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A new hybrid method for solving generalized equilibrium problem
and common fixed points of asymptotically quasi nonexpansive

mappings in Banach spaces∗

Uthai Kamraksa, Rabian Wangkeeree

ABSTRACT: In this paper, we introduce a new hybrid projection iterative scheme based on
the shrinking projection method for two asymptotically quasi-φ-nonexpansive mappings, for
finding a common element of the set of solutions of the generalized mixed equilibrium prob-
lems and the set of common fixed points of two asymptotically quasi-φ-nonexpansive map-
pings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [ S. Matsushita, W. Takahashi, Weak and strong
convergence theorems for relatively nonexpansive mappings in Banach spaces, Fixed Point
Theory Appl. (2004), 2004, 37-47], Qin et al. [X. Qin, S.Y. Cho, S.M Kang, On hybrid projection
methods for asymptotically quasi-φ-nonexpansive mappings, Applied Mathematics and Com-
putation 215 (2010) 38743883], and Chang, Lee and Chan [S.-s. Chang, H.W. Joseph Lee, C.K.
Chan, A new hybrid method for solving generalized equilibrium problem variational inequal-
ity and common fixed point in banach spaces with applications, Nonlinear Analysis (2010),
doi:10.1016/j.na.2010.06.006] and many others.
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1. Introduction

Let E be a real Banach space, and E∗ the dual space of E. Let C be a nonempty closed convex
subset of E. Let f : C × C → R be a bifunction, ϕ : C → R be a real-valued function, and
A : C → E∗ be a nonlinear mapping. The generalized mixed equilibrium problem, is to find
x ∈ C such that

f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(1)

The set of solutions to (1) is denoted by EP, i.e.,

f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(2)
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If ϕ = 0, the problem (1) reduces to the generalized equilibrium problem for f , denoted by
GEP( f ), which is to find x ∈ C such that

f (x, y) + 〈Ax, y− x〉 ≥ 0, ∀y ∈ C.(3)

If A = 0, the problem (1) reduces to the mixed equilibrium problem for f , denoted by MEP( f , ϕ),
which is to find x ∈ C such that

f (x, y) + ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(4)

If f ≡ 0, the problem (1) reduces to the mixed variational inequality of Browder type, denoted
by VI(C, A, ϕ), which is to find x ∈ C such that

〈Ax, y− x〉+ ϕ(y)− ϕ(x) ≥ 0, ∀y ∈ C.(5)

If A = 0 and ϕ = 0, the problem (1) reduces to the equilibrium problem for f , denoted by
EP( f ), which is to find x ∈ C such that

f (x, y) ≥ 0, ∀y ∈ C.(6)

Let f (x, y) = 〈Ax, y − x〉 for all x, y ∈ C. Then p ∈ EP( f ) if and only if 〈Ap, y − p〉 ≥ 0 for
all y ∈ C, i.e., p is a solution of the variational inequality; there are several other problems,
for example, the complementarity problem, fixed point problem and optimization problem,
which can also be written in the form of an EP. In other words, the EP is a unifying model
for several problems arising in physical sciences. In the last two decades, many papers have
appeared in the literature on the existence of solutions of the EP; see, for example [5, 17, 19, 20]
and references therein. Some solution methods have been proposed to solve the EP; see, for
example [9, 10, 15, 16, 22, 24, 30, 32, 34] and references therein.

Recall that a mappings T : C → C is said to be nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C.

T is said to be quasi-nonexpansive if F(T) 6= ∅ and

‖Tx− y‖ ≤ ‖x− y‖, for all x ∈ C, y ∈ F(T).

T is said to be asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1, ∞) with
kn → 1 as n → ∞ such that

‖Tnx− Tny‖ ≤ kn‖x− y‖, for all x, y ∈ C.

T is said to be asymptotically quasi-nonexpansive if F(T) 6= ∅ and there exists a sequence
{kn} ⊂ [1, ∞) with kn → 1 as n → ∞ such that

‖Tnx− y‖ ≤ kn‖x− y‖, for all x ∈ C, y ∈ F(T).

T is called uniformly L-Lipschitzian continuous if there exists a L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖, for all x, y ∈ C.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [18] in
1972. Since 1972, a host of authors have studied the weak and strong convergence of iterative
processes for such a class of mappings.

If C is a nonempty closed convex subset of a Hilbert space H and PC : H → C is the metric
projection of H onto C, then PC is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [3] recently introduced a generalized projection operator C in a Banach space
E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional φ : E× E → R defined by

(7) φ(y, x) = ‖y‖2 − 2〈y, Jx〉+ ‖x‖2

for all x, y ∈ E, where J is the normalized duality mapping from E to E∗. Observe that, in a
Hilbert space H, (7) reduces to φ(y, x) = ‖x − y‖2 for all x, y ∈ H. The generalized projection
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ΠC : E → C is a mapping that assigns to an arbitrary point x ∈ E the minimum point of the
functional φ(y, x), that is, ΠCx = x∗, where x∗ is the solution to the minimization problem:

(8) φ(x∗, x) = inf
y∈C

φ(y, x).

