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Fixed point theorems for nonexpansive mappings with applications
to generalized equilibrium and system of nonlinear variational

inequalities problems∗

Yeol Je Cho1, Narin Petrot2 and Suthep Suantai3

ABSTRACT: In this paper, a method for finding common element of two nonexpansive map-
pings are provided. Consequently, we provide some results for the fixed points of an infinite
family of nonexpansive mappings and of an infinite family of strict pseudo-contraction map-
pings. Furthermore, we apply our main result to the problems of finding solution of general-
ized equilibrium and system of nonlinear variational inequalities problems. Some interesting
remarks will be also pointed out and discussed.
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1. Introduction and Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by 〈·, ·〉 and ‖ · ‖,
respectively. Let K be a nonempty closed convex subset of H. A mapping D : K → K is said to
be nonexpansive mapping if

‖Dx − Dy‖ ≤ ‖x − y‖, ∀x, y ∈ K.

If D : K → K is a nonexpansive mapping, we denote the set of fixed points of D by F(D),
that is, F(D) = {x ∈ K : Dx = x}. By assuming that D is a nonexpansive mapping such
that its fixed points set is not empty, a classical iterative method to find the fixed point of
D of minimal norm was firstly studied by Halpern [7]. He introduced the following explicit
iteration scheme(u = 0): for fixed u, x0 ∈ K, an ∈ (0, 1)

(1) xn+1 = anu + (1− an)Dxn, n = 0, 1, 2, ...

and pointed out that the control conditions (C1) lim
n→∞

an = 0 and (C2) ∑∞
n=1 an = ∞ are neces-

sary for the convergence of the iteration scheme (1) to a fixed point of D. Since then, various
extensions of Halpern result have been proposed. For examples, Lions [8] and Wittmann [21]
established the strong convergence of the iteration scheme (1) under the control conditions
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(C1), (C2) together with some additional control conditions. In 2007, Y. Yao et al.[22] intro-
duced and studied the following implicit iterative scheme {xn}:

(2) x0 ∈ K, xn = anu + bnxn−1 + cnDxn, n ≥ 1,

where u is an anchor and {an}, {bn} and {cn} are three real sequences in (0, 1). They showed
that under some suitable control conditions, the sequence {xn} converges to a fixed point D.

Until now, the problem of finding the fixed points of the nonlinear mappings is the one
subject of current interest in functional analysis. Motivated by Y. Yao et al.[22], in this paper
we introduce the following an explicit iterative scheme {xn}:

The Algorithm: Let G, D : K → K be two mappings. For any u, x1 ∈ K, we define the sequence
{xn} in K as following:

(3) xn+1 = anu + bnxn + cn (γG(xn) + (1− γ)D(xn)) , ∀n ≥ 1,

where {an}, {bn}, {cn} are real sequences in [0, 1] such that an + bn + cn = 1 for all n ≥ 1 and
γ ∈ (0, 1). One main goal of us is to provide the suitable control conditions for the convergence
of {xn}.

Related to the fixed point problems, we also have the equilibrium problems which have
had a great impact and influence in the development of several branches of pure and applied
sciences. It is natural to construct a unified approach for these problems. In this direction,
several authors have introduced some iterative schemes for finding a common element of the
set of solutions of the equilibrium problems and the set of fixed points of nonlinear mappings
(for examples, see [3, 12, 13, 15, 16, 23] and the references therein).

On the other hand, system of nonlinear variational inequalities problems were introduced
by Verma [20]. Recently, Ceng et. al. [5] considered an iterative methods for a system of
variational inequalities and obtained a strong convergence theorem for the such problem and
a fixed point problem for a single nonexpansive mapping. For more examples, see [17, 18, 19]
and the references therein.

All of above motivate us to apply the fixed point theory, our main result, to the problems
of finding solution of generalized equilibrium and system of nonlinear variational inequalities
problems. Also, some interesting remarks are also discussed. We would like to notice that, the
results appeared in this paper can be viewed as an important improvement and extension of
the previously known results.

Now we recall some well-known concepts and results.

Let K be a nonempty closed convex subset of H. It is well known that, for any z ∈ H, there
exists a unique nearest point in K, denoted by PKz, such that

‖z− PKz‖ ≤ ‖z− y‖, ∀y ∈ K.

Such a mapping PK is called the metric projection of H on to K. We know that PK is nonexpan-
sive. Furthermore, for any z ∈ H and u ∈ K,

(4) u = PKz ⇐⇒ 〈u− z, w− u〉 ≥ 0, ∀w ∈ K.

