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A variant of the Nash equilibrium theorem in generalized
convex spaces

Sehie Park

ABSTRACT: The existence theorem of pure-strategy Nash equilibrium due to H. Lu [Econom-
ics Letters 94 (2007) 459-462] is extended to generalized convex spaces. Consequently, our
version can be applied to a broad class of abstract strategy spaces.
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1. Introduction

In 1928, J. von Neumann obtained his celebrated minimax theorem, which is one of the funda-
mental results in the theory of games developed by himself.

The first remarkable one of generalizations of von Neumann’s minimax theorem was Nash’s
theorem [1,2] on equilibrium points of non-cooperative games. The following formulation is
given by Fan [3, Theorem 4]:

Theorem 1.1. [3] Let Xy, Xy, -+, X, be n (> 2) nonempty compact convex sets each in a real
Hausdorff topological vector space. Let f1, fa,- -+, fu be n real-valued continuous functions defined
on [Ty X;. If for each i = 1,2,---,n and for any given point (x1,--- ,Xi_1,Xi41, "+ ,Xn) €
Hj# X, filx1, -+, Xi—1, X, Xiy1,- -+ , Xn) 1S a quasi-concave function on X;, then there exists a point
(X1,X2, -+, Xy) € [T X such that

ﬁ(fll&\Z/ et 15(:\71) = ;nea% fi('/x\ll te /@fl/yi/file/ e /551’1) (1 S i S 1’1).

The original form of this theorem in [1,2] was for Euclidean spaces and its proofs were based
on the Brouwer or Kakutani fixed point theorem. Since then there have appeared numerous
generalizations and applications; see [4] and the references therein. Recently, H. Lu [5] ob-
tained an existence theorem of pure-strategy Nash equilibrium where player’s pure strategy
spaces are topological vector spaces.

In the present paper, we show that such strategy spaces can be replaced by generalized
convex spaces or G-convex spaces which are quite well-known in the fixed point theory and
the KKM theory. Consequently, we obtained a very general version of Lu’s existence theorem
and our version can be applied to a broad class of abstract strategy spaces.
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Sections 2 and 3 are preliminaries on generalized convex spaces and fixed points of compo-
sitions of acyclic maps due to the present author. In Section 4, we give our main result which
generalize Lu’s theorem to G-convex spaces. Finally, we introduce some related generaliza-
tions of the Nash theorem.

2. Generalized convex spaces

Multimaps are also called simply maps. Let (D) denote the set of all nonempty finite subsets
of a set D. Recall the following in [6-9]:

Definition 2.1. An abstract convex space (E, D;T') consists of a topological space E, a nonempty
set D, and a multimap I : (D) — E with nonempty values 'y :=I'(A) for A € (D).
For any D’ C D, the T-convex hull of D’ is denoted and defined by

corD":= | J{Ta| A€ (D)} CE.

A subset X of E is called a I'-convex subset of (E, D;T') relative to D' if for any N € (D'), we
have I'y C X, thatis, corD’ C X.

When D C E, the space is denoted by (E D D;T’). In such case, a subset X of E is said to
be I'-convex if cor(X N D) C X; in other words, X is I'-convex relative to D’ := X N D. In case
E=D,let (E;T):= (E ET).

Definition 2.2. A generalized convex space or a G-convex space (X, D;T’) is an abstract convex
space such that for each A € (D) with the cardinality |A| = n + 1, there exists a continuous
function ¢4 : A, — T'(A) such that ] € (A) implies ¢4(Aj) C T(]).

Here, A, is the standard n-simplex with vertices {ei}?zo, and Aj the face of A, correspond-
ing to ] € (A); thatis, if A = {ag,a1,...,a,} and | = {a;,,a;,...,a;,} C A, then A; =
co{ej,, ei,, -, € }-

For details on G-convex spaces, see [10-15], where basic theory was extensively developed
and lots of examples of G-convex spaces were given.

Example 2.3. The original KKM theorem is for the triple (A, D V;co), where V is the set of
vertices and co: (V) —o A, the convex hull operation. This triple can be regarded as (A, N;T),
where N :={0,1,...,n} and T4 := co{e; | i € A} foreach A C N.

Example 2.4. Fan's celebrated KKM lemma is for (E D D;co), where D is a nonempty subset
of a topological vector space E.

Example 2.5. A convex space (X D D;T) is a triple where X is a subset of a vector space, D C X
such that coD C X, and each I', is the convex hull of A € (D) equipped with the Euclidean
topology. This concept generalizes the one due to Lassonde for X = D. However he obtained
several KKM type theorems w.rt. (X D D;T). Note that any convex subset of a topological
vector space is a convex space, but not conversely.

Example 2.6. If X = D and I'y is assumed to be contractible or, more generally, infinitely
connected (that is, n-connected for all n > 0) and if for each A,B € (X), A C B implies
I'a C T'p, then (X,I') becomes a C-space (or an H-space) due to Horvath. The hyperconvex
metric spaces due to Aronszajn and Panitchpakti are examples of C-spaces.