The existence and uniqueness of the operator ΠC follows from the properties of the functional
φ(y, x) and strict monotonicity of the mapping J (see, for example, [1, 2, 9, 28]). In Hilbert
spaces, ΠC = PC. It is obvious from the definition of the function φ that

(1) (‖y‖ − ‖x‖)2 6 φ(y, x) 6 (‖y‖+ ‖x‖)2 for all x, y ∈ E.
(2) φ(x, y) = φ(x, z) + φ(z, y) + 2〈x− z, Jz− Jy〉 for all x, y, z ∈ E.
(3) φ(x, y) = 〈x, Jx− Jy〉+ 〈y− x, Jy〉 6 ‖x‖‖Jx− Jy‖+ ‖y− x‖‖y‖ for all x, y ∈ E.
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

φ(x, y) = 0 if and only if x = y.

For more detail see [14, 31]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be an
asymptotic fixed point of T [29] if C contains a sequence {xn} which converges weakly to p such
that limn→∞ ‖xn − Txn‖ = 0. The set of asymptotic fixed points of T will be denoted by F̂(T).
Recall that the following :

(i) A mapping T : C → C is called relatively nonexpansive [7, 8, 11] if F̂(T) = F(T) and
φ(p, Tx) 6 φ(p, x) for all x ∈ C and p ∈ F(T).

The asymptotic behavior of relatively nonexpansive mappings were studied in [7, 8].
(ii) T : C → C is said to be relatively asymptotically nonexpansive [1, 28] if F̂(T) = F(T) 6= ∅

and there exists a sequence {kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(p, Tnx) 6
knφ(p, x) for all x ∈ C, p ∈ F(T) and n ≥ 1.

(iii) T : C → C is said to be φ-nonexpansive [26, 36] if φ(Tx, Ty) ≤ φ(x, y) for all x, y ∈ C.
(iv) T : C → C is said to be quasi-φ-nonexpansive [26, 36] if F(T) 6= ∅ and φ(p, Tx) ≤ φ(p, x)

for all x ∈ C and p ∈ F(T).
(v) T : C → C is said to be asymptotically φ-nonexpansive [36] if there exists a sequence

{kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(Tnx, Tny) ≤ knφ(x, y) for all x, y ∈ C.
(vi) T : C → C is said to be asymptotically quasi-φ-nonexpansive [36] if F(T) 6= ∅ and there

exists a sequence {kn} ⊂ [0, ∞) with kn → 1 as n → ∞ such that φ(p, Tnx) ≤ knφ(p, x)
for all x ∈ C, p ∈ F(T) and n ≥ 1.

(vii) T : C → C is said to be asymptotically regular on C if, for any bounded subset D of C,
there holds the following equality :

lim
n→∞

sup
x∈D

‖Tn+1x− Tnx‖ = 0.

(viii) T : C → C is said to be closed if for any sequence {xn} ⊂ C such that limn→∞ xn = x0
and limn→∞ Txn = y0, then Tx0 = y0.

Remark 1.1. The class of (asymptotically) quasi-φ-nonexpansive mappings is more general
than the class of relatively (asymptotically) nonexpansive mappings which requires the strong
restriction F̂(T) = F(T).

Remark 1.2. In real Hilbert spaces, the class of (asymptotically) quasi-φ-nonexpansive map-
pings is reduced to the class of (asymptotically) quasi-nonexpansive mappings.

We give some examples which are closed and asymptotically quasi-φ-nonexpansive.

Example 1.3. (1). Let E be a uniformly smooth and strictly convex Banach space and A ⊂
E × E∗ be a maximal monotone mapping such that its zero set A−10 is nonempty. Then Jr =
(J + rA)−1 J is a closed and asymptotically quasi-φ-nonexpansive mapping from E onto D(A)
and F(Jr) = A−10.

(2). Let ΠC be the generalized projection from a smooth, strictly convex and reflexive Ba-
nach space E onto a nonempty closed and convex subset C of E. Then ΠC is a closed and
asymptotically quasi-φ-nonexpansive mapping from E onto C with F(ΠC) = C.
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Recently, Matsushita and Takahashi [25] obtained the following results in a Banach space.
Theorem MT. Let E be a uniformly convex and uniformly smooth Banach space, let C be a
nonempty closed convex subset of E, let T be a relatively nonexpansive mapping from C into
itself, and let {αn} be a sequence of real numbers such that 0 ≤ αn < 1 and lim supn→∞ < 1.
Suppose that {xn} is given by

(9)



x0 = x ∈ C chosen arbitrarily,
yn = J−1(αn Jxn + (1− αn)JTxn),
Hn = {z ∈ C : φ(z, yn) ≤ φ(z, xn)},
Wn = {z ∈ C : 〈xn − z, Jx− Jxn〉 ≥ 0},
xn+1 = PHn∩Wn x0, n = 0, 1, 2, . . . ,

where J is the duality mapping on E. If F(T) is nonempty, then {xn} converges strongly to
PF(T)x, where PF(T) is the generalized projection from C onto F(T).