Lemma 1.1. [2] Let K be a nonempty closed convex subset of a strictly convex Banach space E. If,
for each n ≥ 1, Sn : K → E is a nonexpansive mapping, then there exists a nonexpansive mapping
S : K → E such that

F(S) =
∞⋂

n=1

F(Sn).

In particular, if
⋂∞

n=1 F(Sn) 6= ∅, then the mapping S = ∑∞
n=1 µnSn satisfies the above requirement,

where {µn} is a sequence of positive real numbers such that ∑∞
n=1 µn = 1.

Lemma 1.2. [1] Let E be a uniformly convex Banach space, K be a nonempty closed convex subset of E
and S : K → K be a nonexpansive mapping. Then I − S is demi-closed at zero, i.e., if {xn} converges
weakly to a point x ∈ K and {xn − Sxn} converges to zero, then x = Sx.



47 Y. J. Cho, N.Petrot and S.Suantai / Journal of Nonlinear Analysis and Optimization 1 (2010), 45-5347 Y. J. Cho, N.Petrot and S.Suantai / Journal of Nonlinear Analysis and Optimization 1 (2010), 45-5347 Y. J. Cho, N.Petrot and S.Suantai / Journal of Nonlinear Analysis and Optimization 1 (2010), 45-53

Lemma 1.3. [14] Let {xn} and {ln} be bounded sequences in a Banach space E and bn be a sequence
in [0, 1] with

0 < lim inf
n→∞

bn ≤ lim sup
n→∞

bn < 1.

Suppose that xn+1 = (1− bn)ln + bnxn for all n ≥ 1 and

lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

Then limn→∞ ‖ln − xn‖ = 0.

Lemma 1.4. [24] Assume that {θn} is a sequence of nonnegative real numbers such that

θn+1 ≤ (1− an)θn + δn, ∀n ≥ 1,

where {an} is a sequence in (0, 1) and {δn} is a sequence such that

(i) ∑∞
n=1 an = ∞;

(ii) lim sup
n→∞

δn
an
≤ 0 or ∑∞

n=1 |δn| < ∞.

Then limn→∞ θn = 0.

2. Main Results

Of course, we will use the sequence {xn}, generated by (3), to obtain our main results in this
paper. To do so, the behaviors of the sequences {an}, {bn} or {cn} should be controlled. Here,
we assume the following control condition:

Condition (C): Let {an} and {bn} be defined as in (3). We say that the condition (C) is
satisfied if

(i) limn→∞ an = 0 and ∑∞
n=1 an = ∞;

(ii) 0 < lim infn→∞ bn ≤ lim supn→∞ bn < 1,

are hold true.

Our main result is as following.

Theorem 2.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let G, D : K → K
be two nonexpansive mappings such that Ω = F(G) ∩ F(D) 6= ∅. Let u ∈ K be fixed and {xn} be
a sequence in K generated by (3). If the condition (C) is satisfied then the sequence {xn} converges
strongly to a point x̃ = PΩu.

Proof. Firstly, we must assert that the mapping PΩ is well defined by showing that Ω is a closed
convex set. Indeed, since G, D are nonexpansive mappings, we have the set F(G) and F(D)
are closed convex subsets of H. Therefore, it follows that Ω = F(G) ∩ F(D) is a closed convex
subset of H.

Now the proof is divided into the five steps as following:

Step 1: The sequence {xn} is bounded.
Write en = γG(xn) + (1− γ)D(xn) for all n ≥ 1. Let x∗ ∈ Ω. Let us consider the following

computation:

‖en − x∗‖ =‖γG(xn) + (1− γ)D(xn)− x∗‖
≤γ‖G(xn)− x∗‖+ (1− γ)‖D(xn)− x∗‖
≤γ‖xn − x∗‖+ (1− γ)‖xn − x∗‖
=‖xn − x∗‖, ∀n ≥ 1.
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Consequently,

‖x2 − x∗‖ = ‖a1u + b1x1 + c1e1 − x∗‖
≤ a1‖u− x∗‖+ b1‖x1 − x∗‖+ c1‖e1 − x∗‖
≤ a1‖u− x∗‖+ b1‖x1 − x∗‖+ c1‖x1 − x∗‖
≤ a1‖u− x∗‖+ (1− a1)‖x1 − x∗‖
≤ max{‖u− x∗‖, ‖x1 − x∗‖}.(5)

From (5) and induction, we know that the sequence {xn} is bounded, as required.

Step 2: limn→∞ ‖xn+1 − xn‖ = 0.
To do this, let us put

(6) ln =
xn+1 − bnxn

1− bn
, ∀n ≥ 1,

which implies that

(7) xn+1 − xn = (1− bn)(ln − xn), ∀n ≥ 1.

