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Remarks on the Gradient-Projection Algorithm

Meng Su1, Hong-Kun Xu2,∗

ABSTRACT: The gradient-projection algorithm (GPA) is a powerful method for solving con-
strained minimization problems in finite (and even infinite) dimensional Hilbert spaces. We
consider GPA with variable stepsizes and show that if GPA generates a bounded sequence,
then under certain assumptions, every accumulation point of the sequence is a solution of the
minimization problem. We also look into the issue where the sequence of stepsizes is allowed
to be the limiting case (e.g., approaching to zero).

KEYWORDS: Gradient-projection algorithm, constrained minimization, variational inequality,
optimality condition, convex function, Lipschitz continuous gradient, Féjer-monotone.

1. Introduction

Consider the constrained minimization problem

(1) min
x∈C

f (x)

where C is a nonempty closed convex set of Rn, and the objective function f : Rn → R is
continuously differentiable. Assume that (1) is consistent (i.e., it has a solution) and we use Γ
to denote its solution set.

It is well known that the (necessary) optimality condition for a point x∗ ∈ C to be a solution
of (1) is that

(2) −∇ f (x∗) ∈ NC(x∗)

where NC(x∗) is the normal cone to C at x∗, namely,

NC(x∗) = {v ∈ Rn : 〈v, x − x∗〉 ≤ 0, x ∈ C}.

Condition (2) is equivalent to the following variational inequality (VI):

(3) x∗ ∈ C, 〈∇ f (x∗), x − x∗〉 ≥ 0, x ∈ C.

Let PC be the nearest point projection from Rn onto C. We can then rewrite VI (3) equivalently
to a fixed point equation

(4) x∗ = PC(I − α∇ f )x∗,

where α > 0 is any (fixed) constant.
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The gradient-projection algorithm (GPA, for short) is usually applied to solve the minimiza-
tion problem (1). This algorithm generates a sequence {xk} through the recursion:

(5) xk+1 = PC(xk − αk∇ f (xk)), k = 0, 1, · · · ,

where the initial guess x0 ∈ C is chosen arbitrarily and {αk} is a sequence of stepsizes which
may be chosen in different ways.

GPA (5) has well been studied in the case of constant stepsizes αk = α for all k (see the books
[4, 5], and the papers [1, 2, 3, 6, 7, 8]). A recent averaged mapping approach to GPA (5) can be
found in [9].

A fundamental convergence result for GPA (5) is the following one which can be found in
literature (cf. [5, Theorem 6.1] or [4, Theorem 1, Section 7.2] with constant stepsize).

Theorem 1.1. Let {xk} be the sequence generated by GPA (5). Assume
(i) f is continuously differentiable and its gradient is Lipschitz continuous:

(6) ‖∇ f (x)−∇ f (y)‖ ≤ L‖x − y‖, x, y ∈ Rn,

where L ≥ 0 is a constant;
(ii) the set C0 := {x ∈ C : f (x) ≤ f (x0)} is bounded;

(iii) the sequence {αk} satisfies the condition:

(7) 0 < lim inf
k→∞

αk ≤ lim sup
k→∞

αk <
2
L

.

Then every accumulation point x∗ of {xk} satisfies the optimality condition (2). Moreover, if f is also
convex, then {xk} converges to a solution of the minimization (1).

In this paper we deal with the gradient-projection algorithm with variable stepsize. We
show that if GPA (5) generates a bounded sequence {xk} (which is guaranteed by the bound-
edness of the set C0), then under condition (7), every accumulation point of {xk} is a solution
to the minimization problem (1). If the objective f is, in addition, convex, then {xk} indeed
converges to a solution of (1). We also deal with the saturated situation where we can allow
the sequence {αk} to close zero (see the precise descriptions in Section 3).

2. Preliminaries

Let H be the real Euclidean n-space Rn and C be a nonempty closed convex subset of H.

Definition 2.1. The (metric or nearest-point or orthogonal) projection from H onto C is a map-
ping that assigns, to each point x ∈ H, a unique point in C, denoted PCx, with the property:

(8) ‖x − PCx‖ = min{‖x − y‖ : y ∈ C}.

The following characterizes the relation z = PCx.

Proposition 2.2. Given z ∈ C and x ∈ H. Then z = PCx if and only if there holds the relation:

〈x − z, y− z〉 ≤ 0, y ∈ C.