Recently, Qin et al. [27] further extended Theorem MT by considering a pair of asymptoti-
cally quasi-φ-nonexpansive mappings. To be more precise, they proved the following results.

Theorem QCK. Let E be a uniformly smooth and uniformly convex Banach space and C
a nonempty closed and convex subset of E. Let T : C → C be a closed and asymptotically
quasi-φ-nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞

and S : C → C a closed and asymptotically quasi-φ-nonexpansive mapping with the sequence
{k(t)

s } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Let {αn}, {βn}, {γn} and {δn} be real number

sequences in [0, 1]. Assume that T and S are uniformly asymptotically regular on C and Ω =
F(T) ∩ F(S) is nonempty and bounded. Let {xn} be a sequence generated in the following
manner:

(10)



x0 ∈ E chosen arbitrarily,
C1 = C,
x1 = ΠC1 x0,
zn = J−1(βn Jxn + γn J(Tnxn) + δn J(Snxn)),
yn = J−1(αn Jxn + (1− αn)Jzn),
Cn+1 = {w ∈ Cn : φ(w, yn) ≤ φ(w, xn) + (kn − 1)Mn},
xn+1 = ΠCn+1 x0,

where kn = max{k(t)
n , k(s)

n } for each n ≥ 1, J is the duality mapping on E, Mn = sup{φ(z, xn) :
z ∈ Ω} for each n ≥ 1. Assume that the control sequences {αn}, {βn}, {γn} and {δn} satisfy
the following restrictions :

(a) βn + γn + δn = 1, ∀n ≥ 1;
(b) lim infn→∞ γnδn, limn→∞ βn = 0;
(c) 0 ≤ αn < 1 and lim supn→∞ αn < 1.

On the other hand, very recently, Chang, Lee and Chan [12] proved a strong convergence
theorem for finding a common element of the set of solutions for a generalized equilibrium
problem (3) and the set of common fixed points for a pair of relatively nonexpansive map-
pings in Banach spaces. They proved the following results.

Theorem CLC. Let E be a uniformly smooth and uniformly convex Banach space, C be a
nonempty closed convex subset of E. Let A : C → E∗ be a α-inverse-strongly monotone
mapping and f : C × C → R be a bifunction satisfying the conditions (A1) − (A4). Let
S, T : C → C be two relatively nonexpansive mappings such that Ω := F(T) ∩ F(S) ∩ GEP( f ).
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Let {xn} be the sequence generated by

(11)



x0 ∈ C chosen arbitrarily,
zn = J−1(αn Jxn + (1− αn)JTxn),
yn = J−1(βn Jxn + (1− βn)JSxn),
un ∈ C such that

f (un, y) + 〈Aun, y− un〉+ 1
rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Hn = {v ∈ C : φ(v, un) ≤ βnφ(v, xn) + (1− βn)φ(v, xn)};
Wn = {z ∈ C : 〈xn − z, Jx0 − Jxn〉 ≥ 0};
xn+1 = ΠHn∩Wn x0, ∀n ≥ 0,

where J : E → E∗ is the normalized duality mapping, {αn} and {βn} are sequences in [0, 1]
and {rn} ⊂ [a, 1) for some a > 0. If the following conditions are satisfied:

(a) lim infn→∞ αn(1− αn) > 0;
(b) lim infn→∞ βn(1− βn) > 0;

Then {xn} converges strongly to ΠΩx0, where ΠΩ is the generalized projection of E onto Ω.

In this paper, motivated and inspired by the work of Matsushita and Takahashi [25], Qin et
al. [27], and Chang, Lee and Chan [12], we introduce a new hybrid projection iterative scheme
based on the shrinking projection method for two asymptotically quasi-φ-nonexpansive map-
pings, for finding a common element of the set of solutions of the generalized mixed equilib-
rium problems and the set of common fixed points of two asymptotically quasi-φ-nonexpansive
mappings in Banach spaces. The results obtained in this paper improve and extend the recent
ones announced by Matsushita and Takahashi [25], Qin et al. [27], and Chang, Lee and Chan
[12] and many others.

2. Preliminaries

For the sake of convenience, we first recall some definitions and conclusions which will be
needed in proving our main results. The mapping J : E → 2E∗ defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2}, x ∈ E.

is called the normalized duality mapping. By the Hahn-Banach theorem, J(x) 6= ∅ for each
x ∈ E.

In the sequel, we denote the strong convergence, weak convergence and weak∗ convergence
of a sequence {xn} by xn → x, xn ⇀ x and xn ⇀∗ x, respectively.

