is a closed convex subset of R"” and B is a monotone and
k-Lipschitz continuous mapping of C into R”. He proved that if VI(C, B) is nonempty, then
the sequences {x, } and {y,}, generated by (7), converge to the same point z € VI(C, B). For
finding a common element of the set of fixed points of a nonexpansive mapping and the set of
solution of variational inequalities for an B-inverse-strongly monotone, Takahashi and Toyoda
[31] introduced the following iterative scheme:

®) { xo € C chosen arbitrary,

Xpi1 = anXy + (1 — ay)SPc(xy, — AyBxy), Yn >0,

where B is B-inverse-strongly monotone, {a, } is a sequence in (0,1) and {A, } is a sequence in
(0,2B). They showed that if F(S) N VI(C, B) is nonempty, then the sequence {x,} generated
by (8) converges weakly to some z € F(S) N VI(C,B). Recently, liduka and Takahashi [15]
proposed a new iterative scheme as following

©) { xp = x € C chosen arbitrary,

Xp1 = &nX + (1 — ay)SPc(xn — AyBxy), Vn >0,

where B is B-inverse-strongly monotone, {«, } is a sequence in (0, 1), and {A, } is a sequence in
(0,2B). They showed that if F(S) N VI(C, B) is nonempty, then the sequence {x,} generated
by (9) converges strongly to some z € F(S) N VI(C, B).

Iterative methods for nonexpansive mappings have recently been applied to solve convex
minimization problems; see e.g., [13, 35, 36, 37] and the references therein. Convex minimiza-
tion problems have a great impact and influence in the development of almost all branches of
pure and applied sciences. A typical problem is to minimize a quadratic function over the set
of the fixed points of a nonexpansive mapping on a real Hilbert space H:

!
(10) min 5 (Ax,x) — (x,b),

where A is a linear bounded operator, C is the fixed point set of a nonexpansive mapping S on
H and b is a given point in H. Moreover, it is shown in [19] that the sequence {x, } defined by
the scheme

(11) Xp+1 = €nYf (%) + (1 —€,A)Sxy

converges strongly to z = Pp(s)(I — A + 7f)(z). Recently, Plubtieng and Punpaeng [24] pro-
posed the following iterative algorithm:
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Ly — — >
(12) { F(un,y)+ - (y — up,uy —x,) >0, Yy € H,

Xpt1 = €xYf(xn) + (I — €,A)Suy.
They proved that if the sequence {e,} and {r,} of parameters satisfy appropriate condition,

then the sequences {x,} and {u,} both converge to the unique solution z of the variational
inequality

(13) <(A — 7 f)z,x — z> >0, Vx € F(S)NEP(F),

which is the optimality condition for the minimization problem

LA, x) — (),

14 i
(19 xEF(rSr)I:wrl}P(F) 2

where } is a potential function for yf (i.e., i/ (x) = ¢ f(x) for x € H).

In 2009, Peng and Yao [20] introduced an iterative scheme for finding a common element of
the set of solutions of the system equilibrium problems (3), the set of solutions to the variational
inequality for a monotone and Lipschitz continuous mapping and the set of common fixed
points of a countable family of nonexpansive mappings in a Hilbert spaces and proved a strong
convergence theorem.

Definition 1.2. [16]. For a finite family of nonexpansive mappings of Ty, Ty, ..., Ty and sequence
{uni 3N, in [0,1], we define the mapping W, of C into itself as follows:

Uo = 1,

U1 a1 Tilno + (1 — pn,1) Uno,

Uz = pin2Tolpy + (1= pn2)Uy g,

(15) :
Ugn-1 = pnN-1IN-1UnNn—2+ (1 = pun—1)UsN-2,
Wy =UyN = pnNINUpN-1+ (1 — pun)UyN-1-

On the other hand, Colao et al. [10] introduced and considered an iterative scheme for
finding a common element of the set of solutions of the equilibrium problem (1) and the set
of common fixed points of a finite family of nonexpansive mappings on C. Starting with an
arbitrary initial xo € C and defining a sequence {x, } recursively by

F(un,y)+ l<y — Uy, Uy —Xxy) >0, Yy € H,
(16) Tn
Xn1 = €xYf(xn) + Bxn + (1 — B)] — €, A) Wiy,

where {€,} be a sequences in (0,1). It is proved [10] that under certain appropriate condi-
tions imposed on {e,} and {r,}, the sequence {x,} generated by (16) converges strongly to
z € N F(T,) N EP(F), where z is an equilibrium point for F and the unique solution of the
variational inequality (13),i.e., z = Pr~ r(1,)nep(r) (I — (A —7f))z.

In 2009, Colao et al. [11] introduced and considered an implicit iterative scheme for finding
a common element of the set of solutions of the system equilibrium problems (3) and the set of
common fixed points of an infinite family of nonexpansive mappings on C. Starting with an
arbitrary initial xo € C and defining a sequence {z, } recursively by
(17) 2w = €nyf (zn) + (L= en )W F T T2, - I I 2,

YM,n M-2,n *Jrondri,

where {€,} be a sequences in (0,1). It is proved [11] that under certain appropriate condi-
tions imposed on {e,} and {r,}, the sequence {x,} generated by (17) converges strongly to
z € NY_F(T,) N ("M SEP(F)), where z is the unique solution of the variational inequality
(13) and which is the optimality condition for the minimization problem (14). In 2010, He et
al. [14] introduced an explicit iterative scheme for finding common solutions of variational
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inequalities and systems of equilibrium problems and fixed points of an infinite family of non-
expansive mappings.

In this paper, motivated by Colao et al. [10, 11], He et al. [14], and Peng and Yao [20, 21], we
introduce a new iterative scheme in a Hilbert space H which is mixed the iterative schemes of
(16) and (17). We prove that the sequence converges strongly to a common element of the set
of solutions of the system equilibrium problems (3), the set of common fixed points of a finite
family of nonexpansive mappings and the set of solutions of variational inequality (5) for be
a monotone and k-Lipschitz continuous mapping in Hilbert spaces by using the extragradient
approximation method. The results presented in this paper generalize, improve and extend
some well-known results in the literature.

2. Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -) and let C be a closed
convex subset of H. When {x,} is a sequence in H, we denote strong convergence of {x,} to
x € Hby x, — x and weak convergence by x, — x. In a real Hilbert space H, it is well known
that

1A+ (1= A)yll* = Al + (1= A)llylI* = A1 = A)llx = yl%,
forallx,y € Hand A € [0,1].

Lemma 2.1. [26] Let (C, (., .)) be an inner product space. Then for all x,y,z € C and a, B,y € [0,1]
with x + B+ v = 1, we have

leex + By +vz)|* = allxl* + Bllyl* + vllzl* — apllx — ylI* — ayllx —z[* = Bylly — =]

Recall that the metric (nearest point) projection Pc from H onto C assigns to each x € H the
unique point in Pcx € C satisfying the property

e = Pex]| = min [[x =y}l

The following characterizes the projection Pc.
In order to prove our main results, we need the following lemmas.
Lemma 2.2. Foragivenz € H,u € C,

u=Pez< (u—z,v—u)>0, VveC.
It is well known that Pc is a firmly nonexpansive mapping of H onto C and satisfies
(18) |Pcx — Pyl < (Pex — Py, x —y), Vx,y € H.
Moreover, Pcx is characterized by the following properties: Pcx € C and forall x € H,y € C,
(19) (x — Pcx,y — Pcx) < 0.
It is easy to see that (19) is equivalent to the following inequality:
(20) =117 > Ilx — Pex|]® + lly — Pex||>

Using Lemma 2.2, one can see that the variational inequality (5) is equivalent to a fixed point
problem.
It is easy to see that the following is true:

(21) ueVI(C,B) < u=Pc(u—ABu), A>0.

Lemma 2.3. [25]. Each Hilbert space H satisfies Opial’s condition, i.e., for any sequence {x,} C H
with x, — x, the inequality

liminf ||x, — x|| < liminf ||x, — y||,
n—oo n—oo

hold for each y € H withy # x.
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Lemma 2.4. [28] . Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,}

be a sequence in [0,1] with 0 < liminf, .. By < limsup, Bn < 1. Suppose x,41 = (1 —
Bn)zn + Buxy for all integers n > 0 and limsup,,_ (||znt1 — zal|| — [|Xn41 — xnl]) < 0. Then,
limy, e |20 — X || = 0.

Lemma 2.5. [32]. Assume {a,} is a sequence of nonnegative real numbers such that
An+1 S (1 - ln)an +0u, n 2 0/

where {1,} is a sequence in (0,1) and {0, } is a sequence in R such that

(1) Yolqln = o0,
(2) limsup, ., 7 < 0o0r Y32 [0n]| < 0.

Then lim;,_,o a, = 0.

Lemma 2.6. . Let H be a real Hilbert space. Then forall x,y € H,
1) [x-+ylP < 2] + 20,3 +y),
@) [l +yl* = llx]1* +2{y, x).

Lemma 2.7. [19]. Let C be a nonempty closed convex subset of H and let f be a contraction of H into
itself with a € (0,1), and A be a strongly positive linear bounded operator on H with coefficient > 0.
Then , for0 <y < 1,

(x=y(A=1)x—(A=1fly) = (F—an)lx—y|% xyeH.
That is, A — v f is strongly monotone with coefficient y — ya.

Lemma 2.8. [19]. Assume A be a strongly positive linear bounded operator on H with coefficient
¥ >0and 0 < p < ||A]|7L. Then ||I — pAl| <1—p%.

For solving the equilibrium problem for a bifunction F : C x C — IR, let us assume that F
satisfies the following conditions:

(Al) F(x,x) =0forallx € C;

(A2) Fis monotone,ie., F(x,y)+F(y,x) <0 forallx,y € C;

(A3) foreach x,y,z € C,limy g F(tz+ (1 — t)x,y) < F(x,y);

(A4) for each x € C,y — F(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [2].

Lemma 2.9. [2]. Let C be a nonempty closed convex subset of H and let F be a bifunction of C x C
into R satisfying (A1)-(A4). Let v > 0 and x € H. Then, there exists z € C such that

F(z,y) + %(y—z,z—x> >0, VyeC

The following lemma was also given in [5].

Lemma 2.10. [5]. Assume that F : C x C — R satisfies (A1)-(A4). Forr > 0 and x € H, define a
mapping JF : H — C as follows:

1
JE(x) = {ze C:F(z,y)—l—;(y—z,z—x) >0, VyeC}
or all z € H. Then, the following hold:
f 8
(1) JE is single- valued;
(2) JE is firmly nonexpansive, i.e., for any x,y € H,
7Ex — JEy|* < <Ifx — iy, x —y>;

(3) F(JF) = EP(F); and
(4) EP(F) is closed and convex.
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3. Main Results

In this section, we deal with the strong convergence of extragradient approximation method
(23) for finding a common element of the set of solutions of the system equilibrium problems
(3), the set of common fixed points of a finite family of nonexpansive mappings and the set of
solutions of variational inequality (5) for be a monotone and k-Lipschitz continuous mapping
in Hilbert spaces.
First,let T; : C — C, wherei = 1,2,...,N, be a family of finitely nonexpansive mappings.
Let the mapping W,, be defined by

un,o = I/
U1 = ApaTilno + (1 — App)Unp,

Upp = Ao Tolpg + (1 — Ayp) Uy 1,
(22) )

UnN-1 = Ag,N-1TN-1UnNn—2 + (1 = Ay n-1)Un—2,
Wi = Up,Nn = AgNTNUn -1+ (1 — Ayn)UN-1,
where {A,1}, {Au2}, ..., {Aun} € (0,1]. Such a mapping W, is called the W-mapping gener-

atedby Ty, Ty, ..., Ty and Ay, Ao, . .., Ay n. Nonexpansivity of each T; ensures the nonexpan-
sivity of W,,. Moreover, in ([1], Lemma 3.1), it is shown that F(W,) = NY,F(T;).