Now, by (6), (7), Lemma 1.3 and the condition (ii), we show that

(8) lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0.

Consider the following computation:

ln+1 − ln =
an+1u + cn+1en+1

1− bn+1
− anu + cnen

1− bn

=
an+1

1− bn+1
u +

1− bn+1 − an+1

1− bn+1
en+1 −

an

1− bn
u− 1− bn − an

1− bn
en

=
an+1

1− bn+1
(u− en+1) +

an

1− bn
(en − u) + en+1 − en, ∀n ≥ 1,(9)

and,

‖en+1 − en‖ =‖γG(xn+1) + (1− γ)D(xn+1)− (γG(xn) + (1− γ)D(xn)‖
≤γ‖G(xn+1)− G(xn)‖+ (1− γ)‖D(xn+1)− D(xn)‖
≤γ‖xn+1 − xn‖+ (1− γ)‖xn+1 − xn‖
=‖xn+1 − xn‖, ∀n ≥ 1.(10)

Using (9) and (10), we have

‖ln+1 − ln‖ − ‖xn+1 − xn‖ ≤
an+1

1− bn+1
‖u− en+1‖+

an

1− bn
‖en − u‖, ∀n ≥ 1.

Thus it follows from the conditions (i) and (ii) that

lim sup
n→∞

(‖ln+1 − ln‖ − ‖xn+1 − xn‖) ≤ 0,

that is, (8) is satisfied.

Step 3: xn − en → 0 as n → ∞.
From (3), we have

cn(en − xn) = xn+1 − xn + an(xn − u),
which implies that

cn‖en − xn‖ ≤ ‖xn+1 − xn‖+ an‖(xn − u)‖
and so, from the conditions (i) and (ii), it follows that

(11) lim
n→∞

‖en − xn‖ = 0.
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Step 4: lim sup
n→∞

〈u− PΩu, xn − PΩu〉 ≤ 0.

Write x̃ = PΩu. Since {xn} is a bounded sequence, there exist a subsequence {xnj} of {xn}
and z ∈ K such that {xnj} converges weakly to a point z as j → ∞ and

(12) lim sup
n→∞

〈u− x̃, xn − x̃〉 = lim sup
j→∞

〈u− x̃, xnj − x̃〉.

Now, we show that z ∈ Ω = F(G) ∩ F(D). To show this, we define a mapping S : K → K by

Sx = γG(x) + (1− γ)D(x), ∀x ∈ K.

From Lemma 1.1, it follows that S is a nonexpansive mapping such that

F(S) = F(G) ∩ F(D).

Furthermore, from (11), we obtain

lim
j→∞

‖Sxnj − xnj‖ = 0.

Thus, by Lemma 1.2, we have z ∈ F(S) = Ω. Consequently, from (4) and (12), it follows that

lim sup
n→∞

〈u− x̃, xn − x̃〉 = lim sup
j→∞

〈u− x̃, xnj − x̃〉

= 〈u− x̃, p− x̃〉
≤ 0.

Step 5: xn → x̃ as n → ∞, where x̃ = PΩu.
Notice that

‖xn+1 − x̃‖2 = ‖anu + bnxn + cnen − x̃‖2

= 〈an(u− x̃) + bn(xn − x̃) + cn(en − x̃), xn+1 − x̃〉
≤ an〈u− x̃, xn+1 − x̃〉+ bn‖xn − x̃‖‖xn+1 − x̃‖+ cn‖en − x̃‖‖xn+1 − x̃‖
≤ an〈u− x̃, xn+1 − x̃〉+ bn‖xn − x̃‖‖xn+1 − x̃‖+ cn‖xn − x̃‖‖xn+1 − x̃‖
= an〈u− x̃, xn+1 − x̃〉+ (1− an)‖xn − x̃‖‖xn+1 − x̃‖

≤ an〈u− x̃, xn+1 − x̃〉+
(1− an)

2
(
‖xn − x̃‖2 + ‖xn+1 − x̃‖2) .

This implies that

(13) ‖xn+1 − x̃‖2 ≤ (1− an)‖xn − x̃‖+ 2an〈u− x̃, xn+1 − x̃〉.
Therefore, using (12) together with the conditions (i) and (ii), (13) and Lemma 1.4, it follows
that xn → x̃ as n → ∞. This completes the proof. �

From Theorem 2.1, obviously, we can obtain the following result.