A Banach space E is said to be strictly convex, if ‖x+y‖
2 < 1 for all x, y ∈ U = {z ∈ E : ‖z‖ =

1} with x 6= y. It is said to be uniformly convex, if for each ε ∈ (0, 2], there exists δ > 0 such
that ‖x+y‖

2 ≤ 1− δ for all x, y ∈ U with ‖x− y‖ ≥ ε.
It is well-known that a uniformly convex Banach space has the Kadec-Klee property, i.e., if

xn ⇀ x and ‖xn‖ → ‖x‖, then xn → x.
The space E is said to be smooth, if the limit

lim
t→0

‖x + ty‖ − ‖x‖
t

(12)

exists for all x, y ∈ U. And E is said to be uniformly smooth, if the limit (12) exists uniformly
in x, y ∈ U.

Remark 2.1. It is wellknown that if E is a smooth, strictly convex and reflexive Banach space,
then the normalized duality mapping J : E → 2E∗ is single-valued, one-to-one and onto (see
[14]).
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Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty closed
convex subset of E. Throughout this paper the Lyapunov functional φ : E× E → R+ is defined
by

φ(x, y) = ‖x‖2 − 2〈x, Jy〉+ ‖y‖2, ∀x, y ∈ E.(13)

Following Alber [4], the generalized projection ΠC : E → C is defined by

ΠC(x) = argminy∈Cφ(y, x), ∀x ∈ E.(14)

If E is a real Hilbert space H, then φ(x, y) = ‖x − y‖2 and ΠC is the metric projection of H
onto C.

In order to our main results, we need the following concepts and lemmas.
Let E be a real Banach space, C a nonempty subset of E and T : C → C a nonlinear mapping.

The mapping T is said to be uniformly asymptotically regular on C if

lim
n→∞

(
sup
x∈C

‖Tn+1x− Tnx‖
)

= 0.

The mapping T is said to be closed if for any sequence {xn} ⊂ C such that limn→∞ xn = x0 and
limn→∞ Txn = y0, then Tx0 = y0.

Lemma 2.2. ([2, 4, 23]) Let E be a reflexive, strictly convex and smooth Banach space, C a nonempty
closed convex subset of E and x ∈ E. Then

φ(y, ΠCx) + φ(ΠCx, x) ≤ φ(y, x), ∀y ∈ C.

Lemma 2.3. ([4, 23]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset. Then the following conclusion hold:

(1) φ(x, ΠCy) + φ(ΠCy, y) ≤ φ(x, y); ∀x ∈ C, y ∈ E;
(2) Let x ∈ E and z ∈ C, then

z = ΠCx ⇔ 〈z− y, Jx− Jz〉, ∀y ∈ C.

Lemma 2.4. ([13]) Let E be a uniformly convex Banach space and Br(0) a closed ball of E. Then there
exists a continuous strictly increasing convex function g : [0, ∞) → [0, ∞) with g(0) = 0 such that

‖αx + (1− α)y‖2 ≤ ‖αx‖2 + (1− α)‖y‖2 − α(1− α)g(‖x− y‖)
for all x, y ∈ Br(0) and α ∈ [0, 1].

Lemma 2.5. ([27]) Let E be a uniformly convex and smooth Banach space, C a nonempty closed convex
subset of E and T : C → C a closed asymptotically quasi-φ-nonexpansive mapping. Then F(T) is a
closed convex subset of C.

Lemma 2.6. ([23]) Let E be a smooth and uniformly convex Banach space. Let xn and yn be sequences
in E such that either {xn} or {yn} is bounded. If limn→∞φ(xn, yn) = 0, then limn→∞‖xn − yn‖ = 0.

For solving the generalized equilibrium problem, let us assume that the nonlinear mapping
A : C → E∗ is α-inverse strongly monotone and the bifunction f : C × C → R satisfies the
following conditions:

(A1) f (x, x) = 0 ∀x ∈ C;
(A2) f is monotone, i.e., f (x, y) + f (y, x) ≤ 0, ∀x, y ∈ C;
(A3) lim supt↓0 f (x + t(z− x), y) ≤ f (x, y), ∀x, y, z ∈ C;
(A4) the function y 7→ f (x, y) is convex and lower semicontinuous.

Lemma 2.7. ([5]) Let E be a smooth, strictly convex and reflexive Banach space and C be a nonempty
closed convex subset of E. Let f : C × C → R be a bifunction satisfying the conditions (A1)− (A4).
Let r > 0 and x ∈ E, then there exists z ∈ C such that

f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0, ∀y ∈ C.(15)
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Lemma 2.8. ([33]) Let C be a closed convex subset of a uniform smooth, strictly convex and reflexive
Banach space E and let f be a bifunction from C × C to R satisfying (A1) − (A4). For r > 0 and
x ∈ E, define a mapping Tr : E → C as follows:

Tr(x) =
{

z ∈ C : f (z, y) +
1
r
〈y− z, Jz− Jx〉 ≥ 0, ∀y ∈ C

}
,

for all x ∈ C. Then, the following conclusions holds:
(1) Tr is single-valued ;
(2) Tr is a firmly nonexpansive-type mapping, i.e.;

〈Trx− Try, JTrx− JTry〉 ≤ 〈Trx− Try, Jx− Jy〉, ∀x, y ∈ E;

(A3) F(Tr) = EP( f );
(A4) EP( f ) is a closed convex.