Example 2.7. For other major examples of G-convex spaces are metric spaces with Michael’s
convex structure, Pasicki’s S-contractible spaces, Horvath’s pseudoconvex spaces, Komiya’s
convex spaces, Bielawski’s simplicial convexities, Jod’s pseudoconvex spaces, any continuous
image of a G-convex space, L-spaces and B’-simplicial convexity due to Ben-El-Mechaiekh et
al., Takahashi’s convexity in metric spaces, Kulpa’s simplicial structures, generalized H-spaces
of Verma or Stachd, P; j-spaces of Forgo and Jo6, mc-spaces of Llinares, FC-spaces of Ding,
GFC-spaces of Khahn et al., and others.
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Let {(X;, D;;T;) }ier be any family of G-convex spaces. Let X := [];c; X; be equipped with
the product topology and D := [];c; D;. For eachi € I, let r; : D — D; be the projection. For
each A € (D), define 'y :=[T;c; Ti(7;(A)). Then the following is known:

Lemma 2.8. (X, D;T) is a G-convex space.

Definition 2.9. Let E be a topological space and (X, D;T') a G-convex space. A multimap
T : E — X is called a ®-map provided that there exists a multimap S : E — D satisfying

(a) foreachz € E, M € (5(z)) implies I'ys C T(z); and

(b) E = U{IntS~ () | y € D}.

A continuous selection f : E — X of amap T : E — X is a continuous function such that
f(z) € T(z) forallz € E.

The following is given in [12]:

Lemma 2.10. Let E be a Hausdorff space, (X, D;T) a G-convex space, and T : E — X a ®-map.
Then for any nonempty compact subset K of E, T|g has a continuous selection f : K — X such that
f(K) C T4 for some A € (D). More precisely, there exist two continuous functions p : K — A, and
¢a: Ay — Ty suchthat f = pap for some A € (D) with |A| =n+ 1.

From now on, we consider only G-convex spaces (X, D;T') satisfying X D D.

3. Fixed points of compositions of acyclic maps

A topological space is said to be acyclic if all of its reduced Cech homology groups over ratio-
nals vanish. For nonempty subsets in a topological vector space, convex = star-shaped —-
contractible = w-connected = acyclic = connected, and not conversely in each stage.

For topological spaces X and Y, a multimap F : X — Y is called an acyclic map whenever F
is u.s.c. with compact acyclic values.

In the proof of the main result of this paper, as in [5], we can apply a fixed point theorem
due to Gorniewicz. But there are more general fixed point theorems on compositions of acyclic
maps.

Let V(X,Y) be the class of all acyclic maps F : X — Y, and V.(X,Y) all finite compositions
of acyclic maps, where the intermediate spaces are arbitrary topological spaces.

The following theorems are only few examples of our previous works; for more general
results, see [10,14,16].

Theorem 3.1. Let X be a nonempty convex subset of a locally convex Hausdorff topological vector
space E and T € V (X, X). If T is compact, then T has a fixed point xo € X; that is, xo € T(xo).

A nonempty subset X of a topological vector space E is said to be admissible (in the sense of
Klee) provided that, for every compact subset K of X and every neighborhood V of the origin
0 of E, there exists a continuous map h : K — X such that x — h(x) € V for all x € K and h(K)
is contained in a finite dimensional subspace L of E.

It is well-known that every nonempty convex subset of a locally convex Hausdorff topolog-
ical vector space is admissible. Other examples of admissible topological vector spaces are ¢7,
LP(0,1), H? for 0 < p < 1, and many others; see [10,14,16] and references therein.

Theorem 3.2. Let E be a Hausdorff topological vector space and X an admissible convex subset of E.
Then any compact map T € V (X, X) has a fixed point.

4. Existence of pure-strategy Nash equilibrium

We follow [5]. Let I := {1,...,n} be a set of players. A non-cooperative n-person game of
normal form is an ordered 2n-tuple A := {Xy,..., X; u1, ..., u,}, where the nonempty set X;
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is the ith player’s pure strategy space and u; : X := []i.; X; — R is the ith player’s payoff
function. A point of X; is called a strategy of the ith player. Let X_; := [[;cp (i X; and denote
by x and x_; an element of X and X_;, resp. A strategy n-tuple (x7,...,x;) is called a Nash
equilibrium for the game if the following inequality system holds:

ui(xj, x*;) > ui(y;,x*;) forally; € X; and i € I.
As in [17], we define an aggregate payoff function U : X x X — R as follows:

n

U(x,y) = ;[ui(yi,x_i) —ui(x)] forany x = (x;,x_;),y = (yi,y—i) € X.

The following is given in [5, Proposition 1]:

Lemma 4.1. Let A be a non-cooperative game, K a nonempty subset of X, and x* = {x§,...,x;} € K.
Then the following are equivalent:

(a) x* is a Nash equilibrium;

(b)Vie I, Vy; € X, ui(xf,x*;) > ui(yi, x*;);

(cVy € X, U(x*,y) <0.

Note that (c) implies U(x*,y) < Oforally € D C X.