Consequently, PC is firmly nonexpansive, that is,

〈PCx − PCy, x − y, x − y〉 ≥ ‖PCx − PCy‖2, x, y ∈ H.

In particular, PC is nonexpansive:

‖PCx − PCy‖ ≤ ‖x − y‖, x, y ∈ H.

We next recall the optimality condition for the minimization problem (1).
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Lemma 2.3. (Optimality Condition.) A necessary condition of optimality for a point x∗ ∈ C to be a
solution of the minimization problem (1) is that x∗ solves the variational inequality:

(9) x∗ ∈ C, 〈∇ f (x∗), x − x∗〉 ≥ 0, x ∈ C.

Equivalently, x∗ ∈ C solves the fixed point equation

x∗ = PC(x∗ − α∇ f (x∗))

for every constant α > 0.
If, in addition, f is convex, then the optimality condition (9) is also sufficient.

Lemma 2.4. (cf. [4, Lemma 2, Section 1.4]) Suppose a continuously differentiable convex function
f : Rn → R has a Lipschitz continuous gradient:

(10) ‖∇ f (x)−∇ f (y)‖ ≤ L‖x − y‖, x, y ∈ Rn.

Then ∇ f satisfies the so-called inversely strong (also known as co-coercive) monotonicity:

(11) 〈∇ f (x)−∇ f (y), x − y〉 ≥ 1
L
‖∇ f (x)−∇ f (y)‖2, x, y ∈ Rn.

3. The Gradient-Projection Algorithm

Recall that the gradient-projection method (GPM) for solving the minimization problem (1)
generates a sequence {xk} according to the recursive process

(12) xk+1 = PC(xk − αk∇ f (xk)), k = 0, 1, 2, · · · ,

where {αk} is a sequence of stepsizes with αk ≥ 0 for each k ≥ 0. The convergence of GPM (12)
depends on the choice of the stepsize sequence {αk} (and also on the behavior of the gradient
∇ f ). The purpose of this section is to discuss the convergence of GPM (12) under different
choices of the stepsize sequence {αk}. (Note that in both books [5, 4], constant stepsize αk ≡ α
is considered; here we deal with variable stepsize.)

3.1. Variable Stepsize

Theorem 3.1. Let f : Rn → R be a continuously differentiable function such that the gradient ∇ f
satisfies the Lipschitz continuity condition (10). For a given initial guess x0 ∈ C, let {xk} be the
sequence generated by GPA (12). Assume

(A1) {αk} satisfies condition (7).
(A2) {xk} is bounded. (This is guaranteed by the boundedness assumption (ii) of the set C0 = {x ∈

C : f (x) ≤ f (x0)} in Theorem 1.1, as assumed in [5]).

Then we have

(i) Every accumulation point of {xk} is a solution of the minimization problem (1).
(ii) limk→∞ f (xk) = fmin := min{ f (x) : x ∈ C}.

(iii) If {xk} is Féjer-monotone with respect to the solution set Γ of the minimization problem (1),
that is,

(13) ‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, k ≥ 0, x∗ ∈ Γ,

then the sequence {xk} converges to a solution of (1).
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Proof. We have, using (6),

f (xk+1)− f (xk) =
∫ 1

0
〈∇ f (xk + t(xk+1 − xk)), xk+1 − xk〉dt

=
∫

0

1
〈∇ f (xk + t(xk+1 − xk))−∇ f (xk), xk+1 − xk〉dt

+ 〈∇ f (xk), xk+1 − xk〉

≤ 〈∇ f (xk), xk+1 − xk〉+
L
2
‖xk+1 − xk‖2

.(14)

On the other hand, since xk+1 is the projection of xk − αk∇ f (xk) onto C, it follows from Propo-
sition 2.2 that

〈xk − αk∇ f (xk)− xk+1, xk − xk+1〉 ≤ 0.
This implies that

(15) 〈∇ f (xk), xk+1 − xk〉 ≤ − 1
αk
‖xk+1 − xk‖2.

Substituting (15) into (14), we get

(16) f (xk+1) ≤ f (xk)−
(

1
αk
− L

2

)
‖xk+1 − xk‖2.

Let α = lim infk→∞ αk and α = lim supk→∞ αk. Then, by assumption (7), we see that there is an
integer N ≥ 1 such that

(17) 0 < α ≤ αk ≤ α <
2
L

for all k ≥ N. With no loss of generality, we may assume that (17) holds true for all k ≥ 0. It
then turns out from (16) that

(18) f (xk+1) ≤ f (xk)− 2− αL
2α

‖xk+1 − xk‖2.