Lemma 2.9. ([34]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E, let f be a bifunction from C× C to R satisfying (A1)− (A4) and let r > 0. Then, for x ∈ E
and q ∈ F(Tr),

φ(q, Trx) + φ(Tr(x), x) ≤ φ(q, x).

Lemma 2.10. ([35]) Let C be a closed convex subset of a smooth, strictly convex and reflexive Banach
space E. Let A : C → E∗ be a continuous and monotone mapping, ϕ : C → R be a lower semi-
continuous and convex function, and f be a bifunction from C × C to R satisfying (A1)− (A4). For
r > 0 and x ∈ E, then there exists u ∈ C such that

f (u, y) + 〈Au, y− u〉+ ϕ(y)− ϕ(u) +
1
r
〈y− u, Ju− Jx〉, ∀y ∈ C.

Define a mapping Kr : C → C as follows:

Kr(x) ={
u ∈ C : f (u, y) + 〈Au, y− u〉+ ϕ(y)− ϕ(u) +

1
r
〈y− u, Ju− Jx〉 ≥ 0, ∀y ∈ C

}
(16)

for all x ∈ C. Then, the following conclusions holds:
(a) Kr is single-valued ;
(b) Kr is a firmly nonexpansive-type mapping, i.e.;

〈Krx− Kry, JKrx− JKry〉 ≤ 〈Krx− Kry, Jx− Jy〉, ∀x, y ∈ E;

(c) F(Kr) = F̂(Kr) = EP;
(d) EP is a closed convex,
(e) φ(p, Krz) + φ(Krz, z) ≤ φ(p, x), ∀p ∈ F(Kr), z ∈ E.

Remark 2.11. ([35]) It follows from Lemma 2.10 that the mapping Kr : C → C defined by (16)
is a relatively nonexpansive mapping. Thus, it is quasi-φ-nonexpansive.

3. Main Results

In this section, we shall prove a strong convergence theorem for finding a common element
of the set of solutions for a generalized mixed equilibrium problem (1) and the set of common
fixed points for a pair of asymptotically quasi-φ-nonexpansive mapping mappings in Banach
spaces.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty closed
convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C× C → R be a
bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and convex
function. Let T : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C be a closed and asymptotically

quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such that k(s)

n → 1 as n → ∞.
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Assume that T and S are uniformly asymptotically regular on C and Ω = F(T) ∩ F(S) ∩ EP 6= ∅.
Let {xn} be the sequence generated by

(17)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + 〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn}
and {βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. Suppose that the following
conditions are satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0.

Then the sequence {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E
onto Ω.

Proof. First, we define two bifunctions H : C× C → R and Kr : C → C by

(18) H(x, y) = f (x, y) + 〈Ax, y− x〉+ ϕ(y)− ϕ(x), ∀x, y ∈ C,

and

(19) Kr(x) = {u ∈ C : H(u, y) +
1
r
〈y− u, Ju− Jx〉 ≥ 0, ∀y ∈ C}.

By Lemma 2.10, we know that the function H satisfies conditions (A1) - (A4) and Kr has the
properties (a)-(e). Therefore, (17) is equivalent to

(20)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
H(un, y) + 1

rn
〈y− un, Jun − Jyn〉 ≥ 0, ∀y ∈ C,

Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

(I) We show first that the sequence {xn} is well defined. By the same argument as in the
proof of [36, Lemma 2.4], one can show that F(T) ∩ F(S) is closed and convex. Hence Ω :=
F(S) ∩ F(T) ∩ EP is a nonempty, closed and convex subset of C. Consequently, ΠΩ is well
defined. Next, we prove that Cn is closed and convex for each n ≥ 1. It is obvious that C1 = C
is closed and convex. Suppose that Ch is closed and convex for some positive integer h. Next,
we prove that Ch+1 is closed and convex. For w ∈ Ch+1, we see that

φ(w, uh) ≤ βhφ(w, xn) + (1− βh)khφ(w, zh)

is equivalent to

2〈w, (1− βh)Jzh + βh Jxh − Juh〉 ≤ (1− βh)kh‖zh‖2 − ‖uh‖2 + βh‖xh‖2

+ (βh + kh − βhkh − 1)‖w‖2,

and

βhφ(w, xh) + (1− βh)khφ(w, zh) ≤ φ(w, xh) + θn
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is equivalent to

φ(w, zh) ≤ φ(w, xh) + (k2
h − 1)Mh.