Corollary 2.2. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K → K be a
nonexpansive mapping such that F(D) 6= ∅. Let u ∈ K be fixed and {xn} be a sequence in K generated
by

(14) xn+1 = anu + bnxn + cnD(xn), ∀n ≥ 1.

If the condition (C) is satisfied then the sequence {xn} converges strongly to a point x̃ = PF(D)u.

Using Lemma 1.1, as an application of Corollary 2.2, we also have the following results:

Corollary 2.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let {Sn} be a family of
nonexpansive mappings from K into itself such that Θ =:

⋂∞
n=1 F(Sn) 6= ∅. Let u ∈ C be fixed and

{xn} be a sequence in K generated by (14) with D = ∑∞
n=1 µnSn, where {µn} is a sequence of positive

numbers with ∑∞
n=1 µn = 1. If the condition (C) is satisfied then the sequence {xn} converges strongly

to a point x̃ = PΘu.
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Remark 2.4. Recall that a mapping W : C → C is called a τ-strict pseudo-contraction with the
coefficient τ ∈ [0, 1) if

‖Wx −Wy‖2 ≤ ‖x − y‖2 + τ‖(I −W)x − (I −W)y‖2, ∀x, y ∈ C.

It is obvious that every nonexpansive mapping is a 0-strict pseudo-contraction. Furthermore,
if a mapping W(ζ) : C → C is defined by W(ζ)x = ζx + (1− ζ)Wx for all x ∈ C, where ζ ∈ [τ, 1)
is a fixed constant. Then W(ζ) is a nonexpansive mapping such that F(W(ζ)) = F(W), see [24].
Using this observation, in stead of the assumption that A and B are nonexpansive mappings,
which were proposed in Theorem 2.1, we can further assume that the mappings A and B are
strict pseudo-contractions.

Remark 2.5. If f : C → C is a contractive mapping and we replace u by f (xn) in the (3), then
we can obtain the so-called viscosity iteration method (see [15] for more details).

3. applications

In this section, we will apply the Theorem 2.1 to some interesting problems as following:

3.1. Generalized equilibrium problem

Let ϕ : K → R be a real-valued function, Q : K → H be a mapping and Φ : H× K × K → R

be an equilibrium-like function. Let r be a positive number. For any x ∈ K, we consider the
following problem:

(15)

{
Find y ∈ K such that
Φ(Qx, y, z) + ϕ(z)− ϕ(y) + 1

r 〈y− x, z− y〉 ≥ 0, ∀z ∈ K,

which is known as the auxiliary generalized equilibrium problem. We denote the set of solution
of problem (15) by GEP(K, Q, Φ, ϕ). In order to studying the problem (15), we related to the
following concept:

Let T(r) : K → K be the mapping such that, for each x ∈ K, T(r)(x) is the solution set of the
auxiliary problem (15), i.e.,

T(r)(x) = {y ∈ K : Φ(Qx, y, z) + ϕ(z)− ϕ(y) +
1
r
〈y− x, z− y〉 ≥ 0, ∀z ∈ K}, ∀x ∈ K.

We will assume the following Condition (∆):
(a) T(r) is single-valued;
(b) T(r) is nonexpansive;
(c) F(T(r)) = GEP(K, Q, Φ, ϕ);

Notice that the examples of showing the sufficient conditions for the existence of the Condition
(∆) can be found in [4].

Assuming that the Condition (∆) is satisfied, then we can introduce the following algorithm:
Let r be a fixed positive number and D : K → K be a mapping. For any u, x1 ∈ K, there exist
sequences {un}, and {xn} in K such that

(16)

{
Φ(Qxn, un, v) + ϕ(v)− ϕ(un) + 1

r 〈un − xn, v− un〉 ≥ 0, ∀v ∈ K,
xn+1 = anu + bnxn + cn [γun + (1− γ)D(xn)] , ∀n ≥ 1,

where {an}, {bn}, {cn} are real sequences in [0, 1] such that an + bn + cn = 1 for all n ≥ 1 and
γ ∈ (0, 1).

Theorem 3.1. Let K be a nonempty closed convex subset of a Hilbert space H. Let D : K → K be a
nonexpansive mapping. Assume that the Condition (∆) is satisfied and

Ω = GEP(K, Q, Φ, ϕ) ∩ F(D) 6= ∅.
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Let u ∈ K be fixed and {xn} is defined by (16). If the condition (C) is satisfied then the sequence {xn}
converges strongly to a point x̃ = PΩu.

Proof. Notice that, for each n ≥ 1, we have un = T(r)(xn). Hence, by setting T(r) =: G, we
see that (3) and (16) are the same. Therefore, thanks to the condition (∆), the result is followed
from Theorem 2.1.