The sequence { f (xk)} is therefore decreasing and limk→∞ f (xk) exists. Moreover,

(19) lim
k→∞

‖xk+1 − xk‖ = 0.

We next prove that every accumulation point of {xk} is a solution of the minimization prob-
lem (1). Note that since {xk} is assumed to be bounded, the set of accumulation points of {xk}
is nonempty. Let x̂ be an accumulation point of {xk} and let {xk j} be a subsequence of {xk}
converging to x̂. Due to (19), we also have that {xk j+1} converges to x̂.

We may also assume that the subsequence {αk j} is convergent to some number α̂ (say).
According to (17), we get

0 < α ≤ α̂ ≤ α <
2
L

.

Taking the limit as j → ∞ in the relation

xk j+1 = PC(xk j − αk j∇ f (xk j))

yields x̂ = PC(x̂− α̂∇ f (x̂)) which exactly says that x̂ solves the minimization problem (1) and
hence, limk→∞ f (xk) = f (x̂) = fmin.

Finally we show that the entire sequence {xk} converges if the Féjer monotonicity condition
(13) holds. Let x∗ be an accumulation point of {xk}. Due to (13), the full limit as k → ∞ of the
sequence {‖xk − x∗‖}, limk→∞ ‖xk − x∗‖, exists. However, a subsequence of it converges to
zero. We therefore conclude that limk→∞ ‖xk − x∗‖ = 0 and the full sequence {xk} converges
to x∗. �

If f is also convex, then we can remove the boundedness assumption on {xk} in Theorem
3.1.
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Theorem 3.2. Let f : Rn → R be a continuously differentiable convex function such that the gradient
∇ f satisfies the Lipschitz continuity condition (10). Assume the minimization problem (1) is consistent.
For a given initial guess x0 ∈ C, let {xk} be the sequence generated by GPA (12) where we assume {αk}
satisfies condition (7). Then {xk} converges to a solution of (1).

Proof. We only need to prove the Féjer-monotonicity (13) holds when f is convex. To see this,
we take x∗ ∈ Γ. Observing x∗ = PC(I − α∇ f )x∗ for every α > 0, and using the nonexpansivity
of PC and Lemma 2.4, we derive that

‖xk+1 − x∗‖2 = ‖PC(I − αk∇ f )xk − PC(I − αk∇ f )x∗‖2

≤ ‖(I − αk∇ f )xk − (I − αk∇ f )x∗‖2

= ‖(xk − x∗)− αk(∇ f (xk)−∇ f (x∗))‖2

= ‖xk − x∗‖2 − 2αk〈xk − x∗,∇ f (xk)−∇ f (x∗)〉

+ αk
2‖∇ f (xk)−∇ f (x∗)‖2

≤ ‖xk − x∗‖2 − αk

(
2
L
− αk

)
‖∇ f (xk)−∇ f (x∗)‖2

≤ ‖xk − x∗‖2 − α(2− α)
L

‖∇ f (xk)−∇ f (x∗)‖2.

It is now immediately clear that ‖xk+1 − x∗‖ ≤ ‖xk − x∗‖, namely, {xk} satisfies the Féjer-
monotonicity condition (13). Consequently, {xk} is bounded, and moreover converges to a
point in Γ. �

3.2. Two-Slope Test

The two-slope test for the unconstrained minimization problem

(20) min{ f (x) : x ∈ Rn}
where f : Rn → R is continuously differentiable, determines the stepsize sequence {αk} in
such a way that

(21) f (xk)− bαk‖∇ f (xk)‖2 ≤ f (xk − αk∇ f (xk)) ≤ f (xk)− aαk‖∇ f (xk)‖2,

where 0 < a < b < 1 are two fixed constants.
The following theorem is known [5, Theorem 5.3].

Theorem 3.3. Let f : Rn → R be continuously differentiable and its gradient ∇ f is Lipschitz with
constant L. Let {xk} be the sequence generated by the steepest-descent method:

(22) xk+1 = xk − αk∇ f (xk), k = 0, 1, · · · ,

where the stepsize sequence {αk} is determined by the two-slope test (21). Assume the set

M0 := {x ∈ Rn : f (x) ≤ f (x0)}

is bounded. Then {xk} is bounded and every accumulation point x∗ of {xk} satisfies the optimality
condition ∇ f (x∗) = 0 for the unconstrained minimization (20).