It is easy to see that Ch+1 is closed and convex. Then, for each n ≥ 1, we see Cn is closed and
convex.

(II) Next we prove that Ω ⊂ Cn for each n ≥ 1.
If n = 1, Ω ⊂ C1 = C is obvious. Suppose that Ω ⊂ Ch for some positive integer h. Next,

we claim that Ω ⊂ Ch+1 for the same h. For every w ∈ Ω, we obtain from the assumption that
w ∈ Ch: On the other hand, we have

φ(w, zh) = φ(w, J−1(αh Jxh + (1− αh)JThxh))

= ‖w‖2 − 2〈w, αh Jxh + (1− αh)JThxh〉+ ‖αh Jxh + (1− αh)JThxh‖2

≤ ‖w‖2 − 2αh〈w, Jxh〉 − 2(1− αh)〈w, JThxh〉
+ αh‖xh‖2 + (1− αh)‖Thxh‖2

= αhφ(w, xh) + (1− αh)φ(w, Thxh)

≤ αhφ(w, xh) + (1− αh)k(t)
h φ(w, xh)

≤ αnφ(w, xh) + (1− αh)khφ(w, xh)
≤ φ(w, xh) + (kh − 1)φ(w, xh).(21)

It follows that

φ(w, uh) = φ(w, Krh yh) ≤ φ(w, yh)

≤ φ(w, J−1(βh Jxh + (1− βh)JShzh))

= ‖w‖2 − 2〈w, βh Jxh + (1− βh)JShzh〉+ ‖βh Jxh + (1− βh)JShzh‖2

≤ ‖w‖2 − 2βh〈w, Jxh〉 − 2(1− βh)〈w, JShzh〉+ βh‖xh‖2 + (1− βh)‖Shzh‖2

= βhφ(w, xh) + (1− βh)φ(w, Shzh)

≤ βhφ(w, xh) + (1− βh)k(s)
h φ(w, zh)

≤ βhφ(w, xh) + (1− βh)khφ(w, zh)
= (1− (1− βn))φ(w, xh) + (1− βh)khφ(w, zh)
= φ(w, xh) + (1− βh)[khφ(w, zh)− φ(w, xh)]
≤ φ(w, xh) + (1− βh)[kh(φ(w, xh) + (kh − 1)φ(w, xh))− φ(w, xh)]
= φ(w, xh) + (1− βh)[khφ(w, xh) + (k2

h − kh)φ(w, xh)− φ(w, xh))]

= φ(w, xh) + (1− βh)(k2
h − 1)φ(w, xh)

≤ φ(w, xh) + (1− βh)(k2
h − 1)Mh

= φ(w, xh) + θn.(22)

This shows that w ∈ Ch+1. This implies that Ω ⊂ Cn for each n ≥ 1.
From xn = ΠCn x1, we see that

〈xn − w, Jx1 − Jxn〉 ≥ 0, ∀w ∈ Cn.

Since Ω ⊂ Cn for each n ≥ 1, we arrive at

〈xn − w, Jx1 − Jxn〉 ≥ 0, ∀w ∈ Ω.(23)

(III) Now we prove that {xn} is bounded.
In view of Lemma 2.2, we see that

φ(xn, x1) = φ(ΠCn x1, x1) ≤ φ(w, x1)− φ(w, xn) ≤ φ(w, x1),

for each w ∈ Cn. Therefore, we obtain that the sequence φ(xn, x1) is bounded, so are {xn},
{yn}, {Tnxn}, {Snxn} and {zn}.
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(IV) Now we prove that ‖xn − Tnxn‖ → 0 and ‖zn − Snzn‖ → 0.
Since xn = ΠCn x1 and xn+1 = ΠCn+1 x1 ∈ Cn+1 ⊂ Cn, we have

φ(xn, x1) ≤ φ(xn+1, x1), ∀n ≥ 1.

This implies that {φ(xn, x1)} is nondecreasing, and so the limit limn→∞ φ(xn, x1) exists. By the
construction of Cn, we have

φ(xm, xn) = φ(xm, ΠCn x1) ≤ φ(xm, x1)− φ(ΠCn x1, x1)
= φ(xm, x1)− φ(xn, x1).(24)

Letting m, n → ∞ in (24), we see that φ(xm, xn) → 0. It follows from Lemma 2.6 that xm − xn →
0 as m, n → ∞. Hence, {xn} is a Cauchy sequence. Since E a Banach space and C is closed and
convex, we can assume that

lim
n→∞

xn = p ∈ C.(25)

Now, we are in a position to state that p ∈ Ω = F(T)∩ F(S)∩ EP. By taking m = n + 1 in (24),
we obtain that

lim
n→∞

φ(xn+1, xn) = 0.(26)