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fy, k € {1,2,3,..., M}
be a bifunction from C x C to R satisfying (A1)-(A4). Let Ty, Ty, ..., Tn be a family of finitely non-
expansive mappings of C into itself and let W,, be the W-mapping generated by Ty, Ty, ..., Ty and
Aui,Ang, ..., An,N. Let B be a monotone and k-Lipschitz continuous mapping of C into H such that

Q=N F(T,) N (N, SEP(F,)) NVI(C, B) # @.

Let f be a contraction of H into itself with a € (0,1) and let A be a strongly positive linear bounded
operator on H with coefficient ¥ > 0and 0 < v < L. Let {x,}, {yn} and {u,} be sequences generated

by

x1 = x € C chosen arbitrary,

u, — [t ]FM—l ]mez k1R
n — JrmnttM-1nt"M-2n ** 120t 10

Yn = PC(”n - /\nBun)/
X1 = &nYf(Xn) + Buxn + (1 — Bn)I — ay A)WyPc(uy — AyByy), Vn>1,

where {ay }, {Bn} are two sequences in (0,1), {An} C [a,b] C (0, 1) and {ry,},k € {1,2,3,..., M}
are a real sequence in (0, 00) satisfy the following conditions:

(C2) 0 < liminf, . By < limsup, . Bn <1,

(C3) iminf, e 7k, > 0and limy_.co |1k 11 — tkn| = 0 foreach k € {1,2,3,..., M},

(C4) limy e Ay = 0,

(C5) limy oo |[Api — Ap—1i| =0foralli=1,2,...,N.
Then, {x,} and {u,} converge strongly to a point z € Q) which is the unique solution of the variational
inequality

23) Xn,

(24) <(A—’yf)z,x—z>20, Vx € Q.

Equivalently, we have z = Pq(I — A+ v f)(z), which is the optimality condition for the minimization
problem

(25) rxréig%(Ax, x) — h(x),

where h is a potential function for «yf (i.e., W (x) = v f(x) for x € H).
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Proof. Note that from the condition (C1), we may assume, without loss of generality, that a;, <
(1 —B,)||A]|7! for all n € IN. From Lemma 2.8, we know that if 0 < p < ||A|~!, then
I — pA|l < 1—p7y. We will assume that || — A|| < 1— 4. Since A is a strongly positive
bounded linear operator on H, we have

IA| = sup{y<Ax,x>} x € H, x| = 1}.
Observe that

<((1—ﬁn) nA)x, x> = 1— By —an(Ax,x)
1— B —anl|A
0,

(\VARAYS

this show that (1 — 8,)I — «, A is positive. It follows that

(1= Bu)] —anAl| = sup{‘<((1—,3n)l—tan)x,x> :er,Htzl}

- sup{l — Bn —an{Ax,x) :x € H,||x|]| = 1}
< 1-Bu—any.

We will divide the proof of Theorem 3.1 into several steps.
Step 1. We claim that {x, } is bounded

Indeed, pick any x* € . By taking 3j = rkn]rk o i";n rz”]flln fork € {1,2,3,. M}
and SY = I for all n. The nonexpanswlty of ]rk foreach k = 1,2,3,..., M implies that K is
nonexpansive. Let x* = C‘kx we note that u,, = (‘Mxn, it follows that

ot = x| = (13 20 — S| < [laew — 27|

Put v, = Pc(uy — AyByy). Then, from (20) and the monotonicity of B, we compute
[[on — X*Hz < |lun — AuByn — X*HZ — |[un — AuByn — UnHz

= |lun — X*HZ — flun — UHHZ + 25 (Byn, X" — 0p)

= it — 2|2 = [|un — 0u]]?
+22u ((Byn — Bx*, X" —yu) + (Bx",x" — yn) + (BYn, Yu — Un))
[ = x> = lltw — 0|1 + 27 (By, Y — vn)
[[n — X*Hz — [Jun — ]/n||2 = 2(Un = Yn, Yn — On) — ||yn — vn|?
+2A1(BYn, Yn — Vn)

= |lun — X*Hz — |Jun — ]/nHZ — |lym — UnHz

+2(uy — AuBYy — Yn, Un — Yn)-

Moreover, since y, = Pc(u, — AyBuy) and (19), we have

(26) <un - AnBun - ]/n/ On — ]/n> S 0

Since B is k-Lipschitz continuous and (26), we obtain

<un - )\nByn —Yn,On — ]/n>

(Un — AnBty — Y, On — Yu) + (AnBity — AyBYn, 0y — Yn)
(AnBuy — AyBYn, 05 — Yn)

Anl|Butw — Byn||[[on — yul|

Auklltin = Y| [[on — yal|-

VANVANRVAN
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Since A, € (0, %), we have

|on — X*Hz < lun — X*H2 — [Juy — yn”z - ||yn - UHHZ + 2A k|| uy — ynHHUn _ynH
< lun — X*Hz — [Juy — ynHz — [lyn — WHZ +A%k2””n - ynHZ + [|on — ynHZ
(27) = un — x> + (A2 — 1)l — yu|1?
< Jun — x*|%,
and hence
(28) [on — x| < flun — x| < 2w — x7].

Thus, we can note that

|xnr —x*|| = ‘zxn Yf (xn —Ax*)—i—ﬁn(xn—x*)—i—((1—[%,1)1—04,1A)(ann—x*)’
< (1= Bun—anw¥)llon — x| 4 Bullen — x*|| + an |y f (xn) — Ax7||
< (1= Ba—an¥)llxn — 7| + Bullxn — 7| + anllvf(xn) — Ax7|]
= (L= an¥)llxn — x| + anyllf(xn) — f(x )||+0¢n||7f( ") — AxY||
< (U= aw¥) e — 27| + anyallxn — x| 4 anllvf(x7) — Ax"|
) v f(x )—AX*H

29 = (1- &)y )||xn — x| + x)u — .

