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Asymptotic stability of stochastic pantograph differential equations
with Markovian switching
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ABSTRACT: In this paper, we investigate the almost surely asymptotic stability of the nonlin-
ear stochastic pantograph differential equations (SPDEs) with Markovian switching under the
weakened linear growth condition. Linear SPDEs with Markovian switching and nonlinear
examples with Markovian switching will be discussed to illustrate the theory.
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1. Introduction

Recently, the study of stochastic pantograph differential equations (SPDEs) has received a great
deal of attention. For example, Baker and Buckwar [1] gave the necessary analytical theory
for existence and uniqueness of a strong solution of the linear stochastic pantograph equation,
and of strong approximations to the solution obtained by a continuous extension of the 8-Euler
scheme. They also proved that the numerical solution produced by the continuous §-method
converges to the true solution with order 1/2. Appleby and Buckwar [2] studied the asymp-
totic growth and delay properties of solutions of the linear stochastic pantograph equation.
They give sufficient conditions on the parameters for solutions to grow at a polynomial rate on
pth mean and in the almost sure sense. Fan et al. [3] investigated the existence and uniqueness
of the solutions and convergence of semi-implicit Euler methods for stochastic pantograph
equations under the local Lipschitz condition and the linear growth condition. Fan et al. [4]
investigated the ath moment asymptotical stability of the analytic solution and the numerical
methods for the stochastic pantograph equation by using the Razumikhin technique. Li et al.
[5] investigated the convergence of the Euler method of the stochastic pantograph differential
equations with Markovian switching under the weaker conditions.

The classical stochastic stability theory deals with not only moment stability but also almost
sure stability [6-10]. However, to the best of our knowledge, most of the existing results on
the linear stochastic pantograph differential equations[1,2,4,11] are about the moment stabil-
ity, while little is known on the almost surely asymptotic stability for SPDEs with Markovian
switching under the non-linear growth condition which is the main topic of the present paper.
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The paper is organised as follows. In Section 2, we introduce the SPDEs with Markovian
switching. We investigate the almost surely asymptotic stability for the stochastic pantograph
differential equations with Markovian switching under the non-linear growth condition in
Section 3. In Section 4, Some examples are discussed to illustrate the theory.

2. SPDEs with Markovian switching

Throughout this paper,we let (Q), F, {F: }+>0, P) be a complete probability space with a filtra-
tion { F; }+>0 satisfying the usual conditions (i.e. it is increasing and right-continuous while Fj
contains all P-null sets). Moreover, | - | is the Euclidean norm in R". Let xo be an Fy—measurable

R"—valued random variable such that E|x|> < oo. Let w(t) = (w},- - ,w’t”)T,t > 0, be a m-
dimensional Brownian motion defined on the probability space.

Letr(t),t > 0, be a right-continuous Markov chain on the probability space taking values in
a finite state space S = {1,2,..., N} with the generator I' = (7;;)nxn given by

. . Yij6 +0(9) ifi #7j,
P = =i} = / e
40 =) =i = { TS 2T
where § > 0. Here ;; > 0 is the transition rate from i to j if i # j while yi; = —Y2; 7ij.
We assume that the Markov chain 7(+) is independent of the Brownian motion w(-). It is use-
ful to recall that a continuous-time Markov chain r(t) with generator I' = {7;;}nxn can be
represented as a stochastic integral with respect to a Poisson random measure ([12, 13]).

(1) dr(t) = /R H(r(t—),y)o(dt,dy), t > 0

with initial value r(0) = ip € S, where v(dt,dy) is a Poisson random measure with intensity
dt x m(dy) in which m is the Lebesgue measure on R while the explicit definition of 1 : S x R —
R can be found in ([12, 13]) but we will not need it in this paper.

Consider an n-dimensional stochastic pantograph differential equations with Markovian
switching

2) dx(t) = f(t, x(t), x(qt))dt + f(t,x(t), x(qt))dw(t).
on t > 0 with initial data x(0) = x9,0 < g < 1and r(0) = ip € S, where f : R; X R" X R" x
S— R"and g: Ry x R" x R" x § — R™™,

In this paper, the following hypothesis is imposed on the coefficients f and g.
Assumption H. Both f and g satisfy the local Lipschitz condition. For each integer & > 1 and
i € S, there exists a positive constant L such that

|f(t x1,x0,1) — f(Ey1,y2,0) |V [g(t x1, x2,1) — §(£,y1,y2,1)| < Lip(|x1 — ya| + [x2 — y2])
for x1, X2, y1,y2 € R" with |x1| V |x2| V |y1| V |y2| < h. Moreover,
sup{|f(t,0,0,i)| vV |g(t,0,0,i)| : t > 0,i € S} < oo.