Recall that a real-valued function f : X — R on a topological space is lower [resp., upper]
semicontinuous (l.s.c.) [resp., u.s.c.] if {x € X | f(x) > r} [resp., {x € X | f(x) < r} is open for
each r € R. If X is a convex set in a vector space, then f is quasiconcave [resp., quasiconvex] if
{x € X| f(x) > r} [resp., {x € X | f(x) < r}] is convex for each r € R.

Now we have our main result:

Theorem 4.2. Let I = {1,...,n} be a set of players, (X,D;T) = T’ 1(X;, D;;T;) a Hausdorff
product G-convex space, K a nonempty compact subset of X, and A a non-cooperative game. Suppose
that

(i) the function U : X x X — IR satisfies that
{(x,y) e Xx X |U(x,y) >0}

is open;

(ii) for each x € K, {y € X | U(x,y) > 0} is I-convex [that is, M € ({y € D | U(x,y) > 0})
implies Tpy C {y € X | U(x,y) > 0}];

(iii) for each y € X, the set {x € K| U(x,y) < 0} is acyclic.
Then there exists a point x* € K such that x* is an equilibrium point for the non-cooperative game.

Proof. Suppose the conclusion does not hold. Then, by Lemma 4.1, for each x € K, there

exists a point y € D such that U(x,y) > 0. We define two multimaps S : K — D and
T : K — X as follows:

T(x):={yeX|U(x,y) >0} and S(x):={ye D |U(x,y) >0}
for each x € K. Then each T(x) is nonempty and, for each x € K, M € (S(x)) implies

I'nm C T(x) by (ii). Moreover, for each x € K, there exists y € D such thatx € S~ (y) = {x €
K| U(x,y) > 0}. Note that this S~ (y) is open since S~ (y) is homeomorphic to

{(xvy) € Kx{y} [U(x,y) >0} = {(xy) € X xY[U(x,y) >0} N (KX {y}).
This is relatively open in K x {y} which is homeomorphic to K.

Therefore T : K — X is a ®-map on the compact subset K of X and, by Lemma 2.10, has a
continuous selection f : K — X such that f(K) C I'4 for some A € (D). More precisely, there
exist two continuous functions p : K — A, and ¢4 : A, — I'4 such that f = ¢4 o p for some
A € (D) with [A| =n+1.

Here we define a multimap F : X — Kby

F(y):=={xeK|U(x,y) <0} fory € X.
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Then, by (i), {(x,y) | U(x,y) < 0} is closed in X x X and hence
Gr(F) = {(xy) | U(x,y) <0} N (X xK)

is closed in X x K as the intersection of two closed sets. Hence F is a closed compact map
with acyclic values by (iii) and hence an acyclic map. Then it is well-known that pF¢4 : A, —
Ay has a fixed point ag = pF¢da(ap); see Theorem 3.2. Let yy := ¢pa(ap) € Ta C X. Then
Yo = ¢palao) € papF(yo) = fF(yo) and hence yp = f(xo) for some xg € F(yp) C K, that is,
U(XO, yo) < 0.

On the other hand, xo = f(yo) € T(yo) since f is a selection of T. Then, by the definition of
T, we have U(xo,yo) > 0, which is a contradiction. O

Remark. Note that condition (i) can be replaced by one of the following:

(i) the function U(x, y) is lower semicontinuous on X x X.
(i)" Vi € I, the function #; : X — R is continuous.

For the case (i), when X = D is a topological vector space, Theorem 4.2 reduces to [5,
Theorem 1]. Note that Nash’s original theorem is a simple consequence of Theorem 4.1 under
the case (i)".

5. Other Nash type theorems

There are a large number of generalizations of the Nash theorem based on fixed point the-
orems. For example, based on a generalization of the Kakutani fixed point theorem due to
Fan [18] and Glicksberg [19], certain generalizations of the Nash theorems were obtained; see
[20,21].

Instead of the fixed point technique, we can apply the KKM theory. The first proof of the
Nash theorem by the KKM method was given by Fan [3]. Applying the KKM method, we
obtained some of the most general forms of the Nash theorem as follows:

Theorem 5.1. [22] Let {(X;;T;)}!", be a finite family of compact abstract convex spaces such that
(X;T) = ([T, X;;T) satisfies the partial KKM principle and, for each i, let f;,g; : X = X' x X; — R
be real functions such that

(0) fi(x) < gi(x) for each x € X;

(1) for each x' € X', x; — g;[x, x;] is quasiconcave on X;;

(2) for each x' € X', x; — fi[x!, x;] is w.s.c. on X;; and

(3) for each x; € X;, x' + fi[x!, x;] is Ls.c. on X
Then there exists a point X € X such that

Qi(x) > ma%ﬁ[?,yi] foralli=1,2,...,n.

1

Theorem 5.2. [23] Let {(X;;T;) }ies be a family of Hausdorff compact G-convex spaces and, for each
ielletfi,g: X=X xX;— Rbereal functions satisfying (0) — (3). Then there exists a point
X € X such that

gi(X) > max f;[x,y;] forall i€l
Vi€X;
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