Below we extend this two-slope test from unconstrained to constrained minimization.
The two-slope test for the constrained minimization problem (1) determines the stepsize for

the (k + 1)th iterate xk+1 in such a way that

(23) f (xk)− b〈∇ f (xk), xk − xk(αk)〉 ≤ f (xk(αk)) ≤ f (xk)− a〈∇ f (xk), xk − xk(αk)〉,
where 0 < a < b < 1 are two fixed constants, and where

xk(α) = PC(xk − α∇ f (xk)), α ≥ 0.
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It is easily found that if C is the entire space Rn (i.e., the constrained minimization (1) is
reduced to the unconstrained minimization (20)), then (23) is reduced to (21).

We have the following convergence result which extends Theorem 3.3 to the case of con-
strained minimization.

Theorem 3.4. Let f : Rn → R be a continuously differentiable function such that its gradient ∇ f
satisfies the Lipschitz continuity condition (10). Let {xk} be the sequence generated by GPM (12),
where the sequence of stepsizes, {αk}, satisfies the two-slope test (23) and lim infk→∞ αk > 0. Assume,
in addition, that the set

C0 := {x ∈ C : f (x) ≤ f (x0)}
is bounded. Then {xk} is bounded and every accumulation point x̄ of {xk} is a stationary point of the
constrained minimization problem (1); namely, x̄ satisfies the variational inequality

(24) x̄ ∈ C, 〈∇ f (x̄), x − x̄〉 ≥ 0, x ∈ C.

In particular, if f is also convex, then x̄ is a solution of (1).

Proof. Noticing xk+1 = xk(αk), we get immediately from (23) that f (xk+1) ≤ f (xk) for all k ≥ 0.
This implies that {xk} ⊂ C0; in particular, {xk} is bounded. Hence

lim
k→∞

f (xk) exists.

Also (23) implies that

(25) 〈∇ f (xk), xk − xk(αk)〉 ≥ 0.

Since there also holds (again from (23))

a〈∇ f (xk), xk − xk(αk)〉 ≤ f (xk)− f (xk+1),

we get that

(26) lim
k→∞

〈∇ f (xk), xk − xk+1〉 = 0.

Now since xk+1 is the projection of xk − αk∇ f (xk) onto C, we have by Proposition 2.2

〈(xk − αk∇ f (xk))− xk+1, y− xk+1〉 ≤ 0, y ∈ C.

It turns out that

〈xk − xk+1, y− xk+1〉 ≤ αk〈∇ f (xk)), y− xk+1〉, y ∈ C.

Setting y := xk ∈ C we get

(27) ‖xk − xk+1‖2 ≤ αk〈∇ f (xk)), xk − xk+1〉.
Combining (26) and (27), we obtain

(28) lim
k→∞

‖xk+1 − xk‖ = 0.

Now let x̄ be an accumulation point of {xk} and let {xk j} be a subsequence of {xk} converging
to x̄. With no loss of generality, we may assume that αk j → ᾱ > 0 (for lim infk→∞ αk > 0). Now
taking the limit as j → ∞ in the relation

xk j+1 = PC(xk j − αk j∇ f (xk j))

gives that
x̄ = PC(x̄ − ᾱ∇ f (x̄)).

This equivalently says that x̄ satisfies VI (24) and is a stationary point of the minimization
problem (1).

When f is convex, the optimality condition is also sufficient and x̄ is therefore a solution of
(1). �
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3.3. Strongly Monotone Gradient

Assume that the objective function f is continuously differentiable such that its gradient is
Lipschitzian and strongly monotone. Namely, there exist constants β > 0 and L ≥ 0 satisfying,
for all x, y ∈ C,

(29) 〈∇ f (x)−∇ f (x), x − y〉 ≥ β‖x − y‖2

and

(30) ‖∇ f (x)−∇ f (x)‖ ≤ L‖x − y‖.

We then have that the mapping

T ≡ Tγ := PC(I − γ∇ f )

is a contraction provided 0 < γ < 2β/L2. As a matter of fact, we have

‖Tx − Ty‖2 = ‖PC(I − γ∇ f )x − PC(I − γ∇ f )y‖2

≤ ‖(I − γ∇ f )x − (I − γ∇ f )y‖2

= ‖(x − y)− γ(∇ f (x)−∇ f (y))‖2

= ‖x − y‖2 − 2γ〈∇ f (x)−∇ f (y), x − y〉+ γ2‖∇ f (x)−∇ f (y)‖2

≤ ‖x − y‖2 − 2γβ‖x − y‖2 + γ2L2‖x − y‖2

= (1− γ(2β− γL2))‖x − y‖2.