(29) (1= (7 —ya)an) || |+ (7 — ya)an —

By induction that

A *
(30) Hxn—x*Hgmax{Hxl— oy, If ) = x”} neN.
Y-

Hence, {x,} is bounded, so are {u, }, {vs}, {Buu}, {Bun}, {Wyv,} and {f(xn)}.
Step 2. We claim that

(31) lim [|[Sfx, — S qx] =0

n—oo

for every k € {1,2,3,...,M}. From Step 2 of the proof in [10, Theorem 3.1], we have for
ke{1,23,...,M},

(32) hm H]kn+1 — rknan = 0.
Note that for every k € {1 2,3,...,M}, we obtain
- rkn]rk 1,n 5{]{ ZZH" r2n f]‘ln = ”Flzcngk !
So, we have
(33) 1 — S x|
= ||]€Z(710k ! ]kmN;Jrllan
< H]fkknC\k ! ]ranOk x| + H]ranOk ! ]kmﬁﬁﬁxn\!
< T S e = T SN ] 1S — “ﬁﬁxnll
< | f;,f‘“ S R R VA e PR I
S5 22 — S |
< I f:ﬁk = Tt Sl I, 95 —13*11,1+1%’<*2xn|\
+...4 I\If;ﬁl = 12 Suall + 5 — I

Now, apply (32) to (33), we conclude (31).
Step 3. We claim that lim,, .« ||xy4+1 — x| = 0.
On the other hand, from u, = SMx, and u,,1 = %%19(”“, by the triangular inequality, we
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have

luns1 —unl| = H%%Axnﬂ - gﬁdan
IS X1 — S x|+ (1S 20 — S|

(34) < latn — 2l + 1901500 — St

A

We note that

[vnt1 —onll = [[Pc(unt1 — Ans1Byns1) — Pe(un — AnByn) ||
< g1 — A1 BYng1 — (un — AuBya) ||
= |[(tny1 — Anpg1Bupy1) — (uy — Ay Buy)
+ Ang1(Bitpy1 — Byni1 — Buy) + Ay Byy||
[ (nt1 — Apr1Bitny1) — (n — Apsa Bun) ||
+ A1 (1Bnga | + 11Bynsa || + [|Bunll) + Anl|Byall
(Ut Akt 1 — it + At (Bt | + | Bos | + | B )
(35) +Aul Bynl-

IN

IN

Substituting (34) into (35), we have

lonir —oull < (14 Appak) 1 = stall + Angr (1 Bunsa | + [1Byara [l + [[Buall) + Al Bynll
< (U Atk = xull + (14 Angak) S350 — 33|
(36) + Awa (1Bunga | + 1Byl + [1Bunl) + Anl[Byall-

Puttlng Zn — XnJrl]:‘B‘ilnxn — an’)/f(xn)‘i‘((ll_iﬁ‘[;i)I—DénA) WnUYI then, we get xn+1 _ (1 —ﬁn)zn —I—ﬁnxn, n 2

1. It follows that

“n+17f(xn+l) + ((1 - ﬁnJrl)I - “n+1A) Wii10n11

A = 1- ﬁnJrl
B Y f(xn) + (1= Bu)I — 0p A)Wyoy,
1—- B,
Kp41 Ky
= T a f(xﬂ+1) - ’)’f(xn) + Wn+1vn+1 — W,oy
1- ,BnJrl 1-—- ,3
Xp41

—— AW, — AW,

Ty AVt + g A

«
— L (f (xns1) — AWpg1Ong) + (AW,0, — 1f (x1))
1-— ,Bn-l-l ‘Bn

(37) + Wn+1vn+l - Wn+1vn + Wn—i—lvn - anrr
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It follows from (36) and (37) that

&ni1
|zn1 = zall = [xng1 — 2l < —— (17 f (1) | + [ AWz100 1))
1 :Bn+1
o
+ 1 _nﬁ (HAWﬂvnH + H’)’f(xn)H) + ||Wn+1vn+1 - Wn+1vn||
n
+ ||Wn+1vn - ann“ - ||xn+1 - xn”
a
< ([ f Gens) |+ [ AW, s10041)
1- :Brl+1
o
t1 _"ﬁn (1AW o || 4 |7 f (xa)[]) + [|ons1 — 0ull
+ ||Wn+1vn - WnUnH - ||xn+1 - xn”
&nt1
< L (I f )l + | AW 10041 )
1—PBut1
o
+ ———([[AWon || + 7 f (X)) + Augakllxnsn — x|

1—Ba
+ (L4 A1 B[99 1200 — S5 |
+ A1 ([1Bunga | + | Byuiall + [[Bunl])
(38) + Aul Byal| + [War10n — Waon].

By the definition of W, that

[Wis10n = Woonl| = [ A, NINUngi,n-190 + (1 = Apg,n) 00 — Ag NINUn N-100 — (1 — Ap,N) 04|
< AN = AuNlloall + A, N TNUnra,N 100 — Ag NTNUn,N—104]|
< AN = Aanloall + [ Ans N (T U 11,8190 — TnUy,N—104) ||
FAnr1,N = AuNI [ TN Ui, N-104]|
(39) < 2M|Apgan — AuN| A Augp N | Unp1,N—190 — Un n—100],
where M is an approximate constant such that M > max{sup, -1 {[[vn ||}, sup,~ 1 { | Tl m-10x[} | m =

1,2,...,N}.
Since0 < Ay, <1foralln >1andi=1,2,...,N, we compute

| Upt1,N—10n — U, N—104]|
= A N1 TN-1UnriN—20n + (1 = Aypin—1)0n — ApN—1TN-1UnN—20n — (1 — Ay n—1) x|