In general, this hypothesis will only guarantee a unique maximal local solution to Eq. (2)
for any given initial value xy and ip. However, the additional conditions imposed in our main
result, Theorem 3.1, will guarantee that this maximal local solution is in fact a unique global
solution (see Lemma 3.2), which is denoted by x(t; xo; ip) in this paper. The main purpose of
this paper is to discuss the almost surely asymptotic stability of the solution([6, 14]).

To state our main result, we will need a few more notations. Let C(R";Ry) and C(R; x
R™; R, ) denote the families of all continuous nonnegative functions defined on R" and R} X
R", respectively. Moreover, let K denote the class of continuous increasing functions y from
Ry to R4 with #(0) = 0. Let K« denote the class of functions y with p(s) — o0 ass — oo.
Functions in K and K are called class K and Ko functions, respectively. If 4 € K, its iverse
function is denoted by u~! with domain [0, #(c0)). We also denote by L!'(R; R ) the family
of all functions 7y : Ry — Ry such that [~ y(t)dt < co.If E is a subset of R", denote by d(x, E)
the Haussdorff semi-distance between x € R" and the set E,namely d(x, E) = inf,cf [x — y|.
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If W is a real-valued function defined on R", then its kernel is denoted by Ker(W), namely
Ker(W) = {x € R" : W(x) = 0}. Let C"?(R; x R" x S;R;) denote the family of all non-
negative functions V(t,x,7) on Ry x R" x S which are continuously twice differentiable in
x and once differentiable in t. If V € CY?(R; x R" x S;R;), define an operator LV from
R4 x R" x R" x S to R by

1
LV(t,x,y,i) = Vi(t,x, i)+ Vi(t,x,0)f(t, x,y,i) + Etmce[gT(t, X, Y, 1) Vix (t,x,0)g(F, x,y,1)]
N
3) +Y iVt x,j),
j=1
where ‘ ‘ _ , ‘
Vit x, ) = G Valt ) = (S5 S, Vit ) = (S

For the convenience of the reader we cite the generalized Itd’s formula ([14]): If V € C2(R x
R"™ x S), then for any t > 0

V(tx(t),r(t)) = V(0,x(0),r(0)) + /Ot LV (s,x(s),x(gs),r(s))ds + /Ot Vie(s, x(s), 7(s))dw(s)
(4) +/Of/R(v(s,x(s),io+h(r<s_),z))—V(s,x(s),r(s)))u(ds,dZ),

where u(ds,dl) = v(ds,dl) — m(dl)ds is a martingale measure.

To establish our main result for locating limit sets of the solutions of the stochastic pan-
tograph equations with Markovian switching, let us cite the useful convergence theorem of
nonnegative semi-martingale ([15])as a lemma.

Lemma 2.1 Let A(t) and U(t) be two continuous adapted increasing processes on t > 0 with A(0) =
U(0) = 0a.s. Let M(t) be a real-valued continuous local martingale with M(0) = 0 a.s. Let ¢ be a
nonnegative Fo—measurable random variable. Define

X(t) =g+ A(t) — U(t) + M(t) for t > 0.
If X(t) is nonnegative, then
{tlim A(t) < oo} C {thrn X(t) <oo}nN {thm U(t) < oo} as.,
where B C D a.s. means P(BN D) = 0. In particular, if lim; .. A(t) < oo a.s., then, with probability

one,
tlim X(t) < oo, tlim U(t) < coand —oo < tlim M(t) < oo.

That is , all of the three processes X (t), U(t) and M(t) converge to finite random variable.
3. Asymptotic stability
With the above notations, we can now state our main result.

Theorem 3.1 Let (H) hold. Assume that there are functions V. € CY?(Ry x R" x S;R;),y €
LY(R4; Ry) and wy, wy € C(R"; Ry such that

(5) LV(t,x,y,i) < y(t) —wi(x) + qua(y)
forall (t,x,y,i) € Ry X R" x R" x S and

(6) w1(0) = wp(0) =0, wy(x) > wo(x) forall x # 0.
and

7 li inf V(t,x,i)| = oo.

@) Xt [(t,i)lerllhxs (,x,z)] *

Then for any initial value x,

(8) lim x(#; xo,i9) = 0 a.s.

t—o0
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That is, the solution of Eq. (2) is almost surely asymptotically stable.

To prove this theorem, we can also give the following lemma by the standard truncated
technique (see e.g. [14]).
Lemma 3.2 Under the conditions of Theorem 3.1, for any initial vulue xo and r(0) = iy € S, Eq. (2)
has a unique global solution.

Let us now begin to prove our main result.
Proof of Theorem 3.1 We divide the proof into three steps.