�

Remark 3.2. It is worth to mention that for appropriate and suitable choice of the mapping
Q, the functions Φ, ϕ and the convex set K, one can obtain a number of the various classes of
equilibrium problems as special cases. This means, evidently, the Theorem 3.1 is very useful.
For further applications of the problem (15), interested readers may refer to [6, 10, 11], and the
references therein.

3.2. System of nonlinear variational inequalities problems

For two nonlinear mappings A, B : K → H, we consider the following system of nonlinear
variational inequalities problems: Find (x∗, y∗) ∈ K × K such that{

〈λAy∗ + x∗ − y∗, x − x∗〉 ≥ 0, ∀x ∈ K,
〈ρBx∗ + y∗ − x∗, x − y∗〉 ≥ 0, ∀x ∈ K,

(17)

where λ and ρ are fixed positive numbers. In recent years, the problem of type (17) and its
applications have been studied and investigated by many authors, see [5, 17, 18, 19, 20] for
examples.

Now we have the following result, as the technical lemma:

Lemma 3.3. Let K be a nonempty closed convex subset of a Hilbert space H. Let G : K → K be a
nonexpansive self-mapping and T, V : K → H be two nonexpansive non-self mappings. Assume that

Ω = F(G) ∩ F(D) 6= ∅,

where D : K → K is defined by

(18) D(x) = PK[T ◦ (PK ◦V)](x), ∀x ∈ K.

Let u ∈ K be fixed and {xn} be a sequences in K generated by (3). If the condition (C) is satisfied then
the sequence {xn} converges strongly to a point x̃ = PΩu.

Proof. Since T, V : K → H are nonexpansive non-self mappings, it is obvious that D := PK[T ◦
(PK ◦V)] is a nonexpansive mapping. Therefore, the conclusion is followed immediately from
Theorem 2.1.

�

We also need the following well-known lemma:

Lemma 3.4. [5] Let ρ and λ be positive numbers. For any x∗, y∗ ∈ C with y∗ = PC(x∗ − ρBx∗),
(x∗, y∗) is a solution of the problem (1.3) if and only if x∗ is a fixed point of the mapping D : C → C
defined by

D(x) = PK[PK(x − ρBx)− λAPK(x − ρBx)], ∀x ∈ K.

Now we give the purposed result.

Theorem 3.5. Let C be a nonempty closed convex subset of a Hilbert space H. Let A, B : K → H and
G : K → K be a nonexpansive mapping. Assume that

Ω := F(G) ∩ F(D) 6= ∅,

where the mapping D : K → K is defined by

(19) D(x) = [PK(I − λA) ◦ PK(I − ρB)] (x), ∀x ∈ K,

when ρ and λ are positive constants appeared in the problem (17). Assume that
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(i) (I − λA) and (I − ρB) are nonexpansive mappings;
(ii) the condition (C) is satisfied.

If {xn} is a sequence in K generated by (3) then {xn} converges strongly to a point x̃ = PΩu.
Moreover, if ỹ = PK(x̃ − ρBx̃), then (x̃, ỹ) is a solution to the problem (17).

Proof. Firstly, since I − λA and I − ρB are nonexpansive mappings, we know that D is a non-
expansive mapping. Thus, thanks to Lemma 3.3, we know that {xn} converges strongly to
x̃ := PΩu. Moreover, by the definition of the mapping D, we observe that

D = PK(I − λA) ◦ PK(I − ρB) = PK [PK(I − ρB)− λAPK(I − ρB)] .

Consequently, in view of Lemma 3.4, the second part of the required result is followed imme-
diately.

�

Remark 3.6. Recall that a nonlinear mapping A : K → H is said to be:
(1) α-cocoercive if there exists a constant α > 0 such that

〈Ax − Ay, x − y〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ K;

(2) β-strongly monotone if there exists a constant β > 0 such that

〈Ax − Ay, x − y〉 ≥ β‖x − y‖2, ∀x, y ∈ K.

Notice that if either
(A1) A is α-cocoercive mapping and λ ∈ (0, 2α] or,
(A2) A is β-strongly monotone and L-Lipschitz continuous mapping and λ ∈

(
0, 2β

L

]
;

is satisfied, then I − λA is a nonexpansive mapping. This means that the results obtained in
the Theorem 3.5 can be viewed as an important extension of the previously known results.

Remark 3.7. In view of Corollary 2.3, one can apply Theorems 3.1 and 3.5 from a nonexpansive
mapping to a family of nonexpansive mappings (or even a family of strict pseudo-contraction
mappings).
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