< JAsn—1 = AuNaal[oal] + [[Avs, N1 TN-1Ung1,N—200 — Ay N—1TN—1Un,N—204 ]|

< JAugN—1 = AaN—tl|onll + AN -1 (Tn-1Unga,N—20n — TN—1Un,N—200) ||
HA N1 = AuN-t| [ Tn-1 U N—20x |

< 2]\/I‘)\n+l,N—1 - /\n,N—l‘ + Hun—i-l,N—Zvn - n,NfzvnH-

It follows that

| Ups1,n-10n — Upn—17n|| < 2M|Ayi1n-1 — Aun—1] + 2M|A 11 N—2 — ApuN—2]

(40) +||un+1,N—30n - un,Nf3vnH

N—1

< 2M Y |Auga,i — Ani| 4 | Uns1100 — Up1oa]|
i—
N—1

= 2M Z ’/\n+l,i - )\n,i’
i—

HA 1,110 + (1 = Aug11)00 — Apa Tion — (1 — App)vn||

N—1

< 2M 2 |/\n+1,i _An,i|-

i=1
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Substituting (40) into (39) yields that

N-1
[Wis10n — Waon|| < 2M[ApaN — AN | + 240,80 M Z [ Ans1i — An,il
i=1

N
(41) < 2MY A — Angl,
i=1

Applying (41) in (38), we get

Xp41
1Zns1 = zall = |xp1 — xnl| < ﬁ(llvf(xm)ll+||AWn+wn+1||)
n+1
14
+ o= ([AWou || 4 (|7 f () ) + Augakll a1 — x|

1—Bx
+ (L4 AR |91 — S5

+ Ang1 (IBunsa || + 1 Byusa || + || Bull)

N
+/\nHB]/nH + 2M Z |/\n+1,i — An,i|-

i=1
By (31) and (C1)-(C5), imply that
timsup([|z041 — 2al| = %041 — %)) < 0.
n—oo
Hence, by Lemma 2.4, we obtain
lim ||z, — x,|| = 0.
n—oo
It follows that
(42) nlgrolo lXn41 — xul| = ;}E’)l;lo(]. — Bu)llzn — xul| = 0.

Applying (31), (42) and (C4) to (34) and (35), we obtain that

@ Yt~ | = i o1 2] = 0.
Step 4. We claim that lim,, .« ||x;, — Wy,v,|| = 0.

Since x,41 = anYf(xn) + Bnxn + ((1 — Bn)I — 2y A)Wyv,, we have

[xn = Waonll < lxn — 2]l + (X041 — Waon||

wn Y f(xn) + Buxn + (1 — Bn) I — 0y A) Wyvy — Wyoy,
&n ('Yf(xn) - Awnvn) + ,Bn(xn - ann) ‘
< xw = x|l an (v f () | + [ AW [) + Bullxn — Wavall,

%0 — sl + |

60 — sl + |

it follows that

1 x
120 = Waou | ——llxn = xuga |+ = (I f Gea) | + AW, ]).
1—pan 1= Bn
By (C1), (C2) and (42), we obtain
(44) 7}im |Wpv, — x| = 0.
Step 5. We claim that the following statements hold:
(i) limy—co [|1tn — yn|| = 0;

(iil) limy—eo ||[Wnyn — yul| = 0.
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For any x* € () and (23), we compute

=32 = || (= BT = @A) Wy — 2°) + Bilta — 1) + (1) — Ax°)|
= (1= Bu)I = anA) (Wyvn — x*) + Bu(xn — )+ aglr f () — Ax*|?
+ 2Bty (X — x*, v f(x) — Ax™)
+2an<((1 — Bn) ] — ayA) (Wyvy — x*), 7 f (x4) — Ax*>
< [0 = Bu— P Watn — x|+ Bulls — ) 2l () — A2
+ 2Bntun (X — X,y f () — Ax™)
+2¢xn<((1 — Bn) I — ayA) (Wyon — x*), 7 f (xn) — Ax*>

< [0 =B = D) on = 2|+ Ballxw = 27[1]" + s
< (1= Bu—an¥)?[lon — x| + By lln — 27|
+2(1 = Bu — an¥)Bullon — x*[[[l2n — x*|| + cu
< (1-Bu— wn¥)?|Jon — x| + ,B%Hxn — x|
+ (1= B — n¥) B ([lon — 212 + [0 — x*[1%) +cn
= [(1—an?)® = 2(1 = an?)Bu + B o0 — 27|17 + B l| s — x*||?
+ ((1 — 0nY)Bn — ,B%) (an — [P+ [lxn — x*Hz) + Cn
= (1= an?)?llon — x> = (1 = aw?)Bullon — x> + (1 — @ ¥) Bullxn — x> +cn
(45) = (1= an?)(1 = Bu — aw?)llon — x"* + (1 = aw¥)Bullxn — x> +cn,
where
cn = aqlyf(xa) — Ax*|? + 2Bnttn(xn — X", f(xn) — AX™)

It follows from the condition (C1) that
(46) lim ¢, = 0.
n—o00

Substituting (27) into (45), and (C4), we get
a1 =22 < (1= aw?) (1= Bu — an¥) o0 — 2|2 + (1 — an ) Bl 0 — 2|1+ ca

< <1—zxnf7><1—ﬁn—an7>{||un—x*||2+mik2—1>||un—ynr|2}
+ (1 - “n7)5n"xn - X*Hz + ¢
< <1—m><1—ﬁn—anfw{nxn—x*||2+<Aik2—1>Hun—ynnZ}
+ (1= a0 ¥) Bullxn — x*(1* + ca
= (L= an7)?flxn = 2+ (1= a7 (1 = B — a7 (AZK? = 1) |ty — yul|* + ca
< Hxn - X*Hz + (/\%kz - 1)||”n _ynHz + Cn-
Hence
(1= A2R)tn = yal? < Ml =212 = tuss — <12 +

(e = x| = llxnr = X[ (llxn = [ 4 [[xns1 = 27|]) 4 ca
< = X [l = 27| + [Jn41 — 27[) + cn.