Step 1. Fix any xo and iy and write x(; xo,ip) = x(t) for simplicity. By the generalized Itd’s
formula, (5) and (6) we derive that

V(tx(0,(0) < V(O0,x(0),10)) +M() + [ [(s) — w1 (x(5)) +guax(as) Jds

©) < V(0,x )+ / s)ds - / [w1(x(5)) — wa(x(5))}ds + M(t)

where

M) = [ Vlsx(s) o)) + [ [ (Visx(), i+ Trs=),1) = V(s,x(5),1(5))u(ds, i),
which is a continuous local martingale with M(0) = 0 a.s. Applying Lemma 2.1 we immedi-

ately obtain
(10) limsup V(t,x(t),r(t)) < oo as.

t—o0

Moreover, taking the expectations on both sides of (9) and letting t — oo, we obtain that

(11) E/Ooo[wl(x(s)) —wy(x(s))]ds < o0 a.s.
This implies
(12) /Ooo[w1(x(s)) w2 (x(s))]ds < o as.
Step 2. Set w = wy — wy. Clearly, w € C(R"; R4). It is straightforward to see from (12) that
(13) hrggnfw( (t)) =0as.
We now claim that
(14) }Lr?ow(x(t)) =0as.

If this is false, then
P{limsup w(x(t)) > 0} > 0.

t—o0

Hence, there is a number ¢ > 0 such that
(15) P(Q)) > 3,
where

Oy = {limsupw(x(t)) > 2¢}.
t—o00
It is easy to observe from (10) and continuity of both the solution x(¢) and the function V (¢, x, i)
that
sup V(tx(t),r(t)) < oo a.s.
0<t<oo

Define p : R+ — R4 by
p(r) = inf V(t,x(t),i) forr > 0.

|x|>r,0<t<oco
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Obviously,
sup p(|x(t)|) < sup V(t x(t),r(t)) < ooas.

0<t<o0 0<t<o0

On the other hand, by (7) we have

lim p(r) = oo.
r—00
Therefore
(16) sup |x(t) < coas.
0<t<oo

Recalling the boundedness of the initial value we can then find a positive number h, which
depends on ¢, sufficiently large for |xo| < h, while

(17) P(() >1—¢
where
Oy ={ sup |x(t)| < h}.

0<t<oo
It is easy to see from (15)and (17) that
(18) P(Oy NQy) > 2e.
We now define a sequence of stopping times,
T, = inf{t > 0: |x(t)| > h},
oy =inf{t > 0: w(x(t)) > 2¢},
oo = Inf{t > 091t w(x(t)) <e}, k=1,2,..,
o1 = Inf{t > oot w(x(t)) > ¢}, k=1,2,...,

where throughout this paper e set inf ¢ = oo. Note from (13) and the definition of {); and ),
that if @ € ()1 N )y, then

(19) T, = oo andoy < oo Vk > 1.

Let 14 is denote the indicator function of set A, using the fact oy < co whenever oy <
and (13), by (11) we can compute

o > E/Ooocu(x(t))dt

ad Ok
> Z E |:I{0'2k,1 < 00,0y < 00, T, = 00}/ w(x(t))dt]
k=1 021
(20) > €Y [I{Uqu < 00, Ty = 0o} (oo — U2k71)}-

k=1
On the other hand, by hypothesis (H),there exists a constant K;, > 0 such that |f(t, x,y,1)|> V
|g(t,x,y,i)]> < Kj, whenever |x| V |y| < h. By Holder’s inequality and Doob’s martingale
inequality, we easily compute

(21) E [I{UQk,l AT, < oo} sup |x(ty A (0ok1 +1)) — x(Tu A 02](,1)’2} < 2K, (T+4)T.
0<t<T

Since w(-) is continuous in R", it must be uniformly continuous in the closed ball S;, = {x €
R™ : |x| < h}. We can therefore choose § = é(¢) > 0 so small such that
(22) |w(x) — w(x)| < e whenever x,y € Sp,, |[x —y| < 6.
We furthermore chose T = T(g,6,h) > 0 sufficiently small for 2K, (T +4)T/é* < e. It then
follows from (21) that

2K, (T +4)T

p({@k,1 AT, < o0} N { sup |x(y A (0op_1 + 1)) — x(Ty A oge1)| = 5}) < <
0<t<T
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This together with (18) and (19) yields
P({@k_1 < 00,7, = 00} N { sup |x(om1 +t) — x(om_1)| > 5}) <e.
0<t<T

and

P({Uqu < 09,7y = 00} N { sup |x(o—1 +1t) — x(o%1)| < 5}) > &

0<t<T

Using (22), we derive that

(23) p({@k_l < 00,7, = 00} N { sup |w(x(0a_1 + 1)) — w(x(o_1))| < sBig}) > .