Since xn+1 = ΠCn+1 x1 ∈ Cn+1, from definition of Cn+1 we have

φ(xn+1, un) ≤ φ(xn+1, xn) + θn, ∀n ≥ 1,(27)

and

knφ(xn+1, zn) ≤ φ(xn+1, xn) + (k2
n − 1)Mn, ∀n ≥ 1.(28)

Since E is uniformly smooth and uniformly convex, from (26)-(28), θn → 0 as n → ∞ and
Lemma 2.6, we have

lim
n→∞

‖xn+1 − xn‖ = lim
n→∞

‖xn+1 − un‖ = lim
n→∞

‖xn+1 − zn‖,(29)

and so

lim
n→∞

‖xn − un‖ = lim
n→∞

‖xn − zn‖ = lim
n→∞

‖un − zn‖ = 0.(30)

Since un = Krn yn, from (22) we have

φ(u, yn) ≤ φ(u, xn) + θn, ∀u ∈ Ω.(31)

Since ‖xn − un‖ → 0 and J is uniformly continuous, we have

φ(un, yn) = φ(Krn yn, yn)
≤ φ(u, yn)− φ(u, Krn yn)
≤ φ(u, xn)− φ(u, Krn yn) + θn

= φ(u, xn)− φ(u, un) + θn

= ‖xn‖2 − ‖un‖2 − 2〈u, Jxn − Jun〉+ θn

≤ ‖xn − un‖ × (‖xn‖+ ‖un‖)− 2〈u, Jxn − Jun〉+ θn → 0.

This implies that φ(yn, un) → 0. Since E is smooth and uniformly convex, from Lemma 2.6, we
have

‖yn − un‖ → 0, and so ‖yn − xn‖ → 0.(32)

From (17), we have

‖Jyn − Jxn‖ = (1− βn)‖JSnzn − Jxn‖ → 0,(33)

and so ‖Snzn − xn‖ → 0. This together with ‖xn − zn‖ → 0 yields

‖zn − Snzn‖ → 0.(34)

Again from (30) and (17) we have

‖Jzn − Jxn‖ = (1− αn)‖JTnxn − Jxn‖ → 0.(35)
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This implies that ‖JTnxn − Jxn‖ → 0, and so

‖Tnxn − xn‖ → 0 as n → ∞.(36)

(V) Now we prove that p ∈ F(T) ∩ F(S) ∩ EP = Ω.
From (36) and (30), we have

lim
n→∞

‖Tnxn − zn‖ = 0.(37)

Note that

‖Tnxn − p‖ ≤ ‖Tnxn − zn‖+ ‖zn − xn‖+ ‖xn − p‖.(38)

It follows from (37), (30) and (25) that

lim
n→∞

‖Tnxn − p‖ = 0.(39)

On other hand, we have

‖Tnxn − p‖ ≤ ‖Tn+1xn − Tnxn‖+ ‖Tnxn − p‖.

Since T is uniformly asymptotically regular and (39), we obtain that

‖Tn+1xn − p‖ = 0.(40)

that is, TTnxn → p as n → ∞. From the closedness of T, we see that p ∈ F(T).
From (34) and (30), we have

lim
n→∞

‖Snxn − zn‖ = 0.(41)

Note that

‖Snxn − p‖ ≤ ‖Snxn − zn‖+ ‖zn − xn‖+ ‖xn − p‖.(42)

It follows from (41), (30) and (25) that

lim
n→∞

‖Snxn − p‖ = 0.(43)

On other hand, we have

‖Snxn − p‖ ≤ ‖Sn+1xn − Snxn‖+ ‖Snxn − p‖.

Since S is uniformly asymptotically regular and (43), we obtain that

‖Sn+1xn − p‖ = 0.(44)

that is, SSnxn → p as n → ∞. From the closedness of S, we see that p ∈ F(S).
Next we prove that p ∈ EP. Since limn→∞ ‖un − yn‖ = 0 and J is uniformly norm-to-norm

continuous on bounded sets, we have

lim
n→∞

‖Jun − Jyn‖ = 0.(45)

From the assumption rn > a, we obtain

lim
n→∞

‖Jun − Jyn‖
rn

= 0.(46)

Noticing that un = Krn yn, we have

H(un, y) +
1
rn
〈y− un, jun − Jyn〉 ≥ 0, ∀y ∈ C.(47)

From (A2), we note that

‖y− un‖
‖Jun − Jyn‖

rn
≥ 1

rn
〈y− un, Jun − Jyn〉 ≥ −H(un, y) ≥ H(y, un), ∀y ∈ C.(48)

Taking the limit as n → ∞ in the above inequality and from (A4) and un → p, we have
H(y, p) ≤ 0, ∀y ∈ C. For 0 < t < 1 and y ∈ C, define yt = ty + (1− t)p. Noticing that y, p ∈ C,
we obtain yt ∈ C, which yields that H(yt, p) ≤ 0. It follows from (A1) that

0 = H(yt, yt) ≤ tH(yt, y) + (1− t)H(yt, p) ≤ tH(yt, y),
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that is, H(yt, y) ≥ 0.
Let t ↓ 0; from (A3), we obtain H(p, y) ≥ 0, ∀y ∈ C. Therefore p ∈ EP, and so p ∈ Ω.
(VI) Finally, we prove that p = ΠΩx1. Taking the limit as n → ∞ in (23), we obtain that

〈p− z, Jx1 − Jp〉 ≥ 0, ∀z ∈ Ω

and hence p = ΠΩx1 by Lemma 2.3. This complete the proof. �

The following Theorems can be obtained from Theorem 3.1 immediately.