Since (46) and (42), we obtain

(47) nlill;}onun—yn” =0.
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By the same argument as in (27), we also have

[on — x*HZ < lun— x*HZ — [Jun — ]/n”2 — [Jym — vnH2 + 2Auk|[ttn — yul[llon — yall

< lun— X*HZ — flun — ynHz — lyn — UnHz + [|un _ynHz + Aikzllvn -
(48) = un =2+ (A2 = 1) lyn —0al?
<l = 2|2+ (ARKE = 1) lyw — oa %

Substituting (48) into (45), and (C4), we get

I = 2% < (1= an¥) (1= Bu— lxn?){l\xn =22+ (ALK = 1) [lyn — UnHZ}

+ (1 — an¥)Bullxn — x*Hz +Cn

ynHZ

= (1= an¥)?[xn = 2+ (1= a7 (1 = B — 0 7) (AZK? = 1) ||y — 0al|* + cn

< lxn — 212+ (AR = 1) lyn — 0ul> + ca-
It follows that

(1 =A%) lyn — vul? v = 2|2 = Jlmn = 27| + e

1260 = 2y l[(lxn = 27 + 22 = 2¥[) + e

IN A

Again from (46) and (42), we have
(49) nlgrolo [yn —onll = 0.
On the other hand, we note that

[un —oull < g = yull + llyn — vall-

Applying (47)and (49), we get

(50) r}Ln.}o |ty — v,|| = 0.
For any x* € (), note that ]rFk’f” is firmly nonexpansive (Lemma 2.10) for k € {1,2,3,..., M},
then we get
F
18w — 712 = (17, S5 o — Ji x|

< < I/P]‘(k,n%];l_lxn - %nX*/%ﬁ_lxn _x*>

= <%kxn —x*, Sk, — x*>

= 2 (I — 2+ 185 — 22— 9K — S5 )
and hence

1952, — |12 < IS5 o — )% — |90 w, — S5, )12, k=1,2,3,...,M
which implies that for each k € {1,2,3,..., M},
H\S Xn — *Hz < H\f Xn — x*HZ H\f Xn _\9 anZ
I e =9 Bl 9 Sl o Sl

IN

e — x| — H»v Xn —
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Together with (27) and (48), we compute

IN

IN

IN

<

Hxn+1 —x*Hz

(1= ap¥)(1 = Bn — an¥)||vn — x*Hz + (1= anY)Bullxn — X*Hz +Cn

(1= ) (1= = Bu) {l1tn — 2|2+ (AZE2 = 1)t — e 2}

+ (1 = any)Bullxn — X*Hz +Cn

(1= any)(1 —apy — ,Bn)H”n - x*Hz + (1= ap¥) (1 — ny — ,Bn)(/\%kZ - 1)””71 - ynHZ
+(1 — an¥)Bullxn _X*||2+Cn

(1= an¥) (1= an¥ — Bu) S — ¥ + (1 — 20 ¥) (1 — an¥ — Bu) (Ank® = 1) ||, — yu?
+(1 — anY)Bullxn _X*H2+Cn

(1= aw?) (1= — Bu){ lva — 5|2 = | Shxw — S50,

+(1 = an ) (1 — ¥ — Bu) (ARK* = D|tt — ¥ > + (1 = @) Bull 200 — x*[|* + cn

(1= an¥) (1 = an = Bu) l|xn — 2*[|? — 3

(1—%7)(1—%7 Bu) S5n — S5
(1= an¥) (1= an¥ = Bu) Ak = D)ltn = yul* + (1 = ) Bullxn — x*||* + ¢
(1= ?)?[latn = 2|2 = (1= P (1 — ¥ — Bu) |50 — S5 x|

+(1 = an7) (1= ¥ = Bn) (AGK = Dty — yull* + ca

[1—2a,7 + (“n'7)2] 20 = 21 = (1 — an7) (1 = a0} = B) [ Sxn — S 212
+(1 = an ) (1 — ¥ = Ba) (ARK* = 1)|ttr — yu||* + cn

e — 21 (a7l — 21 = (1= @a¥) (1= ¥ — Bu) [ S0 —
+ (1= an?) (1= an¥ — Bu) (AGK* = 1)t — yu|* + ci

*HZ

So, we obtain

(1—ayy)(1—ayy— ﬁn)H\f Xn — Sﬁ_lanz

<l = 217 = flxngn — X7 4 (@n¥)?[|xn — x|
+ (1= any)(1 —any — ,Bn)()‘%zkz — D)l[un — yn Hz +Cn
< 1t = Sl — 0 1 — €711 + ()2 — 22

+ (1= any)(1 —any — ,311)()‘121]C2 —1)||un — ]/nHz + Cn-

Using (C1), (42) , (46) and (47), we get

(51)

lim [|S*x, — S5, =0,¥k =1,2,..., M.

n—oo

Observe that

< [ Walyn — Waon|| + (|Wavn — x|l + |20 — || + [[ttn — |

< Nlyn = oall + [[Wnon — xu|] + [0 — C\Man + [[ttn — Y|

< lyn — vl + [[Waon — an + (1S5 — Sl + [[S0xn — S5l
o IS nan“‘””n_ynH-

[Wayn — yall

Applying (44), (47), (49) and (51) to the last inequality, we have

(52)

r}gr.}o [Wayn — yull = 0.

We also have

[Whttn — | [Wattn — Waon || + [[Waon — x| + || X0 — 1|
Wity — Wionl| + [Wnon — xu] + |20 — %Man
[tn — vl + [[Wnon — xa]| + H\f Xn — 01an + ||\9 Xn — %‘ixnll

+.o HC\M Ty — S nan-

VAN VANIRVAN
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Applying (44), (50) and (51) to the last inequality, we have
(53) r}im Wyt — uy|| = 0.

Step 6. We claim that lim supn_)oo<(A —vf)z,z — xn> < 0, which z is the unique solution of
the variational inequality ((A —yf)z,x —z) >0, Vx € Q.