0<t<T
Set
Q = { sup |w(x(op_1+1)) —w(x(o%-1))| < 3}-
1<t<T
Noting that

U'Zk((D) - U'Qk_l((,o) >Tifw e {UZk—l < 00, T, = OO} ﬂﬁk,
we derive from (20) and (23) that

o > s;E[I{UZk_l < 00, T, = 0o} (0 — 0_1)]
> sl:il El1g,, | <corm—co}riy (02k — O2k—1)]
> €T i P({op_1 < 00,7 = 00} N )
k=1
(24) > €T i £ = 00,
k=1

which is a contradiction. So (14) must hold.
Step 3. We observe from (14) and (16) there is an Qg C Q with P(Q)g) = 1 such that

(25) tlim w(x(t,w)) =0and sup |x(t,@)| < coforall @ € Q.
- 0<t<co

We shall now show that
(26) lim x(t,@) = 0 Vo € Q.

t—o0
If this is false, then there is some & € () such that
limsup |x(t,8)| > 0,

t—o0
whence there is a subsequence {x(t, &) }x>1 of {x(t,0)}+>0 such that
|x(ty, 0) > aVk>1

for some & > 0. Since {x(tx, &) }x>1 is bounded so there must be an increasing subsequence
{tk }x>1 such that {x(#, @) }s>1 converges to some z € R" with |z| > a. Hence

w(z) = klgzlow(x(tk,co)) > 0.

However, by (25), w(z) = 0. This is a contradiction and hence (26) must hold. This implies
that the solution of Eq. (2) is almost surely asymptotically stable and the proof is therefore
complete.

It is not difficult to observe from the proof of Theorem 3.1 that the following more general
result holds.
Theorem 3.3 Assume that all the conditions of Theorem 3.1 hold except Condition (6) is replaced by

wi(x) > wa(x), x € R™.
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Then
Ker(wy —wy) # ¢ and tlim d(x(t; xo,1p), Ker(wy —wy)) = 0 a.s.

4. Examples

In this section we discuss a linear example and a nonlinear example to illustrate our theory.
In the following examples we let w(t) be a scalar Brownian motion.
Example 4.1 Let r(t) be a right-continuous Markov chain. Assume that w(t) and r(t) are in-
dependent. Consider a one-dimensional linear autonomous stochastic pantograph differential
with Markovian switching of the form
27)  d(x(t)) = [A(r(B)x(8) + B(r(£))x(qt)ldt + [C(r(£))x(t) + D(r(t))x(gt)]dw(t)
ont > 0.Fori € S, we will write A(r(t)) = A;, B(r(t)) = B;, C(r(t)) = C;, D(r(t)) = D;, for
simplicity. Let V(t,x,i) = |x|>. Then

LV(t,x,y,i) = 2x(Aix+ By)+ (Cix+ Diy)?
< (24 + [Bi| +|CDi| + CP)x* + (|Bi| + |C:Di| + D)y?

By Theorem 4.1, if 1 +2A; + |B;| 4+ |C;D;| + C? = 0 and |B;| + |C;D;| + D? < g, we can conclude
that the solution of Eq. (27) is almost surely asymptotically stable.
Example 4.2 Let r(t) be a right-continuous Markov chain taking values in S € {1,2} with

generator
-1 1
2 =2

Assume that w(t) and r(t) are independent. Assume that B(t) and r(t) are independent. Con-
sider a one-dimensional stochastic differential pantograph equation with Markov switching of
the form

(28) d(x(t)) = f(t,x(t),r(t))dt + g(t, x(qt),r(t))dw(t)
ont>0asl/2 < g <1, where
_ 1 ot e a3 1 1
f(t,x,1) = 4xsmt,f(t,x,2) =e 4x —3x7,g(t,x,1) = 8xcost,g(t,x,2) = ﬁxsmt,
Clearly

1 1 1
xf(tx,1) < E|x|2,xf(t,x,2) < |x]e_t —4x2,g2(t,x,1) < 6—4]x|2,g2(t,x,2) = §|x]2

for all (t,x) € (R4, R). To examine the asymptotic stability, we construct a function V : R x
S — Ry by V(x,i) = Bi|x|?> with B, = 1 and B; = B a constant to be determined. It is easy to
show that the operator LV from R, x R X R x S to R has the form

LV(t,x,y,i) = 2Bxf(t,x,1) + Bilg(t, v, 1) P + (v B+ 7i2) |x[*.
By the conditions, we then have
B 2, B2
< _(E _ =
LV(t,x,y,1) < (2 1)x” + el
and

1
LV(t,x,y,2) < 2|xle”' + (2B — 10)x* + Eyz

Setting B = 4, and noting that 2|x|e~" < x? 4 ¢~2, we then have

1
LV(t,x,y,i) <e 2 — x>+ Eyz.

Although f does not satisfy the linear growth condition, by Theorem 3.1, we can also conclude
that the solution of Eq. (28) is almost surely asymptotically stable.
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