This shows that T is a contraction with constant
√

1− γ(2β− γL2).
Therefore, for such a choice of γ, we can apply Banach’s contraction principle to get that

for each x0 ∈ C, the sequence {Tk
γx0} converges to the unique fixed point of Tγ (or the unique

solution of the minimization (1)).
We however look at the case where the stepsizes {γk} are variable such that

(31) 0 < lim inf
k→∞

γk < lim sup
k→∞

γk <
2β

L2 .

We have the following convergence result.

Theorem 3.5. Let x0 ∈ C and define a sequence {xk} by the iterative algorithm:

(32) xk+1 = PC(xk − γk∇ f (xk)),

where the sequence {γk} is selected according to the selection rule (31). Then {xk} converges to the
unique solution x∗ of the minimization (1).

Proof. By (31), there exist some natural number N and positive constants a and b such that

0 < a ≤ b < 2β/L2 and a ≤ γk ≤ b (k ≥ N).

Set

h = max
a≤γ≤b

√
1− γ(2β− γL2).

Then 0 ≤ h < 1 and it is easy to see that

0 ≤
√

1− γk(2η − γkL2) ≤ h

for all k ≥ N.
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Denote by x∗ the unique solution of the minimization (1). We now compute, for all k ≥ N,

‖xk+1 − x∗‖2 = ‖PC(I − γk∇ f )xk − PC(I − γk∇ f )x∗‖2

≤ ‖(I − γk∇ f )xk − (I − γk∇ f )x∗‖2

= ‖(xk − x∗)− γk(∇ f (xk)−∇ f (x∗))‖2

= ‖xk − x∗‖2 + γ2
k‖∇ f (xk)−∇ f (x∗)‖2

− 2γk〈xk − x∗,∇ f (xk)−∇ f (x∗)〉
≤ [1− γk(2η − γkL2)]‖xk − x∗‖2

≤ h2‖xk − x∗‖2.

Consequently

‖xk+1 − x∗‖ ≤ h‖xk − x∗‖ ≤ · · · ≤ hk−N+1‖xN − x∗‖.

Therefore, we get limk→∞ ‖xk − x∗‖ = 0. �

Theorem 3.5 asserts that if the parameter sequence {γk} is bounded away below from zero
and above from 2β/L2, then the sequence {xk} generated by GPA (32) converges to the unique
solution of the minimization (1). The result below shows that we can allow {γk} to close either
zero or 2β/L2 and still keep the convergence of the sequence {xk}.

Theorem 3.6. Assume that the sequence {γk} satisfies the condition

(33) 0 < γk <
2η

L2 for all k and
∞

∑
k=0

γk

(
2β

L2 − γk

)
= ∞.

Then the sequence {xk} generated by GPA (32) converges to the unique solution x∗ of the minimization
(1).

Proof. The first part of condition (33) assures that that the mapping PC(I − γk∇ f ) : C → C is
a contraction with the coefficient

√
1− γk(2β− γkL2) for all k ≥ 0. Observing x∗ = PC(I −

γk∇ f )x∗ for all k ≥ 0, we have

‖xk+1 − x∗‖ = ‖PC(I − γk∇ f )xn − PC(I − γk∇ f )x∗‖

≤
√

1− γk(2β− γkL2)‖xk − x∗‖

≤
(

1− 1
2

γk(2β− γkL2)
)
‖xk − x∗‖(34)

≤ ‖xk − x∗‖.

In particular, {xk} is bounded and limk→∞ ‖xk − x∗‖ exists. Also it follows from (34) that

(35)
L2

2
γk

(
2β

L2 − γk

)
‖xk − x∗‖ ≤ ‖xk − x∗‖ − ‖xk+1 − x∗‖.

Put r = limk→∞ ‖xk − x∗‖. If r > 0, then by (35), we get (noticing ‖xk − x∗‖ ≥ r for all k)

rL2

2
γk

(
2β

L2 − γk

)
≤ ‖xk − x∗‖ − ‖xk+1 − x∗‖.

Consequently,
∞

∑
k=0

γk

(
2β

L2 − γk

)
< ∞

which contradicts the assumption (33). So we must have r = 0 and xk → x∗ as k → ∞. �
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