Observe that Po(I — A + f) is a contraction of H into itself. Indeed, for all x,y € H, we
have

[Pa(l = A+7f)(x) = Pa(I = A+7f) ()l
< T=A+7/)x) —(T-A+v/) W)
< T =Aflllx =yl + 7 f(x) = fFW)
< (=Dlx =yl +ralx -yl

(1= (7 —va)llx =yl

since H is complete, there exists a unique fixed point z € H such thatz = Po(I — A + v f)(z).
Since z = Po(I — A+ 7vf)(z) is a unique solution of the variational inequality (24). To show
this inequality, we choose a subsequence {x,, } of {x,} such that

i ((A —7f)z,z = x,) = limsup((A = 7f)z,z = xu).

n—00

Since {uy,,} is bounded, there exists a subsequence {”nij} of {u,,} which converges weakly

to w € C. Without loss of generality, we can assume that u,, — w. Since lim,_.« H%ﬁxn —
Sk=1x,|| = 0 for each k = 1,2,.., M, we have %ﬁixni — w for each k = 1,2,..., M. From
|lttn — yn|| — 0 and ||u, — v,|| — 0, we also obtain y,, — w and v,, — w. Since {u,,} C C and
C is closed and convex, we have w € C.

Next, we show that w € (), where Q) := NN_, F(T;,) N ("M, SEP(F)) N VI(C, B).

First, we show that w € ﬂ]](\ilsEP(Fk). Since u, = SXx, fork =1,2,3,..., M, we also have

1
Fk(%ﬁxn,y) + r—(y — %’,ﬁxn,Sﬁxn — %ﬁ’lx,ﬁ >0, VyeC.
n

If follows from (A2) that,

rln<y - %ﬁx”’%ﬁx” - %ﬁilxvﬁ > _Fk(%ﬁxnﬂ/) > F(y, %ﬁxn)
and hence
k k—1
<y B %ﬁixni, %nixni ; %n,- xni> > Fk(y/ %ﬁixn,')-
”
Sk, —SF 1y, |
Since " — 0 and uy,, = S% x,, — w, it follows by (A4) that

F(y,w) <0 VyeC,

foreachk=1,2,3,..., M.
For t with0 <t <landy € H,lety; = ty+ (1 — f)w. Since y € C and w € C, we have
yt € C and hence F(y:, w) < 0. So, from (A1) and (A4) we have

0 = F(yryt) < th(yny) + (1 —t)F(yr,w) < th(ys,y)

and hence Fy(y;,y) > 0. From (A3), we have F,(w,y) > 0 for all y € C and hence w € EP(F)
fork=1,2,3,..., M, thatis, w € NM  SEP(F).

Next, we show that w € NY,F(T;). By [1, Lemma 3.1], we have F(W,) = NN F(T,).
Assume w ¢ F(W,). Since y,, — w, [|[Wyyn, — yn,|| — 0and w # W,w, it follows by the Opial’s



87 T. Jitpeera, P. Kumam / Journal of Nonlinear Analysis and Optimization 1 (2010), 71-91

condition that
limin [y, — ]| < liminf ly, — Wy
i—00 1—00
< timinf{ s, — Wagi | + Wy, — W}
< Timinf |y, — o]
1—00
which derives a contradiction. Thus, we have w € F(W,) = NN F(T;).

Finally, we show that w € VI(C, B). Define

| Bu+Ncv, veC,
T”—{@, v C.

Then, T is maximal monotone. Let (v, w;) € G(T). Since wy; — Bv € Ncv and v, € C, we have
(v — vy, w; — Bv) > 0. On the other hand, v, = Pc(u, — A,By,), we have

(0 — 0,0y — (Un — AnByn)) >0,

and hence

vn_un

<U_Un;A+B]/n> > 0.
n

Therefore, we have

(v —vp,w) > (v—ovy, Bo)

Vv
S
S
=
os]
=
|
/\
S
S
=
=
>

Il
Q
Q
=
w]
Q
os]
<
=
S
=
>
=
(S
=
\/

i
> (v — vy, Boy, — Byy,) — <v — Op,, nl/\nl> )
n;

Since limy,c0 ||Un — || = limy—c0 [|[Un — Yu|| = 0, uy, = w and B is Lipschitz continuous, we
obtain that lim, .« ||Bv, — By,|| = 0 and v,, = w. From liminf, . A, > 0 and lim, .« ||, —
uy|| = 0, we obtain

(v—w,wq) > 0.

Since T is maximal monotone, we have w € T~'0 and hence w € VI(C, B).
Hence w € O, where Q) := N F(T;) N ("M SEP(F,)) N VI(C, B).
Since z = Pq(I — A+ vf)(z), it follows that

limsup((A —vf)z,z—x,) = limsup((A—vf)z,z—xy)

n—oo n—oo
= Hm{((A—7f)z,z—xp,)
1—00
(54) = ((A=9f)z,z—w) <0.
It follows from the last inequality and (44) that
(55) limsup(yf(z) — Az, Wyv, —z) <0.
n—o0

Step 7. Finally, we claim that {x, } converges strongly to
2= Pa(l— A+f)(2).
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Indeed, from (23) , we have
(56)  [lxuer —z[?
= [Janyf( xn)+ﬁnxn ((1—ﬁn)l—(an)ann—zH2
= (1= Bu)I — & A) (Wyvn — 2) + B (xu — 2) + a0 (7 (xu) — Az) |1?
= [[((1 = Bu)I — anA) (Wyvy — 2) + Bu(xn — 2) 1P+ azllvf (xa) — Az|?
+2Bntn(xn — 2z, 7f (xn) — Az)
+2an<((l = Bu)I — 0y A) (Wyvn — 2), v f (xn) — Az>