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let f : C × C → R be a bifunction satisfying the conditions (A1) - (A4),
ϕ : C → R be a lower semi-continuous and convex function. Let T : C → C be a closed and
asymptotically quasi-φ-nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n →

1 as n → ∞ and S : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with
the sequence {k(s)

n } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Assume that T and S are uniformly

asymptotically regular on C and Ω = F(T)∩ F(S)∩ EP( f ) 6= ∅. Let {xn} be the sequence generated
by

(49)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Putting A = 0 in Theorem 3.1, the conclusion of Theorem 3.2 can be obtained. �

Corollary 3.3. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and ϕ : C → R be
a lower semi-continuous and convex function. Let T : C → C be a closed and asymptotically quasi-φ-
nonexpansive mapping with the sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C

be a closed and asymptotically quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such

that k(s)
n → 1 as n → ∞. Assume that T and S are uniformly asymptotically regular on C and

Ω = F(T) ∩ F(S) ∩VI(C, A, ϕ) 6= ∅. Let {xn} be the sequence generated by

(50)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,
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where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Putting f = 0 in Theorem 3.1, the conclusion of Theorem 3.3 can be obtained. �

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C×C → R

be a bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and
convex function. Let S : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with
the sequence {k(s)

n } ⊂ [1, ∞) such that k(s)
n → 1 as n → ∞. Assume that S is uniformly asymptotically

regular on C and Ω = F(T) ∩ F(S) ∩ EP 6= ∅. Let {xn} be the sequence generated by

(51)



x1 ∈ C chosen arbitrarily,
C1 = C,
yn = J−1(βn Jxn + (1− βn)JSnzn),
f (un, y) + 〈Aun, y− un〉+ ϕ(y)− ϕ(un) + 1

r 〈y− un, Jun − Jx〉 ≥ 0, ∀y ∈ C,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,

where θn = (1 − βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(s)

n } for each n ≥ 1, Mn =
sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Taking T = I in Theorem 3.1, then we have zn = xn, ∀n ≥ 1. Hence the conclusion of
Theorem 3.4 is obtained. �

Corollary 3.5. Let E be a uniformly smooth and uniformly convex Banach space, C be a nonempty
closed convex subset of E. Let A : C → E∗ be a continuous and monotone mapping and f : C×C → R

be a bifunction satisfying the conditions (A1) - (A4), ϕ : C → R be a lower semi-continuous and
convex function. Let T : C → C be a closed and asymptotically quasi-φ-nonexpansive mapping with the
sequence {k(t)

n } ⊂ [1, ∞) such that k(t)
n → 1 as n → ∞ and S : C → C be a closed and asymptotically

quasi-φ-nonexpansive mapping with the sequence {k(s)
n } ⊂ [1, ∞) such that k(s)

n → 1 as n → ∞.
Assume that T and S are closed relatively nonexpansive mappings such that Ω = F(T)∩ F(S)∩ EP 6=
∅. Let {xn} be the sequence generated by

(52)



x1 ∈ C chosen arbitrarily,
C1 = C,
zn = J−1(αn Jxn + (1− αn)JTnxn),
yn = J−1(βn Jxn + (1− βn)JSnzn),
un = Krn yn,
Cn+1 = {v ∈ Cn : φ(v, un) ≤ βnφ(v, xn) + (1− βn)knφ(v, zn) ≤ φ(v, xn) + θn},
xn+1 = ΠCn+1 x1, ∀n ≥ 1,
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where θn = (1− βn)(k2
n − 1)Mn → 0 as n → ∞, kn = max{k(t)

n , k(s)
n } for each n ≥ 1, Mn =

sup{φ(v, xn) : v ∈ Ω} for each n ≥ 1, J : E → E∗ is the normalized duality mapping, {αn} and
{βn} are sequences in [0, 1] and {rn} ⊂ [a, ∞) for some a > 0. If the following conditions are
satisfied:

(i) lim infn→∞ αn(1− αn) > 0;
(ii) lim infn→∞ βn(1− βn) > 0;

(iii) {rn} ⊂ [a, ∞) for some a > 0.
Then {xn} converges strongly to ΠΩx1, where ΠΩ is generalized projection of E onto Ω.

Proof. Since every closed relatively nonexpansive mapping is quasi-φ-nonexpansive, the result
is implied by Theorem 3.1. �
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