< [0 Bo— )W — 2+ Bullza — 21l]” -+ a2l () — Az
+ 2Bnttny(Xn — z, f (xn) — f(2)) + 2Bun{xn —z,7f(2) — Az)
21— B (Wit — 2, f () — F(2)) +2(1 = B W0y — 2,7f(2) — Az)
— 205 { A(Wyv, — 2),7f(z) — Az)

< [0 Bu— Bl Wawn — 2l + Bullu — 2]+ a2l fl) - Az

+ 2By — 2 F () — FI + 2Batin(n — 2,7 (2) — Az)

+2(1 = Bu)yan[Wavn — z[[l| f(xn) = f(2) | +2(1 = Bun)an{Waon — z,7f(2) — Az)
— 203 { A(Wyv, — 2),7f(z) — Az)

[0 B — ) — 2l + Bulla — 2]+ el f () — Az

+ 2Bnttnye]|xn — z||* + 2Bnttn{xn — z,7f(z) — Az)

+2(1 = Bu)yana||xy — z||* +2(1 = Bu)an(Wyoy — z,7f(z) — Az)

— 202 ( A(Wyv, — 2),vf(2z) — Az)

= (= D)+ 2Buya + 201 = B yana] 00 — 2 + 0y f () — Az
+2Bntn(xn — 2,7f(2) — Az) +2(1 — Bu)an(Wyvy — z,7f (z) — Az)

— 203 { A(Wyv, — 2),7f(z) — Az)

11— 207 — ap)ae] [oon — 2l + P2 — 2l + &3]0 (o) — Azl
+2Bntn(xn — 2,7f(2) — Az) +2(1 — Bu)an(Wyvn — z,7f (z) — Az)
+2a; | A(Woon — 2)[|17£(2) — Az]

IN

IN

= (1207 = ] =21+ s [P = 2P + £ C5) — A2l
+ 2| A(Wnon = 2) |l 7f(2) — AZH} +2Bu(xn —z,7f(2) — Az)
+2(1= )Mo~ 2,7f(2) - 42) |
Since {x,}, {f(xn)} and {W,v, } are bounded, we can take a constant K > 0 such that
Vollan = 2 + 17f (xn) — Az||* + 2| A(Wavn — 2) [l 7/ (2) — Az| <K,
for all n > 0. It then follows that
(57) 201 = 212 < [1=2(7 — ay)an] |xn — z]|* + anow,

where

On = 2Bn{xn —2,7f(2) — Az) +2(1 — Bu) Wy, — 2, 7f (2) — Az) + a, K.
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Using (C1), (54) and (55), we get limsup,,_, 0, < 0. Applying Lemma 2.5 to (57), we conclude
that x, — z in norm. This completes the proof. O

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space H, let Fi, k €
{1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-(A4) and let B be a monotone and
k-Lipschitz continuous mapping of C into itself such that

Q:= (NL,SEP(F,)) NVI(C,B) # @.

Let f be a contraction of H into itself with a € (0,1) and let A be a strongly positive linear bounded
operator on H with coefficient y > 0and 0 < v < L. Let {x,,}, {yn} and {u,} be sequences generated
by

x1 = x € C chosen arbitrary,

3% ]FM—l ]FM—Z 5 1R
"Ml TM-1ntVYM—2n * * " JT2,n) 10

Yn = PC(”H - /\nBun),
Xnt+l = ‘Xn')/f(xn) + ,ann + ((1 - ,Bn)I - “nA)PC(un - /\nByn)/ Vn > 1/

where {ay}, {Bu} are two sequences in (0,1), {A,} C [a,b] C (0,3) and {ry,,},k € {1,2,3,..., M}
are real sequence in (0, co) satisfy the following conditions:

(C1) limy oty = 0and Y ;7 4 ay = 0,

(C2) 0 <liminf, . By < limsup, . Bn <1,

(C3) iminf, e 7y > 0and limy—.co |7k i1 — Tin| =0,

(C4) limy oo Ay = 0.
Then, {x,} and {u, } converge strongly to a point z € Q) which is the unique solution of the variational
inequality

Uy = Xn,

<(A —'yf)z,x—z> >0, Vx e Q.
Equivalently, we have z = Po(I — A + v f)(z).

Proof. Put T, = I for alln € IN and for all x € C. Then W,, = I for all x € C. The conclusion
follows from Theorem 3.1. This completes the proof. O

IfA=1+vy=1and vy, =1—a, — B, in Theorem 3.1, then we can obtain the following result
immedjiately.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert space H, let F, k €
{1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-(A4), let {T,} be a family of finitely
nonexpansive mappings of C into itself and let B be a monotone and k-Lipschitz continuous mapping of
C into H such that

Q=N F(T,) N (N, SEP(F,)) NVI(C, B) # @.
Let f be a contraction of H into itself with a € (0,1). Let {x,,}, {yn } and {u, } be sequences generated
by
x1 = x € C chosen arbitrary,

Y Fyv1 Fv—2 E 1R
n—= Jrmnt'M-1ntT"M-2,n * * = IT2n) V10

Yn = PC(”n - /\nBun)/
Xn1 = Qnf (Xn) + BuXn + ¥uWinPc(uy — AyByy), Vn>1,
where {W,, } is the sequence generated by (15)and {ay}, {Bn}, {vn} are sequences in (0,1), {A,} C
[a,b] C (0,%) and {ri,}, k € {1,2,3,..., M} are a real sequence in (0,00) satisfy the following
conditions:
C) an+Pun+rn=1
(C2) limy oty = 0and Y ;7 { ay = o,
(C3) 0 <liminf, . By < limsup, . Bn <1,
(C4) iminf, e 7, > 0and limy_.co |7k 41 — tkn| = 0 foreach k € {1,2,3,..., M},
(C5) limy_co Ay = 0.

xi’l/
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(C6) limy oo |Apj — Ap—1i| =0foralli=1,2,...,N.

Then, {x,} and {u, } converge strongly to a point z € Q) which is the unique solution of the variational
inequality

<z—f(z),x—z> >0, Vx € Q.

Equivalently, we have z = Pq f(z).
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